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ABSTRACT

The study of driven open quantum systems offers a rich frontier for discovering phases of matter

that exist strictly far from thermal equilibrium. In these systems, coherent many-body dynamics

compete with environmental noise, a process that typically suppresses quantum correlations and

drives the system toward a classical mixed state. This thesis investigates the nonequilibrium steady

states and dynamics of driven-dissipative quantum spin models, demonstrating that steady states

can exhibit signatures of ground-state criticality and host genuine quantum phase transitions.

In this thesis, we establish a powerful analytical framework for short-range driven-dissipative

quantum Ising chains. Although exact solutions are available for the Ising model, the introduction

of dissipation renders standard analytical methods largely inadequate. Here, we demonstrate that

the dynamics in the weak-dissipation limit can be described in terms of a time-evolving generalized

Gibbs ensemble composed of non-interacting fermions. We subsequently break this free-fermion

integrability by introducing next-nearest-neighbor interactions. We argue that the dissipative dy-

namics subject to the non-integrable Hamiltonian effectively thermalize the system to a standard

Gibbs ensemble at a finite effective temperature. Remarkably, we find that the nonequilibrium

steady states in both the integrable and chaotic regimes show distinct signatures of the underlying

ground-state quantum phase transitions.

Next, we extend our analysis to long-range quantum Ising models subject to spatially correlated

dissipation, which generically arise in modern quantum simulators. To capture the complex many-

body dynamics, we develop a systematic Keldysh functional integral formalism that transcends

standard mean-field approximations. In stark contrast to their short-range counterparts, the steady

states of these long-range models could host phase transitions. Specifically, while the mean-field

merely signals bistability regions, our framework uncovers a genuine first-order driven-dissipative

phase transition. By mapping the exact phase boundaries of the nonequilibrium steady state, we

identify a tricritical point where the transition is characterized by an anomalous critical scaling.

Finally, we analyze the dynamics of the driven-dissipative spin-boson model. While exact ma-

trix product state simulations reveal a localization transition in the spin-1/2 case, we investigate an



alternative model with a macroscopic large-spin that represents a mean-field analog. We identify

a quantum-to-classical crossover at sufficiently large spin, highlighting the role of strong quantum

fluctuations in stabilizing the localization transition in the presence of Markovian dissipation.

Together, these results advance our fundamental understanding of dissipation-induced critical

phenomena in many-body quantum systems. The analytical and numerical frameworks developed

herein provide a robust theoretical blueprint for identifying and exploring exotic nonequilibrium

phases in modern noisy intermediate-scale quantum (NISQ) simulators.
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CHAPTER 1

INTRODUCTION: NON-EQUILIBRIUM MANY-BODY SYSTEMS

Modern physics increasingly confronts phenomena where the idealized constraints of thermal equi-

librium are inadequate. While equilibrium statistical mechanics offers a rigorous description for

systems satisfying detailed balance—the condition where net probability currents vanish—many

processes in condensed matter, high-energy physics, quantum information science, and biology are

characterized by their inherent irreversibility. This irreversibility usually manifests as the transient

relaxation towards equilibrium, where entropy production eventually ceases and detailed balance is

restored. However, in driven-dissipative systems, the continuous exchange of energy, information,

and entropy with an external environment explicitly breaks detailed balance. This persistent driving

stabilizes a nonequilibrium steady state (NESS), where entropy is constantly produced and pumped

into the environment [1, 2]. The fields of nonequilibrium statistical mechanics and open quantum

systems provide the necessary framework to study driven-dissipative phenomena by capturing the

interplay of coherent drive and dissipation. This chapter provides a brief review of the theoreti-

cal landscapes of the field, tracing their development from 19th-century kinetic foundations to the

modern formalism of quantum master equations.

1.1 Foundations of Statistical Physics

The genesis of nonequilibrium theory and the kinetic foundations—The formal study of nonequi-

librium processes finds its origins in the efforts to reconcile the time-reversible laws of microscopic

mechanics with the macroscopic irreversibility of thermodynamics. The founding of statistical me-

chanics is generally attributed to Boltzmann, Maxwell, and Gibbs, who sought to explain macro-

scopic properties such as temperature and pressure in terms of fluctuating microscopic parameters.

Boltzmann’s seminal 1872 paper [3] established the modern subject by extending Maxwell’s ki-

netic theory [4] to include intermolecular interactions, typically modeled as hard-sphere collisions

or short-range repulsive forces, leading to the formulation of the Boltzmann transport equation.

The transition from the exact, reversible #-body description to a tractable nonequilibrium the-

1



ory is realized through the Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) hierarchy [5–8].

By integrating the Liouville equation—which describes the incompressible flow of a probability

density in a 6#-dimensional phase space—over the degrees of freedom of # − B particles, one ob-

tains a chain of coupled integro-differential equations where the evolution of the B-particle distri-

bution function 5B depends on the (B+1)-particle distribution 5B+1. The hierarchy is fundamentally

exact but not closed to low orders, as solving for the one-particle distribution 51 requires knowl-

edge of the two-particle correlations 52. The derivation of the Boltzmann transport equation—the

first true description of nonequilibrium processes—requires a truncation of this hierarchy. In the

dilute gas limit, Boltzmann introduced the ‘‘molecular chaos’’ hypothesis, which assumes that the

velocities of two particles are uncorrelated before they collide [9]. This approximation allows the

two-particle distribution to be factorized as 52(x1, x2, C) ≈ 51(x1, C) 51(x2, C), closing the hierarchy

at the first level and yielding a non-linear integro-differential equation for 51. This step introduces

the ‘‘arrow of time’’ into the dynamics, as demonstrated by Boltzmann’s �-theorem, which states

that a quantity � (related to negative entropy) must monotonically decrease until the distribution

relaxes to the Maxwellian equilibrium state. This reconciliation of reversible mechanics with irre-

versible relaxation remains a central theme, often referred to as the Loschmidt paradox [10, 11].

Brownian motion and the stochastic revolution—The early twentieth century witnessed a shift

from the purely kinetic description of gases to the stochastic modeling of particles in fluids. Al-

bert Einstein (1905) and Marian Smoluchowski (1906) derived the relationship between the dif-

fusion coefficient and the mobility of a free Brownian particle [12–14], linking the microscopic

erratic motion observed under a microscope to macroscopic transport properties. This Einstein-

Smoluchowski relation is expressed as

� = `:�), (1.1)

where � is the diffusion coefficient, ` is the mobility, :� is the Boltzmann constant, and ) is the

absolute temperature. This was a foundational milestone because it demonstrated that the same

molecular impacts responsible for the dissipative drag on a particle also provide the fluctuating

2



force that drives its random walk. Paul Langevin formalized this duality in 1908 by introducing

the Langevin equation [15], which decomposes the force on a particle into a systematic frictional

component and a stochastic random force

<
dE
dC

= −WE + b (C). (1.2)

In this framework, W represents the friction coefficient and b (C) is a Gaussian white noise term

satisfying 〈b (C)〉 = 0. The strength of the noise fluctuations is directly proportional to the dissi-

pation via the relation 〈b (C)b (C′)〉 = 2W:�)X(C − C′). Rather than treating friction and noise as

independent phenomena, this approach mathematically binds the macroscopic drag to the variance

of the stochastic force, providing the first concrete realization of the fluctuation-dissipation theorem

(FDT).

1.2 The Near-Equilibrium Regime

Reciprocity and symmetry in near-equilibrium conditions—A central pillar of nonequilibrium

thermodynamics is Lars Onsager’s reciprocity relations [16–18], published in 1931. Onsager es-

tablished that the cross-coefficients coupling different fluxes and forces in a linear response regime

must be symmetric. For example, in a thermoelectric system, the fluxes of heat (J&) and elec-

tric charge (J� ) are linearly coupled to temperature gradients (∇)) and electric fields (E) via a

matrix of phenomenological coefficients !8 9 . While the diagonal terms describe standard direct

transport—like Ohm’s law—the off-diagonal terms capture the ability of a thermodynamic force to

drive a flux of an entirely different nature such as the Seebeck and Peltier effects. Onsager’s relations

dictate that these cross-coefficients are strictly symmetric (!&� = !�&), meaning the electrical cur-

rent driven by a thermal gradient is governed by the same coefficient as the heat flux driven by an

electric field. This macroscopic symmetry emerges directly from the time-reversal invariance of

the underlying microscopic equations of motion. Crucially, Onsager’s regression hypothesis links

these transport laws to thermal fluctuations by postulating that the macroscopic relaxation of a sys-

tem after a small perturbation obeys the same dynamical equations as the regression of spontaneous

microscopic fluctuations.

3



The fluctuation-dissipation theorem and the linear response theory—

The fluctuation-dissipation theorem stands as one of the most powerful results in statistical physics,

bridging the gap between systems in thermal equilibrium and those subjected to small external per-

turbations. Proven by Herbert Callen and Theodore Welton in 1951 [19] and expanded by Ryogo

Kubo [20, 21], the theorem states that the linear response of a system to an external force is deter-

mined by the correlation functions of its variables in equilibrium. The physical insight of the FDT

is that the mechanism by which a system dissipates energy (e.g., through friction or resistance) is

the same mechanism that governs the decay of spontaneous thermal fluctuations. In the frequency

domain, the theorem relates the imaginary part of the susceptibility j′′(l) to the power spectrum

of fluctuations ((l)

((l) = 2:�)
l

j′′(l). (1.3)

System / Domain Dissipative Process Fluctuating Process (Noise)
Mechanical Viscous Drag / Friction Brownian Motion
Electrical Conductors Electrical Resistance Johnson-Nyquist Noise
Electromagnetic Optical Absorption Thermal Radiation
Magnetic Materials Magnetic Damping Spin Fluctuations

Table 1.1 Physical applications of the fluctuation-dissipation theorem (FDT) across diverse physical
systems, illustrating the universal link between macroscopic dissipation and microscopic fluctua-
tions.

In the quantum regime, the theoremmust account for zero-point fluctuations. Callen andWelton

extended the Nyquist–Johnson relation [22, 23] to provide a generalized quantum FDT. For a system

observable �̂ in thermal equilibrium, the symmetrized power spectral density ((l) is related to the

dissipative part of the retarded susceptibility j′′(l) by

((l) = ℏ coth
(
ℏl

2:�)

)
j′′(l), (1.4)

where ((l) = 1
2

∫
3C48lC 〈�̂(C) �̂(0) + �̂(0) �̂(C)〉, and the dissipative response is governed by the

commutator, j′′(l) = 1
2ℏ

∫
3C48lC 〈�̂(C) �̂(0) − �̂(0) �̂(C)〉. This formulation encapsulates both

thermal and zero-point (vacuum) noise through the hyperbolic cotangent factor. In the classical
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limit (:�) � ℏl), coth(G) ≈ 1/G, and the expression reverts to the classical FDT in Eq. (1.3).

Conversely, at absolute zero temperature () = 0), the fluctuations persist as ((l) = ℏj′′(l),

representing purely quantum noise. This relationship is perhaps most famously recognized in the

context of electromagnetic radiation, where the energy spectrum D(l,)) of a single mode explicitly

captures both the Planck thermal distribution and the residual quantum fluctuations

D(l,)) = ℏl

2
coth

(
ℏl

2:�)

)
=

ℏl

exp
(
ℏl
:�)

)
− 1

+ ℏl

2
. (1.5)

The inclusion of the ℏl
2 term leads to the ‘‘vacuum catastrophe’’, where the total energy associated

with spectral density diverges at high frequencies—a problem addressed by imposing ultraviolet

cutoffs on realistic physical baths.

Far-from-equilibrium dynamics and fluctuation theorems—While fluctuation-dissipation rela-

tions successfully bridge dissipation and microscopic noise in the linear response regime, a major

breakthrough achieved in the 1990s was the discovery of exact equalities that hold even when a

system is driven far from equilibrium [24, 25]. The Jarzynski equality and the Crooks fluctuation

theorem extended the second law of thermodynamics into the regime of large fluctuations. The

Jarzynski equality [26] relates the work, performed during a nonequilibrium process to the equi-

librium free energy difference Δ�

〈exp(−V,)〉 = exp(−VΔ�). (1.6)

The profound significance of this equality lies in its ability to extract exact equilibrium thermo-

dynamic information from a system driven arbitrarily far and arbitrarily fast out of equilibrium.

This equality implies that while the average work is greater than or equal to the free energy change

(〈,〉 ≥ Δ�), there exist rare trajectories where the work performed is less than the free energy

change—effectively violating the second law on short timescales. The Crooks theorem [27] further

quantifies this by relating the probability distribution of work in a forward process %� (,) to the

distribution in the time-reversed process %' (−,)

%� (,)
%' (−,) = exp(V(, − Δ�)). (1.7)
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These theorems have been verified experimentally using single-molecule stretching and optical

tweezers, providing a deep link between irreversibility and information theory [28, 29].

1.3 The Open Quantum Systems Framework

While the classical description of nonequilibrium processes (e.g., Boltzmann’s equation) relies

on probability distributions in phase space, quantum systems require a description based on the

density matrix d̂. An open quantum system is defined as a system of interest (S) coupled to an

external environment or bath (B). The total system ( + � is treated as a closed system evolving

unitarily under the total Hamiltonian �̂ = �̂( + �̂� + �̂� , where �̂� encodes the interaction. The

objective of the theory of open quantum systems is to derive a reduced description for the system

( alone by tracing out the bath degrees of freedom

d̂( (C) = Tr� d̂. (1.8)

This process leads to the emergence of decoherence (the loss of phase information) and dissipation

(the loss of energy), which are critical hurdles in the development of quantum computers and the

maintenance of quantum entanglement.

Modeling quantum dissipation—To understand the specific mechanisms of decoherence [30],

two paradigmatic models serve as the workhorses of the field.

• The Caldeira-Leggett model—Introduced in Refs. [31, 32], the Caldeira-Leggett model de-

scribes a single quantum particle (the system) linearly coupled to a bath of independent

quantum harmonic oscillators. It was introduced to justify the emergence of classical-like

Brownian motion from a purely Hamiltonian starting point. By integrating out the infinite

oscillators of the bath, one recovers effective dynamics that include both friction and fluc-

tuating forces. This model is essential for studying the transition from quantum to classical

behavior, proving that environmental coupling ‘‘smears out’’ quantum interference, a pro-

cess known as decoherence. A key feature of this model is its ability to handle ‘‘Ohmic’’
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dissipation, where the bath’s influence mimics the standard viscous drag found in fluids and

electrical circuits.

• The spin-boson model—The spin-boson model [33] applies similar principles to a discrete

two-level system (a spin) interacting with a bosonic environment. Introduced to study im-

purity problems, this model is the primary tool for understanding the decoherence of qubits

in quantum computers and the dynamics of state decay in atoms. It is particularly useful

for modeling processes where a system can hop between two distinct configurations, such

as chemical reactions or exciton transport in photosynthesis [34, 35]. Depending on how

strongly the spin is coupled to the environment, the model predicts a dramatic transition: at

low coupling, the spin can oscillate between its two states, but beyond a critical threshold, the

environment ‘‘traps’’ the spin in a given state, illustrating a quantum phase transition driven

by dissipation.

Both models are fundamentally different from ‘‘axiomatic’’ Markovian descriptions like the Lind-

blad equation. While the Lindblad formalism assumes the environment is memoryless—instantly

returning to equilibrium after every interaction—the Caldeira-Leggett and spin-boson models are

more physically complete. Because they start from a microscopic ‘‘system-plus-bath’’ Hamilto-

nian, they naturally capture memory effects (non-Markovianity) where the future state of the system

depends on its past history.

The Born-Markov approximation and the Lindblad master equation—The derivation of a time-

local master equation for the reduced density matrix d̂( (C) typically begins with the exact unitary

evolution of the total system and reservoir. To obtain a tractable description, three standard approx-

imations are applied

• Born approximation: Assumes weak system–environment coupling such that the total state

remains approximately factorized (d̂(� ≈ d̂( ⊗ d̂�). This implies that the system’s influence

on the bath is negligible.
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• Markov approximation: Assumes that bath correlations decay rapidly compared to the sys-

tem’s relaxation timescale. This makes the dynamics memoryless, as the rate of change of

the system depends only on its current state.

• Secular (rotating wave) approximation: Neglects rapidly oscillating non-resonant terms

that average to zero over the relaxation time, ensuring the equation takes a mathematically

consistent form.

These steps culminate in the Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) equation [36–38],

the most general time-local master equation that preserves trace and complete positivity of the

density matrix
dd̂(
dC

= −8
[
�̂(, d̂(

]
+

∑
:

W:

(
!̂: d̂( !̂

†
:
− 1

2

{
!̂
†
:
!̂: , d̂(

})
. (1.9)

The operators !̂: are the Lindblad (jump) operators, which describe incoherent processes such as

spontaneous emission, and W: are the associated transition rates. In the absence of an external drive,

these jump operators typically induce transitions between the energy eigenstates of the system. In

this un-driven regime, the transition rates W: inherently satisfy detailed balance, guaranteeing that

the dissipative dynamics will ultimately relax the system to a standard thermal equilibrium state

rather than a nonequilibrium steady state.

However, this time-local formulation relies strictly on the rapid decay of bath correlations.

The GKSL equation is only expected to be valid after an initial non-Markovian transient period,

during which the system and bath establish mutual correlations and the evolution remains sen-

sitive to its initial preparation [39–42]. While many systems quickly relax into this memoryless

regime, environments with structured spectral densities—such as those encountered in the spin-

boson model—can sustain persistent memory effects that transcend the Lindbladian framework

entirely.

1.4 Quantum Driven-Dissipative Systems

The integration of driving and dissipation into quantum theory traces its roots to the early devel-

opment of quantum electrodynamics and the study of light-matter interaction. A pivotal moment
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was Willis Lamb’s 1947 measurement of the Lamb shift, which demonstrated that vacuum fluctu-

ations shift atomic energy levels, forcing a revision of the Dirac equation. This realization that a

system is never truly isolated from the electromagnetic vacuum was later formalized in the theory

of the optical maser and laser by Lamb [43] and Haken [44, 45]. The laser serves as the canon-

ical blueprint for driven-dissipative systems: it relies on a persistent external pump (the drive) to

overcome inevitable cavity photon leakage (the dissipation). Haken’s introduction of ‘‘Synerget-

ics’’ formalized the laser threshold as a true nonequilibrium phase transition, demonstrating how a

macroscopic order parameter (coherent light) can emerge from a driven, noisy ensemble.

While Haken established the phenomenology of these steady states, the rigorous mathematical

treatment of the external ‘‘drive’’ itself required new theoretical tools. Because quantum driving

is typically achieved via periodic electromagnetic fields, J. H. Shirley established the basis for ana-

lyzing these systems using Floquet theory [46, 47]. By mapping time-dependent periodic dynam-

ics onto an effective time-independent framework, Floquet theory provided the ability to calculate

‘‘quasi-energies’’ and characterize the steady-state populations of many-body systems subjected to

strong, continuous driving.

Modern interest in these phenomena shifted towards the active control of dissipation, leading to

the paradigm of quantum reservoir engineering [48, 49]. This approach recontextualizes environ-

mental coupling: rather than a source of decoherence to be suppressed, the environment is treated

as a resource to be engineered for the preparation of specific quantum states, such as entangled

Bell or Greenberger–Horne–Zeilinger (GHZ) states [50, 51]. This direction was expanded into the

engineering of nonequilibrium quantum phases [52, 53], where it was demonstrated that local dis-

sipation could sustain long-range order in cold atomic gases, realizing phase transitions that are

fundamentally driven by a persistent balance between coherent gain and dissipative loss. Crucially,

in these setups, the detailed balance between the coherent drive—typically captured by an effective

Hamiltonian in a rotating frame—and the engineered dissipation is explicitly broken, stabilizing a

true nonequilibrium steady state.

Since these foundational works, the rapid advancement of programmable quantum simulators
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has revolutionized the study of driven-dissipative phenomena [54]. Platforms ranging from atomic,

molecular, and optical (AMO) setups—such as trapped ion simulators [50, 55] and Rydberg atom

arrays [56, 57]—to solid-state superconducting circuit architectures [58, 59] offer unprecedented,

site-resolved control over both coherent Hamiltonian dynamics and engineered local dissipation.

These highly tunable platforms serve as premier experimental testbeds for simulating complex spin

models and observing nonequilibrium quantum phases [60–64]. Consequently, theoretical predic-

tions regarding the steady-state properties of driven-dissipative spin chains can now be directly

benchmarked against state-of-the-art experiments, bridging the gap between exact many-body the-

ory and observable quantum phenomena [65–72].

Finally, the formulation of open quantum systems has taken on renewed urgency in the era of the

noisy intermediate-scale quantum (NISQ) devices [73]. Current quantum hardware consists of ar-

rays of qubits that lack the operational fidelity required for full-scale quantum error correction [74–

76]. Consequently, these devices operate as inherently driven-dissipative many-body systems [77].

Understanding the precise microscopic mechanisms of decoherence and dissipation is no longer

merely a theoretical exercise but the central engineering bottleneck of modern quantum technol-

ogy [72]. As NISQ devices scale, the complexity of their environmental coupling necessitates

advanced theoretical techniques to model how local noise may lead into macroscopic decoherence,

and how dissipation might be mitigated or even exploited [49].

Thesis Overview— The theoretical foundations discussed in this chapter provide an overview of

the development of nonequilibrium quantum physics, and establish the conceptual toolkit required

to analyze driven-dissipative quantum systems. This thesis is structured as follows: Chapter 2 estab-

lishes the theoretical foundations of criticality across classical, quantum, and dissipative regimes.

We provide a rigorous overview of the mechanisms driving phase transitions—ranging from ther-

mal and quantum fluctuations to the competition between coherent dynamics and environmental

dissipation in open systems. A central focus is placed on identifying robust signatures of quantum

phase transitions both in and out of equilibrium. This chapter serves as a conceptual guide for the
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subsequent chapters, providing the fundamental principles required to distinguish between trivial

thermalization and the emergence of fundamentally non-thermal, quantum-correlated steady states

in driven-dissipative many-body systems.

In Chapter 3, we establish the theoretical and mathematical foundation for the study of open

quantum many-body systems. We begin by defining the density matrix formalism and the GKLS

master equation, providing a rigorous framework for Markovian dissipative dynamics. To address

the complexity of many-body Liouville space, we introduce the method of vectorization, which

maps matrix-valued operators onto a vector in a doubled Hilbert space. Building on this, in Chap-

ter 4, we discuss tractable methods applicable to quadratic (Gaussian) systems. Using the spin-wave

approximation of the transverse field Ising model (TFIM) as a example, we provide a comparative

review of three distinct formalisms: the stochastic Heisenberg-Langevin approach, the algebraic

third quantization method, and the field-theoretic Keldysh path integral. This comparative analysis

demonstrates the mathematical equivalence of these methods, identifying the ‘‘hard-core’’ con-

straints that lead to the breakdown of Gaussian approximations near the quantum critical point.

In Chapter 5, we establish the hierarchical numerical toolkit required to simulate the nonequi-

librium dynamics of open quantum many-body systems. We begin with exact diagonalization (ED)

which provides full spectral information for small systems, then transition to the method of quan-

tum trajectories, i.e., Monte Carlo wave function (MCWF). To circumvent the exponential scaling

of the Hilbert space dimension in many-body systems, we discuss matrix product states (MPS) as

a polynomial-scaling representation of 1D quantum states. We detail the optimization of steady

states via the density matrix renormalization group (DMRG) and the tracking of dissipative dy-

namics through time-evolving block decimation (TEBD) algorithms. In Chapter 6, we present a

case study in which we utilize ED and MCWF methods to model decoherence in experimental

trapped-ion simulators.

In Chapter 7, we develop an asymptotically exact analytical framework to describe the steady

state of the driven-dissipative transverse-field quantum Ising chain. Exploiting the free-fermion in-

tegrability of the underlying Hamiltonian, we utilize a generalized Gibbs ensemble (GGE) ansatz in
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the weak-dissipation limit, where we derive exact integro-differential kinetic equations that govern

the excitations’ momentum distributions. This analytical treatment reveals that the nonequilibrium

steady state retains distinct signatures of the underlying ground-state phase transition, most notably

the steady state shows a robust enhancement of the spatial correlation length near the quantum

critical point. In order to address the universality of these nonequilibrium phenomena, we ex-

tend this investigation to systems with non-integrable Hamiltonians in Chapter 8. By introducing

next-nearest-neighbor (NNN) interactions, we explicitly break the free-fermion integrability of the

Hamiltonian, transitioning the internal closed-system dynamics from GGE relaxation to chaotic

thermalization governed by the eigenstate thermalization hypothesis (ETH). Employing advanced

numerical techniques—including matrix product states (MPS) simulations of the Lindblad master

equation, finite-size scaling, and Binder cumulant analysis—we explore the complex competition

between chaotic coherent dynamics and dissipation. We demonstrate that the steady-state signa-

tures of criticality found in the integrable model robustly survive the breaking of integrability. We

show that the steady state of a chaotic Ising Hamiltonian under weak local Markovian dissipation

that preserves the Ising symmetry is identical to that obtained by quench dynamics in the absence

of dissipation. This intriguing connection then allows us to draw on recent findings about quantum

phase transition signatures in quench dynamics.

In Chapter 9, we investigate the nonequilibrium steady states of a long-range quantum Ising

model subjected to collective dissipation. We develop a rigorous Keldysh functional integral for-

malism to isolate the critical fluctuations, deriving an effective potential that captures the steady-

state criticality and reveals the onset of a nonequilibrium bistability regime. This field-theoretic

approach enables us to map the first-order phase boundaries and identify a novel nonequilibrium

tricritical point characterized by an anomalous critical scaling exponent of V = 1/4.

In Chapter 10, we investigate the critical dynamics of the driven-dissipative spin-boson model,

demonstrating that frequency-dependent Markovian dissipation can remarkably stabilize, rather

than destroy, a robust quantum phase transition. Through variational methods and time-evolving

block decimation (TEBD) simulations, we show that the single spin-1/2 impurity model undergoes
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a localization transition characterized by a nontrivial purification of the nonequilibrium steady state.

To highlight the strongly interacting, highly quantum nature of this phenomenon, we systematically

contrast it with amacroscopic large-spinmean-field analog. Utilizing Keldysh field theory and third

quantization on a mapped one-dimensional lattice, we rigorously prove that, unlike the spin-1/2

case, the macroscopic limit is invariably driven into an effectively classical, highly mixed state at

criticality, completely devoid of quantum entanglement.
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CHAPTER 2

OVERVIEW OF THE ISING MODEL IN AND OUT OF EQUILIBRIUM

The study of phases and phase transitions forms the bedrock of statistical mechanics and condensed

matter physics. At the most fundamental level, a phase transition is identified by the non-analytic

behavior of a system’s thermodynamic potential in the thermodynamic limit, where the number of

constituents # → ∞ [78, 79]. Traditionally, these transitions have been classified through the Lan-

dau paradigm, which posits that transitions are driven by the competition between different energy

scales and symmetries [80, 81]. In the classical regime, transitions are primarily driven by thermal

fluctuations, where entropy competes with internal energy to determine the most favorable state of

the system. However, as the temperature is reduced to absolute zero, thermal fluctuations vanish,

and the physics is instead dominated by quantum fluctuations rooted in the Heisenberg uncertainty

principle [82]. This transition from classical to quantum descriptions of criticality marks a signifi-

cant conceptual shift, extending the notion of phases from macroscopic thermodynamic ensembles

to the properties of many-body wavefunctions [83]. In recent decades, the paradigm has expanded

further to include driven-dissipative phase transitions (DDPTs) in open quantum systems. These

systems are no longer isolated; rather, they are subjected to coherent external driving fields and en-

vironmental loss mechanisms. The competition in these systems is not between energy and entropy,

but between coherent unitary evolution and incoherent dissipative processes. This chapter provides

a theoretical overview of these three classes of transitions. Utilizing the Ising model as a proto-

typical framework, we elucidate their underlying mathematical structures, scaling properties, and

universal features. We discuss the transition from Landau-Ginzburg phenomenological theories to

the exact results of the renormalization group, and finally to the spectral theory of the Liouvillian

super-operator that governs the physics of open quantum systems.

2.1 Classical Phase Transitions

Classical phase transitions occur at finite temperatures and are governed by the interplay of

temperature, pressure, and chemical potential [84, 85]. The cornerstone of our understanding of

these transitions is the Landau theory of second-order phase transitions, which assumes that the
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free energy of a system can be expressed as an analytic function of an order parameter near the

critical point [86].

2.1.1 Landau-Ginzburg Theory and Mean-Field Approximations

The order parameter, denoted as " , is a macroscopic variable that vanishes in the symmetric,

disordered phase and becomes non-zero in the ordered phase. For a system with Z2 symmetry

(" → −") in the absence of an external field, such as the unperturbed Ising model, the free

energy density 5 (",)) can be expanded in a Taylor series containing only even powers of " .

Coupling the system to an external conjugate field ℎ explicitly breaks this symmetry, introducing a

linear term

5 (",)) = 50()) + 0())"2 + 1())"4 + · · · − ℎ" (2.1)

The coefficient 0()) is the primary driver of the transition, assumed to take the form 0()) = 00()−

)2) near the critical temperature )2.

Figure 2.1 Landau free energy density 5 (") = 0"2 + 1"4 in the absence of an external field
for the symmetric (0 > 0, blue) and broken symmetry (0 < 0, red) phases. In the ordered phase
() < )2), the local maximum at " = 0 represents an unstable equilibrium, while the spontaneous
magnetization " = ±"0 = ±

√
−0/21 corresponds to the new stable equilibrium states. The emer-

gence of these non-zero minima characterizes the onset of long-range order in the thermodynamic
limit.

For the system to remain stable, the coefficient 1()) must be positive. By minimizing the free
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energy with respect to " , we obtain the equilibrium equation of state

m 5

m"
= 200() − )2)" + 41"3 − ℎ = 0 (2.2)

In the absence of an external field (ℎ = 0), for ) > )2, the only real solution is " = 0. For

) < )2, two non-trivial solutions emerge, " = ±
√
−0/21 ∝ ()2 − ))1/2, yielding the mean-field

critical exponent V = 1/2 [87]. This mean-field approach essentially averages out the microscopic

fluctuations, assuming that every constituent of the system experiences an effective ‘‘molecular

field’’ produced by the average state of its neighbors [88]. As shown in Fig. 2.1, the transition from

a single-well to a double-well potential provides a geometric interpretation of the Ginzburg-Landau

functional.

Beyond the molecular field limit, the spatial dependence of the order parameter is introduced

in the Ginzburg-Landau functional [84] by adding a gradient term that penalizes spatial variations

F [" (r)] =
∫

33r
[
0" (r)2 + 1" (r)4 + 2 |∇" (r) |2 − ℎ(r)" (r)

]
(2.3)

From this functional, we derive the correlation length b, which characterizes the distance over

which fluctuations of the order parameter are correlated [87, 89]. Near )2, the correlation length

diverges as b ∝ |) − )2 |−1/2, yielding the exponent a = 1/2. The validity of this mean-field de-

scription is governed by the Ginzburg criterion, which states that mean-field theory holds when the

fluctuations in a correlation volume b3 are small compared to the square of the order parameter,

〈(X")2〉b3 � 〈"〉2. By comparing the scaling of these fluctuations to the mean-field exponents,

this criterion defines an upper critical dimension, 3D = 4. Below this dimension, localized fluctua-

tions diverge near )2 and overpower the mean field, leading to significant deviations from classical

critical exponents [90].

2.1.2 The Renormalization Group and the Concept of Universality

The failure of mean-field theory in lower dimensions necessitated a more sophisticated ap-

proach: the renormalization group (RG). Developed byWilson, RG provides a mathematical frame-

work to understand how the parameters of aHamiltonian change aswe observe the system at increas-

ingly larger length scales [92]. The process involves two fundamental steps: coarse-graining, where
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Exponent Quantity Scaling Law MFT Value 2D Ising
V Order Parameter " ∼ |C |V 1/2 1/8
W Susceptibility j ∼ |C |−W 1 7/4
a Correlation Length b ∼ |C |−a 1/2 1
U Specific Heat �+ ∼ |C |−U 0 (jump) 0 (log)
[ Correlation Decay � (A) ∼ A−(3−2+[) 0 1/4

Table 2.1 Comparison of critical exponents betweenmean-field theory (MFT) and the exact solution
of the 2D Classical Ising Model [91].

we integrate out the high-frequency (short-wavelength) degrees of freedom, and rescaling, where

we restore the original length units of the system. This flow through the space of Hamiltonians

reveals fixed points, which correspond to the thermodynamic phases of the system. Critical points

are associated with unstable fixed points, where the correlation length is infinite and the system is

scale-invariant [93]. The power of the RG approach lies in the discovery of universality classes: the

observation that systems with vastly different microscopic interactions can exhibit identical criti-

cal behavior, provided they share the same spatial dimensionality and symmetry properties. The

n-expansion, where n = 4− 3D, allows for the perturbative calculation of critical exponents near the

upper critical dimension [90, 94]. As n → 0, the exponents approach their mean-field values, while

for n > 0, non-trivial corrections emerge. The RG flow for a coupling constant 6 can be expressed

via the V-function

V(6) = `
m6

m`
(2.4)

where ` is the momentum scale. A critical point occurs at 6∗ where V(6∗) = 0. The derivative

of the V-function at this fixed point determines the critical exponents, establishing a direct link

between the topological properties of the RG flow and the macroscopic observable scaling laws.

2.2 Quantum Phase Transitions

Quantum phase transitions (QPTs) are qualitatively different from their classical counterparts.

They occur strictly at ) = 0, driven by quantum fluctuations that persist even at the lowest possi-

ble energy state [82, 95]. These transitions are controlled by non-thermal parameters, such as an

external magnetic field, or doping concentration.
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2.2.1 The 1D Transverse-Field Ising Model (TFIM)

The 1D TFIM is paradigmatic model demonstrating a quantum phase transition. The standard

Hamiltonian on a lattice of # spins is defined as

�̂TFIM = −�
#−1∑
8=1

fI
8
fI
8+1 − 6

#∑
8=1

fG8 (2.5)

where fI
8
and fG

8
are Pauli operators acting on site 8 [82, 96, 97]. The first term represents an

ferromagnetic Ising interaction that favors the alignment of spins along the I-axis, while the second

term is a transverse field that induces quantum tunneling between the spin-up and spin-down states.

In the limit 6 � �, the ground state is two-fold degenerate and breaks the Z2 symmetry, resulting

in long-range ferromagnetic order where 〈fI〉 ≠ 0. In the opposite limit 6 � �, the transverse

field dominates, and the ground state is a unique product of spins aligned along the G-direction,

resulting in a quantum paramagnetic phase where 〈fI〉 = 0. The transition occurs at the quantum

critical point 62 = �. This can seen by exactly solving the 1D TFIM using the Jordan-Wigner (JW)

transformation [98], which maps the spin operators to spinless fermions (2̂ 9 )

2̂ 9 =
©­«
∏
;< 9

fG;
ª®¬
fI
9
− 8fH

9

2
(2.6)

Under the JW transformation, the Hamiltonian in Eq. (2.5) takes the form of a non-interacting

fermionic model. After transforming to momentum space, the Hamiltonian reduces to a quadratic

form

�̂TFIM =
∑
:

[
2(6 − � cos :)2̂†

:
2̂: + 8� sin : (2̂†

:
2̂
†
−: + 2̂: 2̂−: )

]
. (2.7)

The elementary excitations are Bogoliubov quasiparticles with energy

n: = 2
√
(� − 6 cos :)2 + 62 sin2 :. (2.8)

At the critical point 6 = �, the energy gap (Δ = n:=0 = 2|� − 6 |) closes, implying a divergent

relaxation time g ∼ Δ−1 and infinite-range spatial correlations.

2.2.2 Quantum-Classical Mapping and Dynamical Exponents

A central result in the field of quantum criticality is the mapping between a 3-dimensional quan-

tum system at ) = 0 and a (3 + 1)-dimensional classical system [95, 99]. Using the Feynman path
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Figure 2.2 Longitudinal magnetization" = 〈fI〉 in the ground state of the 1D transverse-field Ising
model (TFIM) as a function of the transverse field 6/�. The system transitions from a ferromagnetic
ordered phase (6 < �) to a paramagnetic disordered phase (6 > �) at the quantum critical point
62 = �. Inset: The excitation energy gap Δ/� vanishes linearly at the critical point, indicating the
divergence of the correlation length and the onset of scale-invariant quantum criticality.

integral approach, the quantum partition function can be expressed as a functional integral over the

configurations of a classical field in one higher dimension, where the additional dimension corre-

sponds to imaginary time g ∈ [0, V]. For the 1D quantum Ising model discussed in Section 2.2.1,

the mapping relates it to the 2D classical Ising model on a square lattice. The temporal dimension

in the quantum system plays a role analogous to a spatial dimension in the classical system, but with

an important distinction: space and time are not necessarily isotropic. This anisotropy is quantified

by the dynamic critical exponent I, which relates the divergence of the correlation length b to the

divergence of the correlation time bg

bg ∼ bI (2.9)

In the 1D TFIM, I = 1, meaning space and time enter the scaling relations in the same way, reminis-

cent of relativistic invariance. The energy gap vanishes as Δ ∼ |6−62 |Ia, where a is the correlation

length exponent. The scaling laws of the quantum system are thus determined by the combination

Ia.
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2.2.3 The Dicke Model and the Superradiant Phase Transition

While the TFIM illustrates criticality driven by local, short-range interactions, the Dicke model

replaces this local exchange with a global, all-to-all coupling mediated by a common bosonic mode.

It serves as a paradigmatic example of collective matter-light interactions, describing # two-level

systems (atoms) coupled to a single quantized mode of an electromagnetic field [100, 101]. In its

fundamental Hamiltonian formulation, the interaction is characterized by the following operator

structure

�̂Dicke = l2 0̂
†0̂ + l0 (̂I +

2_
√
#
(0̂ + 0̂†)(̂G , (2.10)

where 0̂† (0̂) are the photon creation (annihilation) operators and (̂G,I are the collective spin oper-

ators of the # atoms. Under fast cavity dynamics (l2 � l0, _), the Dicke model reduces exactly

to the Ising model. In this regime, the fast cavity field can be adiabatically eliminated, effectively

integrating out the photonic degrees of freedom and mapping the Dicke Hamiltonian directly onto

an infinite-range quantum Ising model [102].

In the thermodynamic limit (# → ∞), the ground state of this model undergoes a second-order

quantum phase transition at a critical coupling strength _2 =
√
l0l2/2 [103]. Below the critical

point (_ < _2), the system resides in a ‘‘normal’’ phase where the cavity is in a vacuum state and

atoms are in their ground states. Above threshold (_ > _2), the system enters the ‘‘superradiant’’

phase, characterized by a macroscopic occupation of the cavity mode, where the photon number

scales linearly with the number of atoms # . This transition involves the spontaneous breaking of

a discrete Z2 parity symmetry (0̂ → −0̂, (̂G → −(̂G), leading to two possible steady states with

opposite phases. Due to the collective, infinite-range nature of the atom-cavity coupling, the mean-

field approximation becomes exact as # → ∞, placing the critical behavior of the Dicke model

strictly into the mean-field Ising universality class.

Unlike the 1D TFIM, the Dicke model also exhibits a thermal phase transition at finite tempera-

tures () > 0). Because thermal fluctuations counteract the collective ordering, a stronger coupling
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is required to achieve superradiance. The temperature-dependent critical coupling is given by

_2 ()) =
√
l0l2

2

√
coth

(
l0

2:�)

)
. (2.11)

As ) → 0, coth(∞) → 1, recovering the quantum critical point. Because the mean-field approxi-

mation remains exact across all temperature regimes, both the zero- and finite-temperature transi-

tions exhibit identical mean-field critical exponents for the order parameter (V = 1/2). However,

their universal behaviors fundamentally differ in how the critical fluctuations scale. At ) = 0, the

transition is governed by quantum zero-point fluctuations; as the critical mode softens, the photon

number diverges with a characteristic exponent of W = 1/2. Conversely, at any finite temperature,

classical thermal fluctuations dominate, altering the scaling of the divergent mode to W = 1 [104].

This distinction in fluctuation scaling firmly places the finite-temperature transition into the classi-

cal mean-field Ising universality class.

Model Ordered Phase Disordered Phase Transition Point
1D TFIM Ferromagnetic (6 < �) Paramagnetic (6 > �) 6/� = 1
Dicke Model Superradiant (_ > _2) Normal (_ < _2) _2 =

√
l0l2

2

Table 2.2 Examples of ground-state phase transitions in quantum many-body models. Notably,
while thermal fluctuations destroy long-range order in the 1D TFIM, the Dicke model exhibits a
finite-temperature phase transition.

2.2.4 Finite-Temperature Signatures of Quantum Criticality

The existence of a quantum critical point (QCP) is not merely a theoretical construct at ) = 0;

it leaves an indelible ‘‘fingerprint’’ on the finite-temperature phase diagram of strongly correlated

systems, giving rise to an extended region in parameter space known as the quantum critical fan

(QCF) [82]. In this regime, the physics is governed not by the ground-state properties of the adjacent

phases, but by the critical quantum fluctuations echoing from the QCP [95, 105].

The ) > 0 landscape is broadly partitioned by the competition between the thermal energy :�)

and the characteristic energy gap Δ(6) of the system’s excitations [82, 106]. When ) � Δ, thermal

fluctuations are too weak to close the gap, and the system behaves either as a semiclassical ordered

state (the renormalized classical regime) or a thermally ‘‘frozen’’ paramagnet (the quantum disor-
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dered regime), depending on the tuning parameter 6 [82, 107]. However, at higher temperatures

where :�) � Δ, the discrete excitation spectrum is thermally smeared. In this intermediate ‘‘quan-

tum critical fan,’’ the underlying ground state becomes irrelevant, and the macroscopic dynamics

are instead governed by a scale-invariant continuum of quantum fluctuations. Instead, observables

exhibit universal scaling behavior determined solely by the critical exponents of the ) = 0 fixed

point [108, 109]. This universal behavior allows theQCF to act as a ‘‘magnifying lens’’ for the QCP,

making critical fluctuations observable over a broad range of temperatures and control parameters.

Figure 2.3 Adapted from Ref. [82]: finite-temperature phase diagram of the 1D TFIM near the
QCP. The dashed lines denote crossover boundaries ) ∼ |6 − 62 |Ia (with I = a = 1) separating
the renormalized classical (RC) and quantum disordered (QD) regimes from the scale-invariant
quantum critical (QC) fan.

Prototypical experimental realizations of the quantum critical fan are found in heavy-fermion

intermetallic compounds, such as CeCu6−GAuG and YbRh2Si2 [110, 111]. These materials exhibit

an ‘‘anomalous’’ temperature dependence of electrical resistivity, often showing )-linear behavior

(d ∼ )) within the fan, a hallmark of ‘‘strange metal’’ transport that violates the conventional )2

scaling of Fermi liquids [111, 112]. This behavior is frequently associated with the breakdown

of quasiparticle excitations near a Kondo-breakdown QCP [113, 114], where electrons scatter off

collective critical fluctuations with a rate bounded by the ‘‘Planckian’’ timescale gPl = ℏ/:�) [115,

116].
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2.3 Probing Quantum Criticality in Nonequilibrium Dynamics

While quantum phase transitions (QPTs) are strictly defined by the non-analytic properties of

the many-body ground state at absolute zero temperature, accessing these equilibrium states in

experimental platforms is exceptionally challenging. Consequently, the focus of modern many-

body physics has increasingly shifted toward identifying dynamical signatures of criticality [117].

2.3.1 Near Equilibrium: The Kibble-Zurek Mechanism

When a system is ramped through a critical point at a finite ‘‘ramp rate’’ E = 1/g& , the dy-

namics are governed by the Kibble-Zurek Mechanism (KZM) [118, 119]. The KZM provides a

universal framework to understand how the system’s relaxation time g(6) eventually fails to keep

pace with the changing control parameter 6(C) in the vicinity of a QCP, leading to a ‘‘freeze-out’’

of fluctuations. The mechanism predicts that the characteristic freeze-out time C̄ and the resulting

density of topological defects = scale universally with the quench time g&:

C̄ ∼ g
Ia

1+Ia
&

, = ∼ g−
3a

1+Ia
&

, (2.12)

where I and a are the static critical exponents and 3 is the system dimensionality [120–122]. This

scaling bridges the gap between static equilibrium properties and the dynamical response of a sys-

tem driven across a phase boundary, providing a powerful experimental tool to extract critical ex-

ponents from nonequilibrium data.

The universality of KZM scaling has been verified across a wide array of experimental plat-

forms. Early validations were performed in liquid crystals and superconductors [123, 124], while

more recent breakthroughs have utilized highly controllable quantum simulators. These include

the observation of defect scaling in trapped ion chains [125, 126], ultracold atomic gases [127],

and strongly interacting Rydberg atom arrays [61]. Notably, experiments in the 1D transverse-field

Ising model using programmable quantum devices have confirmed the predicted = ∼ g−1/2
&

scaling

for the I = a = 1 universality class [128].
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2.3.2 Far from Equilibrium: Signatures of Quantum Phase Transitions in Quench Dynam-
ics

Another ubiquitous protocol for probing QPT signatures is the quantum quench: a system is

prepared in the ground state of an initial Hamiltonian �̂ (68), and a control parameter is abruptly

changed to a new value 6 5 . The resulting unitary evolution under �̂ (6 5 ) drives the system out of

equilibrium, yet the transient and asymptotic dynamics often robustly encode the universal proper-

ties of the underlying critical point, bypassing the need for perfect ground-state cooling.

A sudden global quench poses a conceptual challenge for observing criticality because it injects

an extensive amount of energy into the system, effectively placing it in a highly excited state. From

a thermodynamic perspective, this extensive energy density mimics an effective temperature [129].

Because thermal-like fluctuations generally cut off the long-range correlations associated with a

QPT in 1D systems, one typically observes volume-law entanglement growth and the exponential

decay of standard two-point correlation functions. Historically, this exponential decay—driven

by the effective thermalization of the injected energy—was thought to wash out any signature of

the underlying zero-temperature critical point [130–133]. However, a wave of recent studies has

demonstrated that genuine quantum criticality may survive after a quench [134–137].

Instead of manifesting in traditional long-range spatial correlations, the QPT imprints robust

signatures of criticality directly onto the dynamics of local, experimentally accessible observables.

When a system is quenched across a quantum critical point, the time-averaged expectation values

of short-range correlators and local bulk observables exhibit pronounced non-analyticities, such as

kinks or cusps, as a function of the quench parameter [135, 136]. Furthermore, similar non-analytic

signatures of the continuous QPT manifest in the macroscopic nonequilibrium energy absorbed by

the system from the quenching pulse [134]. Beyond local observables, even when a quench along

a critical line results in volume-law entropy and exponentially decaying two-point correlations, the

quantum critical signatures are not destroyed; rather, they are ‘‘hidden’’ [137]. This emergent quan-

tum criticality can be systematically uncovered by probing higher-order correlations via quantum

information measures. Bipartite entanglement measures, such as the mutual information and the
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logarithmic negativity between disjoint regions, retain their universal scale invariance, successfully

revealing the underlying order-disorder phase transition despite the extensive energy injected by the

quench.

These dynamical signatures of criticality have proven remarkably robust across a diverse array

of theoretical models. Beyond exactly solvable or short-range systems, they have been shown to

successfully identify topological gap closings [135], persist in long-range interacting spin models

characterized by distinct nonequilibrium universality classes [129], and even survive at prethermal

timescales in nearly integrable systems before the onset of full thermalization [136].

Experimentally, the observation of asymptotic steady-state signatures remains a challenge in

many-body systems, as reaching a true steady state is often precluded by environmental decoher-

ence, heating, or particle loss. Consequently, there has been a shift toward identifying transient

temporal probes that capture the essence of the transition before the system thermalizes. Features

of early-time dynamics have been experimentally shown to act as robust indicators of phase transi-

tions [138–140].

2.4 Driven Dissipative Phase Transitions in Open Quantum Systems

Unlike classical or quantum phase transitions that occur in closed systems, driven-dissipative

phase transitions (DDPTs) are properties of open systems that reach a nonequilibrium steady state

(NESS) through the balance of coherent energy injection and dissipative decay [52]. The physics of

these systems is described by the density matrix d(C), whose evolution is governed by the Lindblad

master equation [37].

2.4.1 The Lindbladian and Spectral Gap Theory

The master equation in the Schrödinger picture is given by:

dd̂
dC

= L̂ [ d̂] = −8[�̂, d̂] +
∑
:

W:

(
!̂: d̂ !̂

†
:
− 1

2

{
!̂
†
:
!̂: , d̂

})
(2.13)

where L̂ is the Liouvillian super-operator, �̂ is the system Hamiltonian, and !̂: are the jump op-

erators with associated rates W: . The steady state d̂BB satisfies L̂ [ d̂BB] = 0, corresponding to the

zero-eigenvalue of the Liouvillian. Here, the spectral properties of L̂ determine the stability and
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relaxation dynamics of the system. Since L̂ is non-Hermitian, its eigenvalues _8 are generally com-

plex, satisfying Re(_8) ≤ 0. If we sort the eigenvalues _8 of the Liouvillian by their real parts such

that 0 = Re(_0) ≥ Re(_1) ≥ Re(_2) . . . , the relaxation dynamics are dominated by the Liouvillian

gap, defined as

Δ! = |Re(_1) | (2.14)

A DDPT is strictly associated with the closing of this Liouvillian gap in the thermodynamic limit

(# → ∞) [65–67, 141]. When Δ! → 0, the relaxation time diverges, leading to critical slowing

down—a hallmark of criticality that mirrors the diverging correlation lengths in equilibrium transi-

tions. Furthermore, the imaginary part of the first excited eigenvalue, Im(_1), dictates the transient

oscillatory dynamics.

0

0

Figure 2.4 Liouvillian eigenvalues _8 in the complex plane for a generic open quantum system. The
steady state corresponds to the unique eigenvalue at the origin (_0 = 0). The Liouvillian gap Δ! is
defined as the absolute real part of the eigenvalue closest to the origin. A driven-dissipative phase
transition occurs when Δ! → 0 in the thermodynamic limit, leading to critical slowing down and
the emergence of multiple steady states.

Much like their classical and quantum counterparts, driven-dissipative phase transitions are

classified as either first- or second-order based on the nature of the non-analyticity in the steady

state. First-order DDPTs involve a discontinuous jump in steady-state observables, accompanied
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by an exponentially vanishing Liouvillian gap [142]. In finite systems, this severely suppressed

relaxation rate manifests as pronounced metastability and bistability, with a prototypical example

being the ‘‘dim-to-bright’’ transition in driven-dissipative nonlinear resonators [60]. Conversely,

second-order DDPTs are characterized by an algebraic closing of the Liouvillian gap associated

with the spontaneous breaking of a symmetry, which leads to a degenerate steady-state manifold.

The archetypal example of such a continuous transition is the superradiant transition in the Dicke

model, where a collective atomic state spontaneously develops a macroscopic dipole moment [66,

143].

2.4.2 The Superradiant Transition in the Dissipative Dicke Model

The Dicke model, introduced in Section 2.2.3, describes the collective coupling of # atoms to

a single cavity mode. In the presence of photon loss ^, the system exhibits a second-order driven-

dissipative phase transition (DDPT) as the atom-cavity coupling strength _ is tuned [100, 143]. As

the coupling exceeds the critical value _2 =
√
l0 (l2

2 + ^2/4)/4l2, the nonequilibrium steady state

(NESS) transitions from a normal phase, characterized by an empty cavity 〈0̂†0̂〉 = 0, to a ‘‘super-

radiant’’ phase. In the superradiant regime, the Z2 symmetry of the Hamiltonian is spontaneously

broken, and the system develops a macroscopic photon field 〈0̂†0̂〉 ∝ # along with a collective

atomic polarization [101, 104]. In the thermodynamic limit # → ∞, the Liouvillian gap vanishes

as Δ! ∼ |_−_2 |Ia near the critical point. Interestingly, at a generic critical point with finite dissipa-

tion, the dissipative Dicke transition is found to belong to the mean-field classical Ising universality

class [104]. This highlights a profound feature of DDPTs: the stochastic nature of dissipation can

play a role analogous to thermal fluctuations. Consequently, the presence of decay channels can

effectively lead to behavior characteristic of a classical phase transition even when coupled to a bath

at zero-temperature.

2.5 Summary

A comprehensive comparison of the three transition classes reveals a profound unity in the

underlying scaling principles, despite their distinct driving mechanisms. The concept of the ther-

modynamic limit (# → ∞) remains the essential requirement for all, as true non-analyticity and
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spontaneous symmetry breaking may only emerge when local fluctuations are suppressed.

The mapping between quantum systems in 3 dimensions and classical systems in 3 + I di-

mensions provides the rigorous bridge for understanding universality classes. In driven-dissipative

systems, dissipation often serves as a stochastic fluctuation source analogous to a finite tempera-

ture. While this effect can drive the system toward an effectively thermal steady state—washing

out quantum fluctuations—this mapping is not universal. Under specific conditions—such as en-

gineered dissipation protocols may be designed or in the presence of long-range interactions—the

system can circumvent this effective thermalization. In these regimes, the steady state remains fun-

damentally non-thermal, hosting purely quantum correlations and phase transitions that have no

equilibrium analogues.

As experimental precision in quantum simulators continues to improve, the ability to observe

exotic driven-dissipative phenomena across diverse physical platformswill allow for the verification

of these theoretical paradigms and drive the discovery of novel states of matter that exist only far

from equilibrium.
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CHAPTER 3

THEORETICAL BACKGROUND

The study of quantum many-body dynamics is fundamentally transformed when a system is no

longer treated as isolated. The primary objective of this chapter is to establish the rigorous mathe-

matical foundation for describing such systems. We begin by introducing the density matrix formal-

ism and the GKSL (Lindblad) master equation, which provides a standard Markovian framework

for characterizing dissipation. We detail the fundamental properties of the Liouvillian superopera-

tor, which preserve the physical integrity of the evolving density matrix, and present the method of

vectorization, which maps matrix-valued operators onto vectors in a doubled Hilbert space. This

structural ‘‘doubling’’ provides the technical bridge to the analytical methods that follow in Chap-

ter 4.

3.1 The Density Matrix Formalism

Before detailing the dynamics of open quantum systems, it is necessary to establish the fun-

damental mathematical object used to describe them: the density matrix, or density operator, d̂.

While an isolated quantum system in a pure state can be fully described by a state vector |k〉 in a

Hilbert space H , realistically, physical systems are often in statistical mixtures of pure states due

to classical uncertainty or entanglement with an external environment [144–148].

The density operator provides a complete statistical description of a quantum system and is

defined as

d̂ =
∑
8

?8 |k8〉〈k8 |, (3.1)

where ?8 represents the classical probability of the system being in the pure state |k8〉. These

probabilities must satisfy ?8 ≥ 0 and
∑
8 ?8 = 1.

In order to respect these constraints, the density matrix must strictly adhere to three mathemat-

ical properties [144, 149]:

1. Hermiticity: The density operator must be Hermitian, d̂† = d̂, ensuring that its eigenvalues

(which correspond to physical probabilities) are strictly real.
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2. Unit trace: The sum of the probabilities of all possible mutually exclusive measurement

outcomes must equal unity. Therefore, the trace of the density matrix is conserved: Tr( d̂) =∑
8 ?8 〈k8 |k8〉 = 1.

3. Positive semi-definiteness: For any arbitrary state vector |q〉 in the Hilbert space H ,

〈q| d̂ |q〉 ≥ 0. This guarantees that the probability of finding the system in any state |q〉 is

non-negative.

The expectation value of any observable, represented by a Hermitian operator �̂, is naturally

extracted by taking the trace of the observable with the density matrix [149]

〈�̂〉 = Tr( d̂ �̂). (3.2)

One of the most powerful features of the density matrix formalism is its ability to rigorously

describe subsystems of a larger entangled state. In quantum mechanics, if two interacting systems

are entangled, the composite system can be in a pure state while the individual subsystems exist in

statistical mixtures. To illustrate this, consider a bipartite system composed of two qubits, � and �,

prepared in the maximally entangled Bell state

|Φ+〉 = 1
√

2
( |0�0�〉 + |1�1�〉). (3.3)

The global density matrix for this composite pure state is simply d̂�� = |Φ+〉〈Φ+ |. While we

possess maximal knowledge of the global system, any local measurement performed solely on sub-

system � is oblivious to the quantum correlations shared with �. The effective local state of � is

obtained by performing a partial trace over the unobserved degrees of freedom of �

d̂� = Tr� [ d̂��] = 〈0� | d̂�� |0�〉 + 〈1� | d̂�� |1�〉. (3.4)

Evaluating this partial trace yields

d̂� =
1
2
( |0�〉〈0� | + |1�〉〈1� |) =

1
2
�̂ . (3.5)

Despite the global state d̂�� being perfectly pure, the reduced state d̂� is maximally mixed. The

entanglement with an unmeasured subsystemmanifests locally as classical entropy and loss of phase

information [146].
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This concept is the exact mechanism underlying the theory of open quantum systems. When

evaluating reduced dynamics, the macroscopic environment � acts as the unobserved subsystem.

The environment is traced out of the global system-environment state, leaving a reduced density

matrix d̂( = Tr� [ d̂(� ], which inherently captures the decoherence and dissipation that drive the

primary system toward a nonequilibrium steady state [52, 150].

3.2 Open Quantum Systems and the Markov Approximation

In the density matrix formalism, the von Neumann equation prescribes unitary, time-reversible

evolution [144]
dd̂(
dC

= −8[�̂(, d̂(] . (3.6)

Here, �̂( is the system Hamiltonian. However, realistic physical systems are never perfectly iso-

lated; they inevitably interact with a surrounding environment or thermal bath. Tracing out the envi-

ronmental degrees of freedom yields effective dynamics that is generally non-unitary, irreversible,

and characterized by the loss of energy (dissipation) and phase coherence (decoherence) [146, 147].

To obtain a tractable equation of motion for d̂( (C), a series of approximations must typically

be invoked. The most critical of these is the Markov approximation, which assumes that the envi-

ronment is memoryless. Physically, this requires that the correlation time of the environment (g� )

is strictly much shorter than the characteristic relaxation time of the system (g(). When combined

with the Born approximation (weak system-bath coupling) and the secular approximation (averag-

ing out rapidly oscillating terms), the system’s dynamics can be described by a quantum dynamical

semigroup [37, 38, 148, 151].

As introduced conceptually in Chapter 1, the most general generator of a quantum dynamical

semigroup is the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation, widely re-

ferred to as the Lindblad master equation [37, 38]. In a time-independent Markovian regime, the

evolution of the system’s density matrix d̂ (dropping the subscript () is given by

dd̂
dC

= L̂ [ d̂] = −8[�̂, d̂] +
∑
:

W:

(
!̂: d̂ !̂

†
:
− 1

2
{!̂†

:
!̂: , d̂}

)
. (3.7)

Here, L̂ is the Liouvillian superoperator. The first term on the right-hand side represents the coher-
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ent evolution generated by the system Hamiltonian �̂. The second term, representing the dissipator

D̂ [ d̂], models the incoherent exchange of energy and information with the environment. The op-

erators !̂: are the Lindblad jump operators, which dictate specific dissipation channels, and W: ≥ 0

are the associated decay rates.

The structural form of the GKSL equation guarantees that the solutions adhere to the founda-

tional axioms of quantummechanics [149]. Any physically permissible evolution must map density

operators to valid density operators, strictly enforcing the following properties:

• Trace preservation: Probability conservation requires that Tr[ d̂(C)] = 1 at all times. Taking

the trace of the Liouvillian yields Tr(L̂ [ d̂]) = 0. The commutator vanishes under the cyclic

property of the trace, and the dissipator sum cancels exactly: Tr( !̂: d̂ !̂†: ) = Tr( !̂†
:
!̂: d̂),

ensuring d
dCTr[ d̂] = 0.

• Hermiticity preservation: The Liouvillian guarantees that if d̂(0) is Hermitian, d̂(C) re-

mains Hermitian for all C ≥ 0, ensuring the density matrix represents observable probabilities

(L̂ [ d̂])† = L̂ [ d̂†] = L̂ [ d̂] [147, 149].

• Complete positivity: The dynamical map ÊC = exp
(
L̂C

)
is completely positive (CP), ensur-

ing that the eigenvalues of d̂(C) remain non-negative. This ensures that the GKSL equation

is a generator of trace-preserving completely-positive (CPTP) maps.

3.2.1 Steady States and Driven-Dissipative Dynamics

A defining feature of Markovian open quantum systems is the tendency to relax toward a steady

state, d̂BB, defined by the kernel of the Liouvillian: L̂ [ d̂BB] = 0. In the absence of an external

drive, the bath leads the system toward a thermal Gibbs state. In typical driven-dissipative sys-

tems, however, an external field coherently pumps energy into the system, introducing an explicit

time-dependence into the Hamiltonian. To analyze stationary properties, it is standard practice to

transform into a rotating frame and apply the rotating wave approximation (RWA), which aver-

ages out rapidly oscillating terms to yield a time-independent effective Liouvillian. In this rotating
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frame, the resulting dynamics breaks the detailed-balance symmetry. Eventually, the continuous

competition between the coherent drive and local dissipation leads the systems into a nonequilib-

rium steady state (NESS) that can exhibit complex many-body correlations [49, 52]. The existence

and uniqueness of the steady state in many-body systems are dictated by the spectral properties of

this non-Hermitian Liouvillian superoperator [67, 70, 152].

A defining feature of Markovian open quantum systems is the tendency to relax toward a steady

state, d̂BB, defined by the kernel of the Liouvillian: L̂ [ d̂BB] = 0. In the absence of an external

drive, the bath leads the system toward a thermal Gibbs state. However, in driven-dissipative sys-

tems where external coherent driving competes with local dissipation, the resulting nonequilibrium

steady states (NESS) can exhibit complex many-body correlations [49, 52]. The existence and

uniqueness of the steady state in many-body systems are dictated by the spectral properties of the

non-Hermitian Liouvillian superoperator [67, 70, 152].

3.2.2 Vectorization and Liouville Space

As mentioned in the introduction of this chapter, solving the Lindblad master equation for a

many-body system is analytically and computationally demanding because the density matrix of a

system with Hilbert space dimension # contains #2 elements. In order to numerically solve for the

nonequilibrium dynamics or to find the steady-state kernel L̂ [ d̂BB] = 0, it is highly advantageous

to map the matrix equation (Eq. (3.7)) into a linear vector equation. This procedure is known as

vectorization, or purification [147].

Vectorization maps the # × # density matrix (pure state) d̂ onto a column vector | d̂〉〉 residing

in a larger space known as the Liouville space (or Hilbert-Schmidt space), which has dimension

#2. Utilizing the Choi-Jamiołkowski isomorphism [153, 154], a basis element |8〉〈 9 | is mapped to

a tensor product of kets

|8〉〈 9 | −→ |8〉 ⊗ | 9〉 ≡ |8, 9〉〉. (3.8)

Consequently, the density matrix is flattened into a state vector (where d8, 9 are scalar matrix ele-
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ments)

d̂ =
∑
8, 9

d8, 9 |8〉〈 9 | −→ | d̂〉〉 =
∑
8, 9

d8, 9 |8〉 ⊗ | 9〉. (3.9)

The power of this mapping lies in the tensor product identity, which dictates how standard op-

erators act on the vectorized state. For any arbitrary matrices �̂, d̂, and �̂, the matrix multiplication

�̂�̂�̂ vectorizes as

�̂d̂�̂ −→ ( �̂ ⊗ �̂) ) | d̂〉〉, (3.10)

where �̂) is the transpose of �̂.

Physical Lattice (Hilbert SpaceH )

d̂

Vectorization | d̂〉〉

Ket Leg

Bra Leg

−8�̂

+8�̂)

!̂ d̂ !̂† | d̂〉〉

Figure 3.1 Schematic representation of vectorization. A 1D physical lattice (top) is described by a
density matrix d̂ acting on the state spaceH . Vectorization flattens this operator into a state vector
| d̂〉〉 residing in the Liouville spaceH ⊗H ∗ (bottom). This mathematical transformation maps the
original spatial system onto an effective two-leg ‘‘doubled’’ lattice geometry. The upper (ket) and
lower (bra) legs encode the left- and right-action of operators on the density matrix, respectively.
Coherent Hamiltonian interactions dictate horizontal dynamics along the independent legs, whereas
local Lindblad jump operators act as vertical rungs, explicitly coupling the ket and bra degrees of
freedom at each physical site.

Applying the identity in Eq. (3.10) to the GKSL master equation allows us to represent the

Liouvillian superoperator L̂ as an #2 × #2 non-Hermitian matrix L̂. The coherent commutator

term −8[�̂, d̂] transforms as

−8(�̂ d̂ − d̂�̂) −→ −8(�̂ ⊗ �̂ − �̂ ⊗ �̂) ) | d̂〉〉. (3.11)

Similarly, the dissipator transforms by applying Eq. (3.10) to the jump operators !̂: . The action

of the jump operators on both sides of the density matrix, !̂: d̂ !̂†: , vectorizes to ( !̂: ⊗ ( !̂†
:
)) ) | d̂〉〉.
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Noting that the transpose of the Hermitian conjugate is simply the complex conjugate, this term

simplifies to

( !̂: ⊗ !̂∗: ) | d̂〉〉. (3.12)

The anti-commutator terms involving !̂†
:
!̂: multiply the density matrix from the left and right,

transforming into −1
2 ( !̂

†
:
!̂: ⊗ �̂) | d̂〉〉 and −1

2 ( �̂ ⊗ ( !̂†
:
!̂: )) ) | d̂〉〉, respectively.

Collecting the coherent and dissipative components, the master equation is thus recast into a

system of linear differential equations

d
dC
| d̂〉〉 = L̂| d̂〉〉, (3.13)

where the explicit algebraic form of the Liouvillian matrix L̂ is given by

L̂ = −8(�̂ ⊗ �̂ − �̂ ⊗ �̂) ) +
∑
:

W:

[
!̂: ⊗ !̂∗: −

1
2

(
!̂
†
:
!̂: ⊗ �̂ + �̂ ⊗ ( !̂†

:
!̂: ))

)]
. (3.14)

This vectorized form is the standard starting point for exact diagonalization techniques [155–

157]. Beyond numerical methods, this representation is also convenient for analytical methods

(such as the Keldysh field theory [68]), and it is the necessary framework for solving quadratic

models in the language of third quantization [158, 159], allowing for the exact resolution of the

nonequilibrium spectrum.

Within this dual-space structure, the trace operation Tr
(
�̂

)
is represented as an inner product.

We define the ‘‘identity’’ or ‘‘trace state’’ as

〈〈�̂ | =
∑
8

〈8 | ⊗ 〈8 |. (3.15)

This allows us to write the trace of any operator �̂ as Tr
(
�̂

)
= 〈〈�̂ | �̂〉〉. Importantly, physical

observables are calculated as expectation values through the Liouville-space inner product

〈$̂〉 = Tr
(
$̂ d̂

)
= 〈〈�̂ |$̂ | d̂〉〉. (3.16)

With these theoretical background covered, Chapters 4 and 5 will leverage this dual-space

framework to survey exact and numerical solution of open quantum systems.
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CHAPTER 4

A SURVEY OF ANALYTICAL APPROACHES TO QUADRATIC OPEN QUANTUM
SYSTEMS

A central challenge in many-body physics is the exponential growth of the Hilbert space, a prob-

lem that is even more conspicuous in the density matrix formalism. An exception to this rule,

models characterized by quadratic Hamiltonians and linear Lindblad jump operators are analyt-

ically tractable. The exact solvability of these systems provides a crucial analytical foothold for

understanding dissipation-induced phenomena. In this chapter, we outline three primary analytical

frameworks used to solve such systems: the Heisenberg-Langevin operator formalism [160, 161],

the third quantization superoperator method [158, 159], and the Keldysh nonequilibrium path inte-

gral [68]. To provide a concrete comparison of these methods, we will apply them to the spin-wave

approximation of the driven-dissipative transverse-field Ising chain [162], a model that will be ex-

plored extensively in subsequent chapters (e.g., Chapters 7 and 8). The Hamiltonian for this model

is given by

�̂TFIM =

!∑
<,==1

�<,=f
G
<f

G
= + ℎ

!∑
<=1

fI<, (4.1)

where ℎ is the transverse-field, and �<,= is the Ising interaction matrix. The chain is subject to local

Markovian dissipation described by the jump operators !̂8 =
√
Γf−

8
. To cast this into a quadratic

form, we apply the Holstein-Primakoff (HP) approximation [163]: f−
< → 1̂<,f+

< → 1̂
†
<, andfI< →

21̂†< 1̂< − 1. While this is strictly valid when ℎ � 1, the resulting model provides a pedagogical

example to demonstrate the techniques discussed in this chapter.

Assuming periodic boundary conditions and transforming to momentum space representation,

the Hamiltonian in the bosonic basis, �̂1, decomposes into decoupled momentum sectors �̂1 =∑
: �̂: + const, where

�̂: =
©­­«
1̂
†
:

1̂−:

ª®®¬
) ©­­«
�: + ℎ �:

�: �: + ℎ

ª®®¬
©­­«
1̂:

1̂
†
−:

ª®®¬ , (4.2)

with �: ≡ ∑
=−<>0 �<,= cos(: (= − <)). The dissipator simultaneously maps to a bi-linear bosonic
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form

D1 ( d̂) = Γ
∑
:

(
1̂: d̂1̂

†
:
− 1

2
1̂
†
:
1̂: d̂ −

1
2
d̂1̂

†
:
1̂:

)
. (4.3)

4.1 The Heisenberg-Langevin Formalism

The Heisenberg-Langevin formalism stems from the necessity to reconcile macroscopic dissi-

pation with the fundamental axioms of quantummechanics. In classical statistical mechanics, open

system dynamics are phenomenologically modeled using the Langevin equation [15], which sup-

plements the Newtonian equations of motion with a macroscopic viscous drag term and a classical

stochastic fluctuating force. However, naively appending a damping rate to the quantumHeisenberg

equations of motion leads to a fundamental physical violation. If a quantum harmonic oscillator

simply loses energy via a generic friction term (3E0̂C = −8l0̂ − W

2 0̂), its canonical commutation

relations ([0̂(C), 0̂†(C)] = 4−WC) will exponentially decay to zero [160]. This implies that an open

system would eventually reach a state with zero zero-point energy, explicitly violating the Heisen-

berg uncertainty principle.

To resolve this, pioneers such as Senitzky, Lax, Ford, Kac, andMazur in the 1960s demonstrated

that any dissipative drag must be rigorously accompanied by a fluctuating quantum operator [164–

166]. This operator noise acts as a continuous source of quantum fluctuations, perfectly balancing

the dissipative losses—a direct operational manifestation of the quantum fluctuation-dissipation

theorem. Building on this principle, the modern Heisenberg-Langevin approach evaluates open

quantum dynamics strictly in the Heisenberg picture, where the physical operators carry the time

dependence while their commutation algebra remains perfectly preserved for all C > 0. The irre-

versible nature of the open system is captured by appending both the deterministic damping term

and the stochastic noise operator to the standard Heisenberg equation of motion.

For our bosonic modes in Eqs. (4.2) and (4.3), the Heisenberg-Langevin equations are given

by [161]

d1̂: (C)
dC

= 28[�̂: , 1̂: (C)] −
Γ

2
1̂: (C) +

√
Γ1̂8=: (C),

d1̂†−: (C)
dC

= 28[�̂: , 1̂†−: (C)] −
Γ

2
1̂
†
−: (C) +

√
Γ1̂

†8=
−: (C).

(4.4)
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Here, the environment is modeled via the input noise operators 1̂8=
:
(C), which satisfy the Markovian

white-noise correlation condition 〈1̂8=
:
(C)1̂†8=

: ′ (C
′)〉 = X:,: ′X(C − C′), with all other correlators vanish-

ing, 〈1̂8=
:
(C)1̂8=

: ′ (C
′)〉 = 0. Because the dynamics are strictly linear, these equations can be elegantly

packaged into a compact matrix-vector form

d 5̂ (C)
dC

= M 5̂ (C) + <̂(C), (4.5)

where 5̂ (C) = (1̂: , 1̂†−: )
) , <̂(C) = (

√
Γ1̂8=

:
,
√
Γ1̂

†8=
−: )

) , and the dynamic drift matrix M is defined as

M =
©­­«
−28(�: + ℎ) − Γ

2 −28�:

28�: 28(�: + ℎ) − Γ
2

ª®®¬ . (4.6)

The formal solution is obtained by integrating the Green’s function propagator exp(MC), yield-

ing 5̂ (C) = 4MC 5̂ (0) +
∫ C

0 4
M(C−C′)<̂(C′)3C′. In the long-time limit (C → ∞), the first term being

transient decays to zero, and the steady state is entirely determined by the integral. Writing the

matrix exponential 4Mg on the general form

4Mg =
©­­«
61(g) 62(g)

6∗2(g) 6∗1(g)

ª®®¬ , (4.7)

the asymptotic solution (C → ∞) takes the exact form

5̂ (C) =
√
Γ

∫ C

0
3C′

©­­«
61(C − C′)1̂8=: (C

′) + 62(C − C′)1̂†8=−: (C
′)

6∗1(C − C
′)1̂†8=−: (C

′) + 6∗2(C − C
′)1̂8=

:
(C′)

ª®®¬ . (4.8)

In our model, by introducing the auxiliary dispersion variables,

n: = 2(�: + ℎ),

[: = 2�: ,

b: =

√
n2
:
− [2

:
,

(4.9)

the Green’s functions 61(g) and 62(g) can be evaluated explicitly

61(g) = 4−
Γ
2 g

[
cos(gb: ) − 8n:

sin(gb: )
b:

]
,

62(g) = −8[:4−
Γ
2 g

sin(gb: )
b:

.

(4.10)
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The full spectrum of bosonic correlation functions in the nonequilibrium steady state can thus be

extracted analytically from Eq. (4.8).

Returning to the spin degrees of freedom via the HP approximation, the transverse spin corre-

lations at a spatial separation A are given by

〈fG9 (C)fG9+A (C)〉 = 〈1̂†
9
(C)1̂ 9+A (C)〉 + 〈1̂ 9 (C)1̂ 9+A (C)〉 + c.2. (4.11)

To evaluate this in the steady-state limit (C → ∞), we first express the local real-space operators

in terms of their momentum-space counterparts via the Fourier transform, 1̂ 9 = 1√
!

∑
: 4

8: 9 1̂: .

By invoking translation invariance, and passing to the thermodynamic limit, the spatial correlators

become continuous integrals over the Brillouin zone

〈1̂†
9
1̂ 9+A〉SS =

1
2c

∫ c

−c
3: 48:A 〈1̂†

:
1̂:〉SS, (4.12a)

〈1̂ 9 1̂ 9+A〉SS =
1

2c

∫ c

−c
3: 48:A 〈1̂: 1̂−:〉SS. (4.12b)

The steady-state momentum expectation values are obtained by taking the noise average of the

asymptotic solution in Eq. (4.8). Using the Markovian noise condition, these spatial correlations

take the form

〈fG9 fG9+A〉SS =
1

2c

∫ c

−c
3: cos(:A) [: ([: − n: )

( Γ2 )2 + b2
:

+ 1
2c

∫ c

−c
3: sin(:A)

[: ( Γ2 )
( Γ2 )2 + b2

:

. (4.13)

This integral can be evaluated by analytically continuing the momentum : into the complex plane

via the substitution I = 48: . This maps the integration path onto the unit circle, transforming the

correlation function into a contour integral. In the case of the nearest-neighbor TFIM considered

in Chapter 7, this takes the form

〈fG9 fG9+A〉SS =
1

4c8

∮
|I |=1

3I
(I + I−1) (IA + I−A)

I2 −
[
Γ2+16ℎ2

16ℎ

]
I + 1

. (4.14)

The integrand in the expression above has two non-trivial poles, /±, which are the roots of the

quadratic denominator � (I) = I2 − 2AI + 1 with A = (Γ2 + 16ℎ2)/32ℎ. These poles take the

form

/± = A ±
√
A2 − 1. (4.15)
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−π 0 π

Momentum k z = eik

Re(z)

Im(z)

|z| = 1

Z− Z+

Figure 4.1 Schematic representation of the analytical continuation of momentummodes to the com-
plex unit disk. The correlation length of the nonequilibrium steady state is dictated by the pole /−
that lies strictly within |I | ≤ 1.

Because these roots are reciprocal (/+/− = 1), it follows that |/− | ≤ 1 ≤ |/+ |. According to

Cauchy’s residue theorem, only the pole /− lying strictly within the unit disk contributes to the

contour integral, as /+ resides outside the boundary. The resulting correlation length b, which

dictates the exponential spatial decay of the nonequilibrium steady state, is then elegantly given by

b = −1/log |/− | [162]. This result in discussed later in Fig. 7.3.

4.2 Third Quantization

The third quantization approach provides an algebraic structure to solve the Lindblad equa-

tion directly in the Schrödinger (Liouville) picture. This method extends the concept of vectoriza-

tion into a fully-fledged canonical quantization over operator spaces [158, 159]. Recall from Sec-

tion 3.2.2 that vectorization maps the density matrix d̂ to a state vector | d̂〉〉. In third quantization,

the left- and right-multiplication by the real-space bosonic operators 1̂ 9 and 1̂†9 are replaced by left-

and right-action maps

1̂ 9 d̂ → |1̂ 9 d̂〉〉 = 1̂!9 | d̂〉〉, (4.16a)

d̂1̂ 9 → | d̂1̂ 9 〉〉 = 1̂'9 | d̂〉〉. (4.16b)

While one could attempt to construct a Liouville-Fock space directly using these left- and right-

action maps, it is more instructive to introduce a change of basis—a transformation from the pure
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left/right action maps to a set of ‘‘unprimed’’ (V̂) and ‘‘primed’’ (V̂′) operators. For a given spatial

site 9 , these are defined as

V̂0, 9 = 1̂
!
9 , V̂1, 9 = 1̂

†'
9
,

V̂′0, 9 = 1̂
†!
9

− 1̂†'
9
, V̂′1, 9 = 1̂

'
9 − 1̂!9 .

(4.17)

This specific linear combination achieves two critical mathematical objectives for solving open

quantum systems:

First, the primed maps V̂′ are explicitly constructed as the exact difference between left and right

actions. Taking the trace of such operators inherently vanishes. Consequently, these primed maps

strictly left-annihilate the trace identity state: 〈〈Î| V̂′
a, 9

= 0. By ensuring that the corresponding

Liouvillian is written such that the primed operators appear on the left in each term, the trace-

preserving nature of the Lindblad flow is manifestly hardcoded into the algebra.

Second, this transformation ensures that the new maps satisfy an essential algebraic structure

[ V̂a, 9 , V̂′`,: ] = Xa,`X 9 ,: , [ V̂a, 9 , V̂`,: ] = [ V̂′a, 9 , V̂′`,: ] = 0 (4.18)

These are referred to as ‘‘almost-canonical commutation relations’’ (almost-CCR). The ‘‘almost’’

reflects the fact that V̂′ is not the strict Hermitian conjugate of V̂. This mathematical structure

accommodates the non-unitary, dissipative nature of the dynamics, while simultaneously preserving

the bosonic commutation algebra.

To represent the full Liouvillian, we collect the complete set of 4! maps for all physical sites

9 ∈ {1, . . . , !} into a single multiparticle vector

V̂ = ( V̂
0
, V̂

1
, V̂

′
0
, V̂

′
1
)) , (4.19)

where each component is itself an !-dimensional vector (e.g., V̂
0
= ( V̂0,1, V̂0,2, . . . , V̂0,!)). By

packaging the operators in this way, the vectorized Liouvillian L̂ takes a non-Hermitian quadratic

form in Liouville space

L̂ = V̂ · (V̂ − (0Î, (4.20)
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where ( is a complex symmetric matrix. The matrix ( dictates the entirety of the open system

dynamics and is partitioned into two fundamental sub-blocks, - and .

( =
©­­«

0 −-

−-) .

ª®®¬ . (4.21)

The sub-matrix - functions as the deterministic drift matrix. It governs the dynamical coupling

between the primed and unprimedmaps, thereby fully determining the spectrum of the open system.

In Eq. (4.20) , (0 = Tr - is a scalar arising from map reordering (notice that Eq. (4.20) allows for

VV′ as well as V′V terms).

The matrix - is constructed from the complete coherent Hamiltonian—including both the

particle-conserving interactions and the anomalous pairing terms—alongside the incoherent de-

cay/pump rates. Assuming - is diagonalizable, its eigenvalues are the complex rapidities of the

open system, dictating the relaxation timescales and coherent oscillations1. Conversely, the sym-

metric sub-matrix. = .) isolates the terms that are strictly quadratic in the primed maps (V̂′ ·. V̂′),

representing pair creation in the Liouville space.

By performing a symplectic transformation that diagonalizes (, the Liouvillian is mapped into

a normal form of decoupled master-modes

L̂ = −2
∑̀

V`[̂
′
`[̂`, (4.22)

where V` are the rapidities, and [̂`, [̂′` are the normal master-mode superoperators. The unique

nonequilibrium steady state (NESS) corresponds to the ‘‘vacuum’’ state of these master-mode su-

peroperators, meaning it is annihilated by all [̂` (i.e., [̂` |NESS〉〉 = 0).

Because the Liouvillian is strictly quadratic, the resulting NESS is a Gaussian state [168]. A

defining feature of Gaussian states is that they are entirely characterized by their two-point correla-

tion functions, which are compactly encoded in the covariance matrix / . The equation of motion
1While the matrix structure in Eq. (4.21) is somewhat reminiscent of a Keldysh action, the mapping is not strictly

one-to-one in this formulation. Importantly, the top-left block in ( is zero. This makes the physical Lindbladian
traceless, which guarantees the conservation of the total probability, similar to the zero 22 block in a Keldysh action.
For an approach that aligns third quantization with Keldysh field theory language, see Ref. [167].
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for the covariance matrix is given by [169]

¤/ (C) = −-)/ (C) − / (C)- + . . (4.23)

To determine this matrix analytically in the steady state, one does not need to perform time-

evolution integration. Instead, / is obtained as the unique exact solution to the continuous algebraic

Lyapunov equation [170] (also known as the Sylvester equation) defined by the Liouvillian sub-

blocks

-)/ + /- = . . (4.24)

Solving this algebraic equation yields / , which encapsulates all steady-state two-point correlation

functions of the system. Specifically, for a lattice of ! bosonic modes, / is structured as a 2! × 2!

block matrix

/ =
©­­«
〈1̂ ⊗ 1̂〉 〈: 1̂ ⊗ 1̂† :〉

〈1̂† ⊗ 1̂〉 〈1̂† ⊗ 1̂†〉

ª®®¬ , (4.25)

where 〈: $̂ :〉 is the expectation value of the normal-ordered operator, and 1̂ = (1̂1, 1̂2, ..., 1̂!)) .

Once / is known, any higher-order physical observables and correlations can be immediately ex-

tracted using Wick’s theorem. This offers a highly efficient algebraic alternative to the Heisenberg-

Langevin formalism, directly targeting the asymptotic correlations through linear algebra rather

than integrating noise over time. This approach has also been extended beyond quadratic models

with computation costs polynomial in the system size in certain cases [169].

4.3 Keldysh Nonequilibrium Path Integral

To move beyond operator equations, the Keldysh formalism maps the Lindblad master equation

directly onto a continuous field theory [68, 171]. By constructing a functional path integral over

a closed-time contour, this approach naturally yields the nonequilibrium response functions and

steady-state correlations. It serves as an indispensable framework when transitioning from exactly

solvable quadratic models to those with many-body interactions where diagrammatic expansion

becomes necessary.
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4.3.1 Historical Background and the Closed-Time Contour

Standard equilibrium path integrals are typically defined on a linear time contour from C0 → −∞

(the Feynman contour) [172, 173] or on an imaginary-time Matsubara axis [174, 175]. The zero-

temperature Feynman approach relies fundamentally on the Gell-Mann and Low theorem [176]. In

this standard (-matrix formulation, it is assumed that if an interaction is adiabatically turned on

from the infinite past and turned off in the infinite future, a system prepared in the free vacuum state

|Ψ0〉 at C = −∞ will adiabatically return to |Ψ0〉 at C = +∞, up to a global phase factor.

This adiabatic assumption is the mathematical bedrock of equilibrium field theory. It allows

time-ordered expectation values to be evaluated via a single, linear time contour by projecting the

future state onto the known past state

〈Ω| {$̂ (C)} |Ω〉 = 〈Ψ0 | *̂ (+∞, C)$̂ (C)*̂ (C,−∞) |Ψ0〉
〈Ψ0 | *̂ (+∞,−∞) |Ψ0〉

, (4.26)

where the denominator—the vacuum-to-vacuum transition amplitude—elegantly cancels out dis-

connected vacuum diagrams.

However, for a system driven continuously out of equilibrium, this adiabatic projection com-

pletely fails. The system exchanges energy and entropy with its environment, evolving into a highly

excited or mixed nonequilibrium steady state rather than returning to a known vacuum [171]. Be-

cause the asymptotic future state is unknown, the vacuum-to-vacuum denominator is undefined,

rendering the linear Feynman contour inadequate. To calculate observables without relying on an

asymptotic future state, one must return to the fundamental definition of the expectation value of

an operator $̂ at time C

〈$̂ (C)〉 = Tr
[
d̂(C)$̂

]
= Tr

[
*̂ (C, C0) d̂(C0)*̂†(C, C0)$̂

]
. (4.27)

Translating this algebraic trace into a functional path integral geometrically dictates the struc-

ture of the time contour [68]. The forward time-evolution operator *̂ (C, C0) generates a path integral

along a forward-time branch C+. Conversely, the Hermitian conjugate operator *̂†(C, C0), represent-

ing the evolution of the dual bra state, generates a path along a backward-time branch C−. Because

the trace operation circularly connects the left and right sides of the density matrix, the two time

44



branches must connect at the time C (or at C → +∞ if taken to the steady-state). This rigorously

forces the integration over a closed ‘‘Schwinger-Keldysh’’ contour [177–179].

Forward branch C+

Û(t, t0)

Backward branch C−
Û †(t, t0)

ρ(t0)

tf →∞t0

Ô(t)

Figure 4.2 The Schwinger-Keldysh closed-time contour. The calculation of an expectation value
〈$̂ (C)〉 requires evolving the initial state forward from C0 via *̂ (C, C0) along the upper branch C+, and
backward via *̂†(C, C0) along the lower branch C−. The trace operation connects the two branches,
effectively closing the contour and circumventing the need to project onto an unknown asymptotic
future state.

When mapping the Lindblad master equation onto this contour, the coherent Hamiltonian dy-

namics natively map to the independent forward and backward branches, while the dissipative jump

operators act as explicit interaction vertices that couple C+ and C−. This geometric doubling of the

branches is the exact continuous field-theoretic analog to the doubling of the Hilbert space into

Liouville space discussed in Section 3.2.2.

4.3.2 Path Integral Construction and the Keldysh Rotation

To transition from the operator formalism to a continuous field theory, the time-evolution oper-

ators along the closed contour are discretized, and complete sets of coherent states are inserted at

each infinitesimal time step [68, 171, 180]. For our specific bosonic model in Eqs. (4.2) and (4.3),

this standard path-integral construction replaces the quantum operators 1̂: and 1̂†
:
acting on the

forward branch C+ with complex commuting fields q+,: (C) and q̄+,: (C). Because the density matrix

evolves bilaterally, the operators acting on the backward branch C− map to an independent set of

fields q−,: (C) and q̄−,: (C). To account for the anomalous pairing terms in the TFIM, we group these

fields into a Nambu vector Ψ±,: = (q±,: , q̄±,−: )) . While the theory can be formulated entirely in
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this branch-indexed basis, doing so obscures the underlying causality structure. To explicitly re-

veal the physical content of the theory, it is standard practice to perform a Keldysh rotation’’ to the

classical (Ψ2) and quantum (Ψ@) components of the fields

Ψ2
: =

Ψ+,: + Ψ−,:√
2

, Ψ
@

:
=

Ψ+,: − Ψ−,:√
2

. (4.28)

The classical’’ field Ψ2
:
represents the average, observable trajectory of the field and can often be

interpreted as an order-parameter, while the ‘‘quantum’’ field Ψ
@

:
isolates the quantum fluctuations

and the stochastic noise induced by the environment.

For our quadratic spin-wave limit of the TFIM, the effective Keldysh action ( in frequency-

momentum space takes a highly structured matrix form

( =

∫
3l

2c

∑
:

(
Ψ̄2
:

Ψ̄
@

:

)
l

©­­«
0 [�−1]A

:
(l)

[�−1]R
:
(l) [�−1]K

:
(l)

ª®®¬
©­­«
Ψ2
:

Ψ
@

:

ª®®¬l . (4.29)

The strict zero in the top-left entry of this inverse Green’s function matrix is a direct mathematical

consequence of probability conservation (Tr[ d̂(C)] = 1). In the functional integral, this normal-

ization requires that the partition function / = 1 unconditionally. Consequently, if one considers

the theoretical classical limit where quantum fluctuations and environmental noise are artificially

suppressed—meaning the forward and backward histories are identical (q+ = q−) and the quantum

fields vanish (q@ = 0, q̄@ = 0)—the action itself must vanish: ([q2, 0] = 0. This constraint physi-

cally mandates the absence of any pure Ψ̄2Ψ2 term, thereby enforcing the structural zero. Inverting

this action matrix yields the propagator matrix �̂, which houses the three fundamental Green’s

functions characterizing the nonequilibrium dynamics

� =
©­­«

0 [�−1]A

[�−1]R [�−1]K
ª®®¬
−1

=
©­­«
�K �R

�A 0

ª®®¬ . (4.30)

Notice that the structural zero flips to the bottom-right corner upon inversion, meaning �@@ =

〈Ψ@Ψ̄@〉 = 0. This vanishing correlator is the strict mathematical manifestation of causality. It

implies that purely quantum fluctuations cannot act as physical driving forces to causally source

themselves; any quantum fluctuation must couple to the observable classical field to propagate and
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physically affect the future state of the system. The properties of the remaining non-zero propagators

are rigorously defined as follows:

• The Retarded and Advanced Green’s Functions (�R, �A): Given by the off-diagonal el-

ements �2@ and �@2, these encode the spectrum and the causal response of the system. For

a Markovian open quantum system, [�R(l)]−1 is determined by both the coherent Hamil-

tonian and the dissipative decay rates, corresponding directly to the dynamic drift matrix

M evaluated in the Heisenberg-Langevin equations of motion. The Advanced component is

simply its Hermitian conjugate, �A = [�R]†.

• The Keldysh Green’s Function (�K): Located in the 22-sector, �K = 〈q2 q̄2〉 encodes the

occupation numbers, statistical fluctuations, and spatial correlations of the nonequilibrium

steady state. It is an anti-Hermitian matrix governed by the local noise kernel [�−1]K, which

physically encapsulates the environmental noise injected by the Lindblad jump operators.

For the case of a quadartic driven-dissipative systems, [�−1]K is mathematically equivalent

to the covariance of the stochastic Langevin input noise vector in the Heisenberg-Langevin

formalism.

The explicit functional relationship between these components is given by the Keldysh equation, a

fundamental identity derived directly from the block-matrix inversion

�K
: (l) = −�R

: (l) [�
−1]K: (l)�

A
: (l). (4.31)

The application of the Keldysh formalism to the spin-wave limit of the driven-dissipative TFIM

was developed in Ref. [181]. Evaluating the steady-state using the Keldysh, Heisenberg-Langevin,

and third quantization methods yields perfectly overlapping predictions. This exact agreement

serves as a robust validation of the various approaches—stochastic, algebraic, and field-theoretic—

demonstrating their underlying mathematical equivalence in the quadratic regime. While these

frameworks provide a powerful baseline, the full many-body solution of the driven-dissipative Ising

model is significantly more complex. A complete, exact treatment will be explored extensively

in Chapters 7 and 8.
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CHAPTER 5

NUMERICAL METHODS FOR OPEN QUANTUM SYSTEMS

While the analytical frameworks established in Chapter 4 can solve quadratic models, they are fun-

damentally limited to the non-interacting regime. In the presence of strong -body interactions, the

Gaussian approximation often fails to capture the intricate correlations in the steady state (more dis-

cussion on this in Section 7.5). Solving these more complex scenarios requires advanced numerical

approaches.

The primary obstacle in the numerical treatment of quantum -body systems is the exponential

growth of the Hilbert space. For a system of ! spins (( = 1/2), the dimension of the Hilbert

space H scales as # = 2! . In the context of open quantum systems, this complexity is squared;

the density matrix d̂ resides in the Liouville space H ⊗ H ∗ with dimension 4! . This ‘‘curse of

dimensionality’’ renders the exact numerical solution of the Lindblad master equation impossible

even for moderately sized systems [182].

This chapter reviews the numerical techniques employed to bypass or mitigate this scaling,

ranging from exact treatments of small clusters to tensor network methods. We begin with an

overview of exact diagonalization (ED) and move toward quantum trajectories and matrix product

states (MPS), detailing the specific algorithms used to extract nonequilibrium steady states.

5.1 Exact Diagonalization

Exact diagonalization provides a fundamentally unbiased numerical approach for solving the

Lindblad equation. Unlike approximate methods, ED treats the full #2-dimensional Liouville space

without truncation, providing an unbiased window into the steady-state and dynamical properties

of the system.

5.1.1 Spectral Properties of the Liouvillian

The power of ED lies in its ability to resolve the full spectral information of the Liouvillian

superoperator L̂. After vectorization (see Section 3.2.2), the master equation becomes a linear

algebraic problem: L̂| d̂〉〉 = V | d̂〉〉. The complex eigenvalues V` are constrained by the requirement

that the dynamical map be completely positive and trace-preserving (CPTP) [149]. Consequently,
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all eigenvalues must satisfy Re(V`) ≤ 0 [37, 148]. The spectrum typically follows a structured

hierarchy:

• The Steady State (V0 = 0): Every physical Liouvillian possesses at least one eigenvalue at

the origin, corresponding to the nonequilibrium steady state (NESS), | d̂BB〉〉.

• The Dissipative Gap (Δ): Defined as Δ = min`≠0 |Re(V`) |, this gap determines the asymp-

totic relaxation timescale of the system, g ∼ 1/Δ. In the vicinity of a dissipative phase

transition, this gap vanishes in the thermodynamic limit, Δ → 0 as ! → ∞ [65, 67].

• Coherent Oscillations: The imaginary parts Im(V`) correspond to the characteristic fre-

quencies of coherent oscillations during the relaxation process.

5.1.2 Symmetry Sector Decomposition

The primary bottleneck of ED is the 4! scaling of the Liouvillian matrix. To mitigate this, one

must exploit the physical symmetries of the Hamiltonian and the jump operators. If a symmetry

operator %̂ commutes with the Liouvillian ([L̂, %̂] = 0), the Liouville space can be decomposed

into independent symmetry sectors. For the driven-dissipative transverse-field Ising model (TFIM)

discussed in Chapters 3 and 7, the Z2 parity symmetry (% =
∏
fI
8
) is preserved even under local

f− dissipation. By working within a specific parity sector, the matrix dimension can be reduced by

a factor of 4 (as the vectorization doubles the symmetry constraints), allowing for slightly larger !

to be reached before memory exhaustion [183].

5.1.3 Iterative Solvers and Steady-State Extraction

Because the Liouvillian is typically a very sparse but non-Hermitian matrix, solving for the

steady state does not require full diagonalization of the 4! × 4! matrix. Instead, one utilizes it-

erative Krylov subspace methods, such as the Arnoldi algorithm or the Lanczos method for non-

Hermitian matrices. These algorithms find the ‘‘extremal’’ eigenvalues—specifically the one clos-

est to zero—by repeatedly applying L̂ to a trial vector. This reduces the computational complexity

from O((4!)3) for full diagonalization to O(: · (4!)2) for finding : eigenvalues. In practice, stan-
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dard libraries, such as ‘‘the Quantum Toolbox in Python’’ (QuTiP) [155, 156] implement these

algorithms, utilizing the ARPACK library [184] to efficiently target the eigenstates.

Despite these numerical optimizations, ED is strictly limited by the ‘‘memory wall.’’ For a sys-

tem of ! = 10 spins, the Liouvillian contains 410 ≈ 106 rows and columns. A full double-precision

complex matrix of this size requires approximately 16 TB of RAM just for storage. In reality, most

Liouvillians are sparse matrices. On standard high-performance computing clusters, memory ex-

haustion typically occurs at ! ≈ 12 spins for a full density matrix treatment. Consequently, ED is

most useful as a high-precision benchmark for small-scale clusters or for extracting the short-range

physics that informs the more scalable methods discussed later in this chapter.

5.1.4 Time Evolution and Dynamical Integration

While exact diagonalization yields the full spectrum of the Liouvillian, utilizing the complete

set of eigenvectors to compute the time evolution of the density matrix, | d̂(C)〉〉 = ∑
2`4

V`C |A`〉〉, is

generally inefficient due to the O((4!)3) scaling of matrix diagonalization.

Instead, when tracking the transient dynamics of the open system, the vectorized master equa-

tion is treated as a system of coupled ordinary differential equations (ODEs). The state vector is

numerically propagated forward in time using standard ODE integration algorithms, such as Runge-

Kutta or Adams-BDF methods [185]. In QuTiP, this is executed via the mesolve module [155,

156].

Because these integration routines rely purely on sparse matrix-vector multiplication at each

time step, they scale as O((4!)2), making them significantly faster than full diagonalization. How-

ever, because this approach still requires the storage of the full untruncated Liouville state vector

in memory, it remains subject to the same memory wall as the steady-state solvers. In the liter-

ature, this exact state-vector integration is often colloquially grouped under the umbrella of ‘‘ED

methods’’ to distinguish it from truncation-based approximations like tensor networks.

5.2 Quantum Trajectories and Stochastic Unravelling

To circumvent the crippling 4! memory scaling of the full Liouville space, an alternative ap-

proach abandons the deterministic evolution of the densitymatrix in favor of the stochastic evolution
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of individual pure states. This formalism, commonly known as the ‘‘quantum-trajectories’’ method

or the Monte Carlo wave function (MCWF) approach, ‘‘unravels’’ the Lindblad master equation

into an ensemble of stochastic state-vector trajectories [186–189]. Each trajectory |k(C)〉 repre-

sents a single, completely pure history of the quantum system conditioned on a specific sequence

of discrete environmental measurements (quantum jumps) and the ‘‘null measurements’’ between

them. Rather than simple unitary evolution, these null measurements correspond to the wave func-

tion evolving continuously and deterministically under an effective non-Hermitian Hamiltonian,

defined as

�̂eff = �̂ − 8

2

∑
:

!̂
†
:
!̂: . (5.1)

Because �̂eff is non-Hermitian, the norm of the state vector decays over time. The squared norm

of this evolving state yields the exact probability that no quantum jump has occurred up to that

point. When a jump !̂: does stochastically occur, the state is abruptly projected and re-normalized.

Because each individual trajectory resides entirely within the standard Hilbert space H , the mem-

ory requirement drops exponentially from O(4!) back down to O(2!). The exact deterministic

dynamics of the Lindblad master equation are recovered by performing an ensemble average over

#traj independent stochastic realizations

d̂(C) = lim
#traj→∞

1
#traj

#traj∑
8=1

|k8 (C)〉〈k8 (C) |. (5.2)

In numerical implementations, one never reconstructs the full densitymatrix d̂(C) using the equation

above, as storing that dense 2! × 2! matrix would immediately reintroduce the memory wall we

sought to avoid. Instead, the expectation value of any physical observable $̂ is computed ‘‘on the

fly’’ as the statistical mean of the expectation values from the individual trajectories

〈$̂ (C)〉 = 1
#traj

#traj∑
8=1

〈k8 (C) |$̂ |k8 (C)〉. (5.3)

By tracking only the state vectors and accumulating the scalar expectation values, the memory

footprint remains strictly bounded at O(2!) throughout the entire simulation.
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While substituting a deterministicmatrix equationwith a stochastic sampling process introduces

a statistical standard error that scales as 1/
√
#traj, the trade-off is highly advantageous. The individ-

ual trajectories are completely uncorrelated, making the MCWFmethod an ‘‘embarrassingly paral-

lel’’ algorithmic problem. The insurmountable memory bottleneck of exact diagonalization is thus

successfully traded for a highly scalable CPU workload that can be distributed across modern high-

performance computing clusters. With this scalable stochastic framework established, in Chapter 6

we will utilize the MCWF algorithm to benchmark and isolate the physical noise channels within

state-of-the-art trapped-ion quantum simulators.

5.3 Matrix Product States

As demonstrated in the previous sections, both ED and MCWF eventually hit a hard computa-

tional wall due to the exponential growth of the Hilbert space. To push simulations of 1D chains

beyond ! ≈ 20, a fundamental paradigm shift is required in how the quantum state is represented.

5.3.1 Area Law Entanglement and the MPS Ansatz

The full generic state of an !-site lattice of spin-1/2 particles may written as a superposition of

all 2! basis states

|k〉 =
∑

81,82,...,8!∈{0,1}
28182...8! |8182 . . . 8!〉. (5.4)

Storing the rank-! tensor 28182...8! is what leads to the O(2!) memory scaling. However, physical

quantum states—particularly ground states of local Hamiltonians and the steady states of typical

dissipative systems—do not occupy this entire Hilbert space randomly. Instead, they occupy a

minuscule, highly structured corner characterized by the area law of entanglement [190]. For 1D

systems, the area law implies that the entanglement entropy between a subregion and the rest of the

system is bounded by a constant, independent of the subregion’s size.

Matrix product states (MPS) exploit this physical restriction by decomposing the rank-! tensor

into a sequential product of rank-3 local tensors [191]

28182...8! =
∑

U1,...,U!−1

�81U1�
82
U1U2 . . . �

8!
U!−1 . (5.5)
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. . .

(a) Full generic state tensor: O(3!) parameters

81 82 83 8!−1 8!. . .

28182...8!

Dimension 3

(b) Matrix product state (MPS): O(! · 3 · j2) parameters

U1 U2 U!−1
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�[1]

82

�[2]
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�[3]
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�[!−1]
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�[!]

Local Dim 3

Bond Dim j

Figure 5.1 Illustration of matrix product states (MPS) decomposition. (a) The full generic state |k〉
is represented by a single rank-! coefficient tensor 28182...8! , containing 3! coefficients which leads
to an exponential scaling with system size !. (b) The MPS ansatz parameterizes the same state as
a chain of local rank-3 tensors (�[=]). Physical indices (8=) descend with local dimension 3, while
neighboring tensors are connected by virtual (bond) indices (U=) truncated to a maximum bond
dimension j. This reduces the parameter complexity to O(! · 3 · j2).

Here, 8= represents the physical dimension index of site = (with local dimension 3 = 2 for spins),

whileU= are the internal, auxiliary (virtual)indices that connect neighboring tensors. The dimension

of these virtual indices is truncated to a maximum value known as the bond dimension, j. The bond

dimension acts as a dial controlling the maximum amount of entanglement the state can represent.

By truncating to a finite j, the parameter space is drastically reduced from 2! to O(!3j2). For

gapped 1D systems where entanglement is bounded, a modest j provides an arbitrarily precise,

numerically exact representation of the physical state. For a pedagogical introduction to the topic,

see Ref. [192]
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5.3.2 Density Matrix Renormalization Group (DMRG)

While originally formulated by Steven R. White in 1992 as a renormalization group proce-

dure [193], the density matrix renormalization group (DMRG) is now understood fundamentally as

a variational optimization over theMPSmanifold [191]. The objective of DMRG is to find theMPS

|k〉 that minimizes the energy functional � =
〈k |�̂ |k〉
〈k |k〉 (or, for Liouvillians, the state that minimizes

the eigenvalue magnitude). Rather than optimizing the entire network simultaneously, DMRG pro-

ceeds via a ‘‘sweeping’’ algorithm. In the standard two-site DMRG algorithm, two neighboring

local tensors �8= and �8=+1 are merged into a single two-site tensor, denoted as Θ. The surround-

ing lattice is contracted, forming an ‘‘effective environment.’’ The algorithm then solves a local

eigenvalue problem within this reduced, tractable subspace.

By treating the effective environment as a fixed background, the global optimization reduces to

finding the optimal Θ that minimizes the energy locally. This is achieved by solving the effective

eigenvalue equation, yielding a new two-site tensor that corresponds to the lowest eigenvalue. This

optimized Θ completely replaces the previous configuration of the two sites.

Once the optimal Θ is found, it must be split back into two separate rank-3 tensors to restore

the standard MPS structure and allow the algorithm to sweep to the next site. This splitting is

accomplished using a singular value decomposition (SVD)

Θ8=8=+1
U=−1U=+1 =

3j2∑
U==1

*8=U=−1U=(U=U=+
8=+1
U=U=+1 . (5.6)

The singular values (U=U= directly relate to the bipartite entanglement spectrum. To maintain com-

putational efficiency, the SVD is truncated by retaining only the j largest singular values. The

tensors * and + become the new updated � tensors, and the algorithm shifts one site to the right

(or left). This seamlessly truncates the least entangled components of the state, ensuring the com-

putational cost remains polynomial while maximizing fidelity. By sweeping back and forth across

the 1D chain, the algorithm variationally converges to the true physical state.

In order to deploy this powerful algorithm for the open quantum systems studied in this thesis, a

fundamental adaptation is required. Solving the Lindblad master equation often requires mapping
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Effective environment

Figure 5.2 Effective environment for the two-site DMRG algorithm. The tensor network represen-
tation of the expectation value 〈k |�̂ |k〉. To perform a variational update on the local tensors at
sites 2 and 3, the rest of the network is contracted together. The dashed boundary encloses this
‘‘effective environment,’’ which consists of the Hamiltonian MPO (orange squares), the ket MPS
tensors (bottom blue circles), and the fixed bra MPS tensors (top blue circles) at all other sites. By
treating this contracted environment as a constant tensor background, the global energy minimiza-
tion simplifies into a tractable local eigenvalue problem for the active sites.

the density matrix onto a pure state via vectorization as discussed in Section 3.2.2. By reshap-

ing the density matrix into a state vector |d〉〉, the system is promoted to a doubled Hilbert space

(Liouville space), on which the Liouvillian superoperator L acts linearly. In this vectorized space,

the nonequilibrium steady state is defined as the right eigenvector of the Liouvillian with a zero

eigenvalue (L̂|dss〉〉 = 0) [194]. Because the Liouvillian L̂ is non-Hermitian, standard energy-

minimization DMRG cannot be applied natively. This can be resolved by using the L̂†L̂ operator

method [195]. Constructing the squared operator L̂†L̂, results in a strictly Hermitian, positive semi-

definite matrix. Effectively, the unique ground state of this squared operator (with an eigenvalue

of exactly zero) corresponds to the physical steady state. This procedure maps the search for a

nonequilibrium steady state into a standard ground-state DMRG optimization over an MPS ansatz.

We utilize this powerful framework extensively to extract the nonequilibrium steady-state properties

in Chapters 7 and 8.
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5.4 Summary and Outlook

In this chapter, we have established a hierarchical numerical toolkit for the simulation of open

-body quantum systems. While exact diagonalization (ED) provides unbiased spectral information

at small system sizes, its exponential scaling necessitates more scalable approaches. By utiliz-

ing the Monte Carlo wave function (MCWF) algorithm, we successfully modeled decoherence in

experimental trapped-ion simulators. However, in order to accommodate larger systems, we intro-

ducedmatrix product states (MPS) as a polynomial-scaling representation of 1D quantum states and

detailed the optimization of steady states via the density matrix renormalization group (DMRG).

With this numerical framework established, the remainder of this thesis pivots from method-

ology to physical application. In the following chapters, we deploy these algorithms, along with

analyticalmethods, to investigate the dynamics and the steady-states properties of driven-dissipative

spin systems.
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CHAPTER 6

NOISE MODELING FOR A TRAPPED ION QUANTUM SIMULATOR: A CASE STUDY

The objective of modern quantum simulation platforms, such as trapped-ion chains, is to use a

controllable quantum system to simulate many-body Hamiltonians that are otherwise classically

intractable. The specific experiment, detailed in our recent publication in Nature Communica-

tions [196], utilizes a quantum simulator with single-spin resolution to investigate critical fluctu-

ations after a quantum quench. The system consists of up to 50 171Yb+ ions confined in a 3-layer

linear Paul trap [197].

The quantum trajectories method provides a highly practical approach for modeling sources of

dissipation in these setups at experimentally relevant system sizes. In trapped-ion chains, the domi-

nant source of error typically stems from stray magnetic field fluctuations. In addition, implement-

ing long-range Ising interactions often requires lowering the axial confinement of the trap [198],

which makes the ions increasingly susceptible to background collisions and electric field noise [55].

Additional sources of decoherence include mode frequency drifts, spontaneous emission, and off-

resonant motional excitations that generate residual spin-motion entanglement [199, 200].

The target dynamics of the simulator are governed by the long-range transverse-field Isingmodel

(TFIM) Hamiltonian

�̂ = −
!∑
8< 9

�8 9f
G
8 f

G
9 + �I

!∑
8

fI
8
, (6.1)

where fG,H,I
8

are the Pauli matrices, �I is the global transverse magnetic field, and �8 9 represents

the interaction strength. This interaction follows an approximate power-law decay, �8 9 ∼ �/|8 − 9 |?,

with ? ≈ 0.89 [196].

To quantify the critical fluctuations during this evolution, the experiment measures the total spin

(̂G =
∑!
8 f

G
8
/2 projected along the direction of interaction. The dynamics are then characterized by

calculating the net correlator, defined as the variance of the total spin

〈�̂2
G 〉 = 〈(̂2

G〉 − 〈(̂G〉2. (6.2)

Because the initial state |↓〉⊗! and the Ising symmetry of the Hamiltonian keep the average mag-
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netization 〈(̂G〉 at zero, this net correlator isolates the true critical fluctuations while removing any

bias from imperfect single-qubit rotations in the experiment.

In reality, however, the simulator is an open quantum system subject to the decoherence channels

mentioned above, which drive it away from ideal unitary evolution. To the lowest order, the cumu-

lative effect of these environmental noises is phenomenologically modeled as an effective bit-flip

error. The density matrix evolution is thus described by a Lindblad master equation incorporating

uniform local fG jump operators

dd̂
dC

= −8[�̂, d̂] + ^
!∑
8=1

(fG8 d̂fG8 − d̂), (6.3)

where �̂ is the long-range Hamiltonian from Eq. (6.1) and ^ represents the uniform single bit-flip

rate across the spin chain.

|↓〉 ^ |↑〉

Long-range interaction: Ji j ∼ 1|i− j|p

TimeState prep. |↓〉⊗! Quantum evolution Measurement

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
Environmental noise & heating

Figure 6.1 Trapped-ion quantum simulator and quench protocol: (Top) A linear chain of ions ini-
tialized in the |↓〉I state. The curved red lines illustrate the coherent long-range transverse-field
Ising interactions (�8 9 ). The accompanying bit-flips (|↓〉 fG

−−→ |↑〉) denote the continuous action of
environmental noise and motional heating during the system’s evolution, modeled via the jump rate
^. (Bottom) The experimental timeline, depicting the sudden quench to the target Hamiltonian �̂,
followed by a projective measurement of the net correlator.
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6.1 Diagnostic Optimization of Noise Channels

To advance beyond the computational limits of exact diagonalization and model the damped

critical fluctuations of a chain of ! ≥ 15 ions, we employed the MCWF method. This allows

us to bypass the extreme scaling of the full Liouvillian. Importantly, we utilize this algorithm

as a diagnostic tool for isolating the dominant sources of experimental error. In our analysis, we

numerically optimized the bit-flip rate ^ in order to minimize the root-mean-square error (RMSE)

between the trajectory simulation and the experimental measurements.

To confirm that bit-flip errors are the primary driver of decoherence, alternative noise models

must be systematically ruled out. Investigating additional local fI dephasing channels (Γ) reveals

that optimizing the dynamics under this extended equation returns an optimal value of Γ ≈ 0 for

most values of the transverse field �I, suggesting that bit-flip errors are sufficient to capture the

dissipative dynamics. Furthermore, modeling errors as static disorder in the interaction strength

(�) by randomly scaling the �8 9 matrix fails to reproduce the physical damping observed in the

experiment, indicating that static disorder cannot explain the decay in oscillations. The dynamics

under optimal ^ and Γ are shown in Fig. 6.2 for ! = 10. All parameters are normalized with respect

to the Kac factor J = 1
!−1

∑
8, 9 �8 9 [201]. Incorporating only the optimized local bit-flip rate ^(�I)

successfully matches the experimental data. As shown in Fig. 6.3, the optimized error rate results

in the simulation accurately capturing both the observed damping rates and the frequencies of the

underdamped coherent oscillations across the parameter space [196].

As a demonstration of scaling beyond the ED limit, we run the dynamics for the ! = 15 sys-

tem using the MCWF method averaged over 1000 independent trajectories [186, 187] in Fig. 6.4.

This stochastic simulation successfully extracts the net correlator dynamics, 〈�̂2
G 〉. For a quench

specifically to the critical point �I/J = 1 on the 15-spin chain, the optimum value of the bit-flip

rate is found to be ^/J = 0.024. This value is notably smaller than the optimized rate for ! = 10

(^/J = 0.082), reflecting the variation in effective noise as the trap parameters are adjusted for

different chain lengths. This trajectory-based approach can, in principle, be used to simulate even

larger system sizes. However, optimizing the decoherence rate ^ to fit the experimental data re-

59



0.0 0.1 0.2 0.3 0.4 0.5
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
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Figure 6.2 Evaluation of possible dissipation channels for ! = 10. Exact Diagonalization (ED)
of the Lindblad master equation incorporating both local fG and fI dephasing rates. The black
dotted lines indicate the net correlator evaluated under unitary dynamics alone. The numerical
optimization consistently returns Γ ≈ 0 for the vast majority of the parameter space, confirming
that the fG bit-flip channel alone is sufficient to reproduce the experimentally observed damping of
the net correlator.

quires executing a large number of these simulations across a large parameter space. The necessary

trajectories ensemble averaging, combined with the parameter search, severely limits our practical

ability to scale to systems much larger than ! = 15 in this case.
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Figure 6.3 Net correlator dynamics across varying transverse fields for ! = 10. Evolution of the ex-
perimental net correlator following a single quench, compared against exact numerical simulations
of the dissipative dynamics. Different colors represent the evolution at different values of �I/J .
The simulations strictly utilize the local fG noise channel, with the bit-flip rate ^ optimized for
each corresponding �I value to minimize the simulation’s root-mean-square error. The fG model
successfully captures the damped amplitude.
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Figure 6.4 Net correlator dynamics for ! = 15 ions. Evolution of the experimental net correlator
following a single quench to the dynamical critical point �I/J = 1. The solid colored line repre-
sents the numerical simulation at the finite bit-flip rate ^ = 0.024, obtained by averaging over 1000
quantum trajectories using the Monte Carlo wave function method. This is compared to the ideal,
decoherence-free Hamiltonian dynamics shown in the dotted black line.
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CHAPTER 7

ANALYTICAL SOLUTION OF THE DRIVEN-DISSIPATIVE ISING MODEL:
PERTURBATIVE APPROACH AT WEAK DISSIPATION

The study of open driven quantum systems has established a exciting frontier for exploring the

physics of nonequilibrium many-body systems, offering phenomena and phases of matter funda-

mentally distinct from their equilibrium counterparts [49, 52]. Experimentally, this paradigm is vig-

orously pursued across a diverse array of highly controllable quantum simulation platforms. These

include, but are not limited to, exciton-polariton condensates in semiconductor microcavities [64,

202–206], trapped ions [207, 208], neutral atoms in optical tweezers and Rydberg gases [209–213],

superconducting circuit quantum electrodynamics arrays [58, 60, 214], and can be efficiently re-

alized in programmable quantum simulators [215–219]. In these systems, coherent Hamiltonian

dynamics compete continuously with incoherent driving and environmental dissipation, steering

the system toward a nonequilibrium steady state (NESS) rather than a thermal equilibrium state.

A central question in this domain is the fate of quantum correlations in the presence of dis-

sipation. Generic Markovian dissipation is expected to induce decoherence and mixing, thereby

washing out the delicate quantum correlations and entanglement that underlie ground-state quan-

tum phase transitions [67, 69–71, 152]. While analytical solutions and exactly solvable models of

open quantum systems have been developed [220–227], quantum spin systems subject to dissipa-

tion generally lack analytical solutions. In general, identifying the dynamics of quantum simulators

subject to noise and decoherence remains a major conceptual and methodological challenge.

This chapter, detailing the central findings of our recent publication in Physical Review Let-

ters [162], provides an exact analytical approach to the paradigmatic quantum Ising chain. In a

perfectly isolated, dissipation-free setting, the transverse-field Ising model (TFIM) undergoes a

famous continuous quantum phase transition at a critical field strength ℎ2, characterized by a di-

verging ground-state correlation length. We further consider spins subject to local dissipation in

the form of spontaneous emission. In general, the steady state of this driven-dissipative model is

mixed and disordered, not featuring a phase transition or a true divergence of the correlation length.
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However, we demonstrate that the steady-state correlation length develops a pronounced peak near

the ground state quantum critical point.
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Figure 7.1 Schematic presentation of the correlation length in the steady state of a driven-dissipative
Ising chain as a function of a tuning parameter ℎ (e.g., an external field), compared to that of the
ground state. While being very distinct, the steady state still features a peak close to the ground-
state quantum critical point ℎ2. An analytical approach is lacking in the regime highlighted by the
question mark.

To establish this result, we must overcome significant analytical hurdles. Standard approxi-

mation techniques, such as conventional spin-wave theory (discussed in Chapter 4) [161] or naive

mappings to free-fermions, fail in the strongly correlated regime near the critical point [162]. This

failure originates from the highly nonlinear, non-local string operators generated when local dis-

sipative jump operators are mapped to the fermionic basis via the Jordan-Wigner transformation.

To circumvent these limitations, we develop a versatile analytical framework that becomes asymp-

totically exact in the limit of weak dissipation (Γ → 0 but at finite ΓC). Inspired by the treatment

of dissipative Bose gases [228], our approach relies on the construction of a generalized Gibbs

ensemble (GGE). This formalism systematically accounts for the underlying free-fermion integra-

bility of the coherent Hamiltonian dynamics while treating the dissipative Liouvillian superoperator

perturbatively [228–239].

Through this GGE formalism, we gain a comprehensive and exact understanding of how signa-

tures of quantum criticality are inherited by theNESS. Furthermore, we reveal that this phenomenon
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exhibits a degree of universality which we further discuss in Chapter 8.

7.1 Model and Physical Realization

The effective Hamiltonian for the driven-dissipative Ising model is given by

�̂ =

!∑
8=1

−fG8 fG8+1 + ℎf
I
8
. (7.1)

This time-independent form is derived by transforming a continuously driven system into a rotating

frame and applying the rotating wave approximation (RWA). To explicitly demonstrate this, we

derive the model starting from a driven Bose-Hubbard array [161, 240]. Such models naturally

emerge in experiment [241–245].

Consider an array of coupled optical cavities, each possessing a strongly nonlinear medium.

Photons can hop between adjacent cavities with an amplitude �, and the cavities are coherently

driven by a two-photon pump field oscillating at frequency l?. The dynamics in the laboratory

frame are governed by the Hamiltonian �̂lab = �̂0 + �̂drive, where

�̂0 =
∑
9

l2 0̂
†
9
0̂ 9 − �

∑
9

(
0̂
†
9
0̂ 9+1 + h.c.

)
+ *

2

∑
9

0̂
†
9
0̂
†
9
0̂ 9 0̂ 9 , (7.2)

and two-photon drive, which creates pairs of photons in adjacent sites, takes the form

�̂drive = Ω
∑
9

(
0̂
†
9
0̂
†
9+14

−8l?C + h.c.
)
. (7.3)

Here, 0̂ 9 annihilates a photon at site 9 , l2 is the bare cavity resonance, * is the onsite interaction

strength, and Ω is the pump amplitude.

To remove the explicit time-dependence, we transform the system into a frame rotating at half

the pump frequency, l?/2, via the unitary operator *̂ (C) = exp
(
−8l?

2 C
∑
9 0̂

†
9
0̂ 9

)
. Under this trans-

formation, the effective rotating-frame Hamiltonian �̂rot = *̂
†�̂lab*̂ − 8*̂†mC*̂ becomes

�̂rot =
∑
9

X0̂
†
9
0̂ 9 − �

∑
9

(
0̂
†
9
0̂ 9+1 + h.c.

)
+ *

2

∑
9

0̂
†
9
0̂
†
9
0̂ 9 0̂ 9 +Ω

∑
9

(
0̂
†
9
0̂
†
9+1 + h.c.

)
, (7.4)

where X = l2 − l? is the detuning between the cavity resonance and the two-photon pump.

Next, we assume the system operates in the photon blockade regime [141], which occurs when

the onsite nonlinearity is extremely large (* → ∞). In this limit, the energetic cost of having two
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photons in the same cavity is prohibitive, restricting the local Hilbert space of each cavity to zero

or one photon. We can then map the hard-core bosonic operators to Pauli spin-1/2 operators

0̂ 9 → f−
9 , 0̂

†
9
→ f+

9 , 0̂
†
9
0̂ 9 →

fI
9
+ 1
2

. (7.5)

Substituting these Pauli operators into �̂rot and expressing the hopping and pairing terms in

terms of fG and fH, we obtain the transverse field anisotropic XY model

�̂rot =
X

2

∑
9

fI
9
−

∑
9

[
� −Ω

2
fG9 f

G
9+1 +

� +Ω

2
f
H

9
f
H

9+1

]
= −�

∑
9

[
1 + Δ

2
fG9 f

G
9+1 +

1 − Δ

2
f
H

9
f
H

9+1 − ℎf
I
9

]
, (7.6)

where we have defined the dimensionless transverse field ℎ = X/(2�) and the anisotropy parameter

Δ = −Ω/�.

By tuning the pump strength such that Ω = −� (meaning Δ = 1), the fHfH terms vanish

completely, recovering the exact pure Ising interaction. Setting � = 1, we arrive precisely at our

target Hamiltonian

�̂ =

!∑
8=1

−fG8 fG8+1 + ℎf
I
8
. (7.7)

Finally, accounting for the coupling to the environment, photons continuously leak out of the

cavities into the surrounding vacuum at a specific rate. Since this is a single-photon loss process,

it maps directly to the spin-lowering operator in the blockade limit, defined by the Lindblad jump

operator !̂8 =
√
Γf−

8
. The full nonequilibrium steady state is therefore governed by the Lindblad

master equation
dd̂
dC

= −8
[
�̂, d̂

]
+ Γ

!∑
8=1

(
f−
8 d̂f

+
8 − 1

2
{
f+
8 f

−
8 , d̂

})
. (7.8)

Thus, the ‘‘drive’’ is intrinsically baked into the time-independent Hamiltonian (7.1) via the two-

photon parametric pumping terms, which manifest as the spin-spin interactions in the rotating

frame. This elegant mapping establishes how the abstract driven-dissipative quantum Ising model

corresponds to a highly realizable experimental architecture.
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7.2 Mapping Hamiltonian to Free Fermions

Before addressing the full driven-dissipative dynamics, it is instructive to establish the exact

solution of the isolated transverse-field Ising chain. The Hamiltonian governing the coherent evo-

lution of the system is given by Eq. (7.7), where ℎ > 0 represents the transverse magnetic field.

Note that for convenience in the subsequent derivations, we have applied a global c rotation around

the G-axis (fH,I → −fH,I), which flips the sign of the transverse field term relative to standard

conventions, and takes f±
8
→ f∓

8
. The exact solution relies on mapping the interacting spin chain

to a system of non-interacting fermions. This mapping is achieved via the Jordan-Wigner (JW)

transformation [98, 246], which expresses the local Pauli operators in terms of spinless fermionic

annihilation (2̂8) and creation (2̂†
8
) operators

f−
8 =

8−1∏
;=1

(1 − 22̂†
;
2̂;)2̂†8 , f+

8 = (f−
8 )†, fI

8
= 1 − 22̂†

8
2̂8 . (7.9)

Applying this transformation to the Hamiltonian, the bulk interaction terms map straightforwardly

to local fermionic hopping and pairing terms [82, 247]. However, the periodic boundary conditions

enforced in the spin basis (fG,H,I
!+1 = f

G,H,I

1 ) introduce a crucial subtlety. The boundary coupling term

fG
!
fG1 generates a non-local string operator that spans the entire chain, 48c#̂ , where #̂ =

∑!
8=1 2̂

†
8
2̂8

is the total fermion number operator.

�̂ = −
!−1∑
8=1

(2̂†
8
− 2̂8) (2̂8+1 + 2̂†8+1) − ℎ

!∑
8=1

(2̂8 2̂†8 − 2̂
†
8
2̂8) − 48c#̂ (2̂! − 2̂†!) (2̂1 + 2̂†1), (7.10)

Consequently, the sign of the boundary term is explicitly determined by the total fermionic

parity [247]. The Hamiltonian naturally block-diagonalizes into even and odd parity sectors, �̂ =

�̂e ⊕ �̂o, corresponding to an even or odd number of fermionic excitations. Because the Hamilto-

nian is parity-conserving, these two sectors are strictly independent under purely unitary dynamics.

Within each sector, the Hamiltonian takes the quadratic form

�̂e/o = −
!∑
8=1

(2̂†
8
− 2̂8) (2̂8+1 + 2̂†8+1) − ℎ

!∑
8=1

(2̂8 2̂†8 − 2̂
†
8
2̂8), (7.11)

subject to the parity-dependent boundary conditions

2̂!+1 = ∓2̂1. (7.12)
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Thus, the even sector obeys antiperiodic boundary conditions, while the odd sector obeys periodic

boundary conditions. This mandates that the allowedmomentummodes, : , be quantized differently

in each sector. Applying a spatial Fourier transform, the allowedmomenta are given by : ∈ 2c
!
(Z!+

1
2 ) ≡ Zap for the even sector (antiperiodic), and : ∈ 2c

!
Z! ≡ Zp for the odd sector (periodic).

Finally, the Hamiltonian in each sector can be diagonalized in momentum space by a standard

Bogoliubov transformation [82, 247]. We define the Bogoliubov fermionic operators as

Û: = cos
(
\:

2

)
2̂: − 8 sin

(
\:

2

)
2̂
†
−: , (7.13)

where the Bogoliubov angle \: is parameterized by tan \: = sin :
ℎ−cos : . In this quasiparticle basis, the

Hamiltonian takes its fully diagonal form

�̂e/o =
∑

:∈Za?,?

n: [Û†: Û: − 1], (7.14)

with the single-particle excitation spectrum given by n: = 2
√

1 + ℎ2 − 2ℎ cos : .

This exact solution completely captures the free-fermion nature of the Hamiltonian. In the ab-

sence of dissipation, an initial state with a definite parity will remain within its respective momen-

tum quantization sector indefinitely. As we will detail in the following sections, the local dissipative

environment drastically alters this structure by explicitly breaking parity conservation, thereby cou-

pling the distinct momentum grids of the even and odd sectors and introducing non-linear dynamics

to the otherwise free fermions.

7.3 Emergence of the Generalized Gibbs Ensemble and the Weak Dissipation Limit

Although the Ising Hamiltonian is exactly solvable, a solution to the driven-dissipative model is

simply not available. In order to develop an analytical solution, valid in the weak dissipation regime,

Γ → 0, it is necessary to rigorously examine the relaxation dynamics under the systemHamiltonian

in the absence of dissipation. Consider an isolated, generic interacting many-body system evolving

unitarily under its Hamiltonian �̂ from a initial state |k0〉. According to the eigenstate thermaliza-

tion hypothesis (ETH) [130, 132, 248, 249], a system with a Hamiltonian effectively acts as its own

heat bath. Consequently, in the thermodynamic limit and after a sufficiently long relaxation time,

67



the expectation values of any local observable $̂ become indistinguishable from those evaluated in

a thermal Gibbs ensemble (GE) [117, 132, 133, 250, 251]

lim
C→∞

lim
!→∞

〈k(C) | $̂ |k(C)〉 = Tr
{
d̂GE$̂

}
, (7.15)

where the standard thermal density matrix is d̂GE = /−14−V�̂ , with the inverse temperature V fixed

by the initial energy density.

However, as established in Section 7.2, the transverse-field Ising model is exactly solvable (in-

tegrable) and maps to non-interacting free fermions. An integrable model possess an extensive set

of independent, mutually commuting conserved quantities. In our model, the occupation numbers

of the Bogoliubov quasiparticle modes, &̂: = Û
†
:
Û: , constitute these constants of motion, satisfying

[�̂, &̂: ] = 0. This extensive set of conserved quantities fundamentally violates the assumptions of

ETH and precludes standard thermalization. Instead, the system undergoes generalized thermal-

ization, where the long-time expectation values of local observables relax to those of a generalized

Gibbs ensemble (GGE) [247, 252, 253]

lim
C→∞

lim
!→∞

〈k(C) | $̂ |k(C)〉 = Tr
{
d̂GGE$̂

}
. (7.16)

The GGE density matrix is constructed to maximize entropy while constraining all conserved

charges, yielding d̂GGE = /−1
GGE exp

(
−∑

: _:&̂:

)
. The generalized inverse temperatures (or La-

grangemultipliers) _: are rigorously fixed by the initial state such thatTr
{
d̂GGE&̂:

}
= 〈k0 | &̂: |k0〉.

Furthermore, properly accounting for the independent parity sectors identified in the exact solution,

the density matrix must respect the parity block-diagonal structure, decomposing into two distinct

Gaussian operators associated with the two momentum quantization grids [228]

d̂GGE =
∏
:∈Zap

d̂: ⊕
∏
:∈Zp

d̂: . (7.17)

We now pivot to the full driven-dissipative dynamics, where the continuous coupling to the

environment is governed by the Lindblad master equation

dd̂
dC

= −8
[
�̂, d̂

]
+ Γ

!∑
9=1

D̂ 9 ( d̂). (7.18)
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The dissipative operators D̂ 9 ( d̂) are defined as

D̂ 9 ( d̂) = f−
9 d̂f

+
9 −

1
2

{
f+
9 f

−
9 , d̂

}
(7.19)

The introduction of the local dissipative jump operators—which, recalling the global c rotation

from Section 7.2, take the form !̂ 9 =
√
Γf+

9
—breaks the free-fermion integrability and explicitly

violates fermionic parity conservation. Under generic conditions, this would completely destroy

the GGE structure. However, we assume a strict timescale separation where the dissipation rate is

significantly slower than the intrinsic relaxation rate of the Hamiltonian dynamics (Γ � 1/g(�̂)).

Here, g(�̂) ∼ �−1 represents the characteristic time for local observables to reach their generalized

Gibbs ensemble (GGE) values under purely coherent evolution. In this regime, the rapid coherent

dynamics continually project the system’s density matrix back onto the GGE manifold. The dis-

sipation therefore acts as a weak, secular perturbation that merely drives slow transitions between

different GGE states [228, 229]. Figure 7.2 shows a schematic representation of this process.

Effectively, the Lagrange multipliers are promoted to slowly varying functions of time, _: →

_: (C), meaning the density matrix retains a GGE form at any instantaneous moment. We formalize

this by perturbatively expanding the density matrix in powers of the dissipation strength Γ

d̂(C) = d̂GGE(C) + Γd̂1(C) + O(Γ2). (7.20)

Substituting this expansion into the master equation (7.18) and invoking [�̂, d̂GGE] = 0, we obtain

dd̂
dC

= −8Γ
[
�̂, d̂1

]
+ Γ

!∑
9=1

D̂ 9 ( d̂GGE) + O(Γ2). (7.21)

Truncating to leading order in Γ, we extract the equations of motion for the relevant physical ob-

servables—the quasi-conserved charges &: (C) ≡ Tr
{
d̂(C)&̂:

}
d&:

dC
= Tr

{
&̂:

dd̂
dC

}
= Γ

!∑
9=1

Tr
{
D̂†
9
(&̂: ) d̂GGE

}
− 8Γ Tr

{
&̂:

[
�̂, d̂1

]}
. (7.22)

Using the cyclic property of the trace, the second term evaluates to −8Γ Tr
{
d̂1 [&̂: , �̂]

}
, which

strictly vanishes because the charges commute with the Hamiltonian. Furthermore, by exploiting
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the translational invariance of the Lindbladian, the sum over all lattice sites 9 simplifies to the

contribution of a single site scaled by the total system size !. This yields the central kinetic equation

that dictates the slow drift of the system through the GGE manifold [162]

d&:

dC
= !

〈
D̂†

1 (&̂: )
〉
GGE, (7.23)

where D̂†
1 is the adjoint Lindblad superoperator acting on the first lattice site, explicitly defined as

D̂†
1 (&̂: ) = !̂

†
1&̂: !̂1 −

1
2

{
!̂
†
1 !̂1, &̂:

}
. (7.24)

ρ̂(0)

ρ̂GGE(0)

Fast relaxation (τ ∼ J−1)

Slow drift (Γ−1)

GGE Manifold

NESS (ρ̂SS)

Figure 7.2 Schematic representation of the timescale separation in a weakly dissipative system with
an integrable Hamiltonian. Starting from an arbitrary initial state d̂(0), fast coherent Hamiltonian
dynamics (g ∼ �−1) quickly project the system onto the constrained (GGE) manifold, defining the
initial generalized temperatures _: (0). The local Markovian dissipation acts as a weak perturbation
(Γ � �) that continuously breaks the integrability, driving a slow adiabatic drift (Γ−1) strictlywithin
the GGE manifold. The generalized temperatures become slowly varying functions of time, _: (C),
guiding the system to its final nonequilibrium steady state (NESS). In Eq. (7.7), we set the energy
scale � = 1.

Crucially, the expectation value on the right-hand side of Eq. (7.23) is evaluated entirely with

respect to the instantaneous, non-interacting Gaussian GGE state. This permits the application of
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Wick’s theorem to exactly compute the dissipative correlators, systematically bridging the micro-

scopic integrability of the closed chain to the macroscopic driven-dissipative steady state.

7.4 Evaluating the Dissipative Dynamics

With the kinetic equation (7.23) established, our goal is to evaluate the right-hand side to obtain

closed-form equations of motion for the fermionic correlators. Because the dissipator in Eq. (7.24)

now acts exclusively on the first site ( 9 = 1), the Jordan-Wigner string for the lowering operator

simplifies entirely. The string operator
∏8−1
;=1(1−22̂†

;
2̂;) evaluates to the identity for 8 = 1. Therefore,

we can make the exact substitution !̂1 =
√
Γf+

1 →
√
Γ2̂1 and !̂†1 →

√
Γ2̂

†
1. This localized form

significantly simplifies the subsequent analysis.

7.4.1 Basis Transformation

To evaluate 〈D̂†
1 (&̂: )〉GGE, we split the superoperator into two parts: the anticommutator term

and the quantum jump term. Because the expectation value is taken with respect to the non-

interacting, Gaussian GGE state, we can, in principle, utilize Wick’s theorem to reduce four-point

correlators into products of two-point correlators.

The anticommutator term, proportional to {2̂†12̂1, &̂: }, is straightforward to compute. The op-

erator 2̂†12̂1 conserves the total number of fermions, meaning it preserves the parity of the state.

Therefore, it does not mix the even and odd parity sectors, and Wick’s theorem can be applied

directly within a single momentum quantization grid.

In contrast, the jump term 2̂
†
1&̂: 2̂1 presents a technical challenge. The operators 2̂†1 and 2̂1 add

or remove a single fermion, thereby flipping the parity of the many-body state. As established in

Section 7.2, a change in parity alters the boundary conditions (from antiperiodic to periodic, or

vice versa), which in turn shifts the allowed quantization of the momentum modes. Specifically, if

&̂: belongs to the antiperiodic sector (: ∈ Zap), the operators sandwiching it effectively project the

state into the periodic sector (? ∈ Zp).

To applyWick’s theorem to the jump term, wemust therefore express the operators of one sector

in terms of the operators of the opposite sector. Since both the periodic modes {2̂?} and antiperiodic

modes {2̂: } form a complete basis for the single-particle Hilbert space on the ring, they are related
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by a unitary basis transformation. We can relate the momentum eigenstates by computing their

inner product

〈? |:〉 = 1
!

!∑
9=1

48(:−?) 9 . (7.25)

Recognizing this as a geometric series, we can evaluate the sum. Defining I = 48(:−?) , the sum

takes the form

〈? |:〉 = I

!

[
1 − I!
1 − I

]
. (7.26)

Crucially, because : and ? belong to different parity sectors, their difference is a half-integer mul-

tiple of 2c/!, ensuring that : − ? = 2c
!
(< + 1/2) for some integer <. This implies I! = 48(:−?)! =

482c(<+1/2) = −1. Substituting this back yields

〈? |:〉 = 2
!

I

1 − I = − 2
!

1
1 − 4−8(:−?)

. (7.27)

Inserting a complete set of states |?〉 from the periodic sector, we can express a state in the an-

tiperiodic sector as |:〉 =
∑
?∈Zp 〈? |:〉 |?〉. Identifying |:〉 = 2̂

†
:
|0〉, we obtain the exact basis

transformation relating the creation and annihilation operators of the two sectors [162, 234]

2̂: = − 2
!

∑
?∈Zp

1
1 − 48(:−?)

2̂? . (7.28)

This transformation reveals that the local dissipative jump explicitly couples everymomentummode

in one sector to every mode in the other. It is this non-local stringing of modes across parity sectors

that introduces the fundamental non-linearities into the open-system dynamics, distinguishing the

driven-dissipative steady state from a simple free-fermion model.

7.4.2 Application of Wick’s Theorem and the Kinetic Equations

To explicitly evaluate the right-hand side of the kinetic equation (7.23), it is most convenient

to work directly with the original fermions 2̂: , 2̂†: rather than the Bogoliubov quasiparticles. The

state of the system is fully characterized by the expectation values of the normal and anomalous

momentum-space density operators, defined respectively as

�̂: =
1

2c
P: 2̂

†
:
2̂: , 8�̂: =

1
2c

P: 2̂: 2̂−: , (7.29)
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where P: enforces the projection onto the appropriate parity sector for a given momentum : . We

aim to compute the corresponding scalar expectation values �: ≡ 〈�̂:〉 and �: ≡ 〈�̂:〉.

Because there is only a single independent conserved charge &̂: = Û
†
:
Û: per momentum mode

: , the functions �: and �: are not independent. The GGE ansatz constrains them together. By

inverting the Bogoliubov transformation and expressing 〈Û†
:
Û:〉 in terms of �: and �: , we find that

they must satisfy the algebraic constraint

�: ≡ sin : (�: − 1/4c) − (ℎ − cos :)�: = 0. (7.30)

The full dynamics of these observables are governed by the dissipative jump operators, subject to the

continuous enforcement of this constraint. We handle this analytically by introducing a Lagrange

multiplier Λ: . The coupled equations of motion are given by

1
Γ

d�:
dC

= −�� (:) + Λ: sin :, (7.31a)

1
Γ

d�:
dC

= −�� (:) − Λ: (ℎ − cos :), (7.31b)

where the dissipative driving terms, �� (:) and �� (:), are derived from the explicit evaluation of

the dissipator. We define these terms via the relation

− 1
!
�� (:) ≡ 〈2̂†1 �̂: 2̂1〉GGE − 〈2̂†12̂1 �̂:〉GGE, (7.32a)

− 1
!
�� (:) ≡ 〈2̂†1�̂: 2̂1〉GGE − 〈2̂†12̂1�̂:〉GGE. (7.32b)

We evaluate the terms on the rhs in Eq. (7.32a) and Eq. (7.32b) usingWick’s theorem, exploiting

the fact that the expectation values are taken with respect to the Gaussian GGE state. The second

terms, stemming from the anticommutator, do not alter the fermionic parity. Substituting 2̂1 =

1√
!

∑
@ 4

8@ 2̂@ and applying Wick’s theorem directly within the same momentum grid yields

!

2c
〈2̂†12̂12̂

†
:
2̂:〉GGE = =!�: + �: (1 − 2c�: ) + 2c�2

: , (7.33a)

!

2c8
〈2̂†12̂12̂: 2̂−:〉GGE = =!�: + �: (1 − 4c�: ), (7.33b)

where = =
∫ c

−c 3: �: is the total fermionic density.
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The first terms, representing the quantum jumps, require the basis transformation we derived

in Eq. (7.28) because the operators 2̂1 and 2̂†1 alter the parity. Expanding 2̂: (and 2̂−: ) in the basis

of the opposite parity sector and applying Wick’s theorem produces a highly non-local expression

involving all momentum modes in the corresponding target sector. For example, the term

〈2̂†1 �̂: 2̂1〉GGE =
4
!2

©­«=
∑
_

2c�_
|48: − 48_ |2

− 1
!

�����∑
_

2c�_
48: − 48_

�����2 + 1
!

�����∑
_

2c�_
48: − 48_

�����2ª®¬ . (7.34)

We then take the thermodynamic limit ! → ∞, converting the discrete sums over momentum

grids into continuous integrals. To handle the apparent divergence when _ → : , we isolate the

singular part by adding and subtracting �: (or �: ) in the numerator, generating a Cauchy principal

value integral.

Combining the anticommutator and jump contributions, the full dissipative driving functions

take the form

�� (:) = �: − 2c

(
�2
: −

����1cP
∫

3_
�_

48: − 48_

����2)
+ 2=
c

P
∫

3_
�: − �_

|48: − 48_ |2
+ 2c

(
�2
: −

����1cP
∫

3_
�_

48: − 48_

����2) , (7.35)

and

�� (:) = �: − 2c
(
2�:�: −

[
P
∫

3_

c

�_

48: − 48_
P
∫

3_′

c

�_′

4−8: − 4−8_′
+ c.c.

] )
+ 2=
c

P
∫

3_
�: − �_

|48: − 48_ |2
,

(7.36)

where P is the principal part of the integral. The resulting integro-differential equations can be

written in a more suggestive and mathematically revealing form. We first observe that, by using

the total fermion density = =
∫

3:
2c �: and the identity 1

1−48_ = 1
2 (1 + 8 cot _2 ), the absolute squared

integral terms can be expanded as����P ∫
3_

c

�_

48: − 48_

����2 =

( =
2c

)2
+

����P ∫
3_

2c
�_ cot

(
: − _

2

)����2 , (7.37a)����P ∫
3_

c

�_

48: − 48_

����2 =

����P ∫
3_

2c
�_ cot

(
: − _

2

)����2 . (7.37b)
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Furthermore, the denominator in the final integral of Eq. (7.36) satisfies |48: − 48_ |2 = 2(1 −

cos(: − _)). Thus, �� (:) becomes

�� (:) = �: +
=2

2c
− 2c

(
�2
: −

����P ∫
3_

2c
�_ cot

(
: − _

2

)����2 − �2
: +

����P ∫
3_

2c
�_ cot

(
: − _

2

)����2)
+ 2=P

∫
3_

2c
�: − �_

1 − cos(: − _) .

(7.38)

Crucially, we note the trigonometric identity −m: cot
(
:−_

2

)
= 1

1−cos(:−_) . This allows us to

rewrite the last integral exactly as a Hadamard finite part, extracting the derivative with respect to

momentum outside the principal value integral

P
∫

3_

2c
�: − �_

1 − cos(: − _) = m:P
∫

3_

2c
�_ cot

(
: − _

2

)
. (7.39)

By defining the Hilbert transform on the unit circle as (H 5 ): = 1
2cP

∫ 2c
0 3_ 5_ cot

(
:−_

2

)
, we

can finally express these equations in their most compact form

�� (:) = �: +
=2

2c
− 2c

[
�2
: − (H �)2

: − �
2
: + (H�)2

:

]
+ 2=(H �)′: , (7.40a)

�� (:) = �: − 4c [�:�: − (H �): (H�): ] + 2=(H�)′: , (7.40b)

where the prime denotes the partial derivative with respect to : that arose naturally from Eq. (7.39).

These non-local equations underscore the profound mixing of momentummodes generated by local

Markovian dissipation.

7.4.3 Analytic Continuation to the Complex Plane

The integro-differential equations governing the dissipative driving terms, �� (:) and �� (:),

exhibit a high degree of non-locality due to the principal value integrals (or equivalently, the Hilbert

transforms). Recognizing that the momentum : defines a unit circle via 48: , we can dramatically

simplify the problem by analytically continuing our real distribution functions into the interior of

the unit disk in the complex plane (|I | ≤ 1).

We define the complex function G� (I), corresponding to the normal momentum density �: ,

via the Cauchy-like integral

G� (I) =
∫ 2c

0

3:

2c
�:
48: + I
48: − I

. (7.41)
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By construction, G� (I) is strictly analytic within the unit disk (|I | < 1). When we evaluate this

function as we approach the boundary of the unit disk from the inside (I → 48:−0+), the real part

precisely recovers the physical momentum distribution

ReG� (48:−0+) = �: . (7.42)

Simultaneously, the imaginary part yields exactly the Hilbert transform that appeared in our evalu-

ation of the dissipator. This establishes a fundamental Kramers-Kronig relation for the momentum

density function

ImG� (48:−0+) = P
∫ 2c

0

3_

2c
�_ cot

(
: − _

2

)
= (H �): . (7.43)

An entirely analogous analytic function, G� (I), is defined corresponding to the anomalous corre-

lator �: .

With these powerful analytic properties established, we can map the non-local terms present

in Eq. (7.40) directly to local operations on these complex functions. For instance, the combinations

of squares in �� (:) naturally form the real part of the squared analytic function

�2
: − (H �)2

: = Re
[
G� (I = 48:−0+)2

]
. (7.44)

Similarly, the Hadamard finite part, which we explicitly isolated as the derivative of the Hilbert

transform, is elegantly recognized as the real part of a complex derivative weighted by I

m: (H �): = Re [ImIG� (I)]I=48:−0+ . (7.45)

By elevating the entire set of equations of motion Eq. (7.31) into the complex plane, we replace

the coupled, non-local real equations with a set of local complex differential equations

1
Γ

d
dC
G� (C, I) = −

[
G� +

=2

2c
− 2cG2

� + 2cG2
� + 2=ImIG�

]
+ GΛ1 (I), (7.46a)

1
Γ

d
dC
G� (C, I) = − [G� − 4cG�G� + 2=ImIG�] + GΛ2 (I). (7.46b)

Here, the Lagrange multiplier term Λ: has also been promoted to analytic functions corresponding

to the physical constraints, specifically Λ1(:) = Λ: sin : and Λ2(:) = −Λ: (ℎ − cos :).
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To further decouple these dynamics, we introduce the linear combinations

G±(I) = G� (I) ∓ 8G� (I). (7.47)

Combining the two equations in Eq. (7.46), we find a more symmetric form

1
Γ

d
dC
G±(C, I) = −

[
G± + =2

2c
− 2cG2

± + 2=ImIG±

]
± 8ℎGΛ(I) ∓ 8GΛ± (I), (7.48)

where we have defined Λ±(:) ≡ 4±8:Λ: . Apart from the constraints enforced by the Lagrange

multipliers, the equations for G+ and G− are now decoupled.

We can systematically relate the multiplier functions explicitly using the parity properties of

Λ: . Since Λ: is an odd function of : (while �: is even and �: is odd), we can show that GΛ± (I) =

8_1 + I±1GΛ(I), where we define the integral over the multiplier as _1 =
∫
3: Λ: sin : .

This identification allows us to extract the decay rate of the total fermion density. Expand-

ing Eq. (7.48) to the zeroth order in powers of I (i.e., evaluating the limits as I → 0) yields the

exact kinetic relation for the total density =

¤= = −= + _1. (7.49)

Substituting this relation back into the equations of motion allows us to absorb _1. This algebraic

structure immediately motivates a convenient shift of variables for the complex functions

G± → G± ± =

2c
. (7.50)

Under this translation, the boundary terms and constants precisely cancel, and the final, simplified

equations of motion in the complex plane take their ultimate form

1
Γ

d
dC
G± = −

[
G± ∓ 2=G± − 2cG2

± + 2=ImIG±
]
± 8(ℎ − I±1)GΛ(I). (7.51)

7.4.4 Multipole Expansion and Numerical Solution

The representation in Eq. (7.51) provides a robust framework for obtaining the exact steady state

and transient dynamics. Because �: is an even function and �: is an odd function of : , they can

be expanded as standard Fourier series

�: =

∞∑
==0

�= cos(=:), �: =

∞∑
==1

�= sin(=:), (7.52)
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where the coefficients are given by the integrals �= = 2=
∫ 2c
0

3:
c

cos(=:)�: (with 20 = 1/2 and

2=≥1 = 1) and �= =
∫ 2c
0

3:
c

sin(=:)�: .

In the complex plane, this corresponds exactly to a multipole (or Taylor) expansion of the ana-

lytic functions around I = 0

G� (I) =
∞∑
==0

�=I
=, G� (I) = −8

∞∑
==1

�=I
=. (7.53)

The shifted functions G± can similarly be expanded in terms of the real coefficients �= and �=

G+ =

∞∑
==1

(�= − �=)I=, G− = 2�0 +
∞∑
==1

(�= + �=)I=, (7.54)

where �0 = =/(2c).

The Lagrange multiplier GΛ(I) in Eq. (7.51) enforces the GGE constraint continuously over

time. To solve the system numerically, we eliminate GΛ(I) entirely by taking an appropriate linear

combination of the two equations for G+ and G−. Setting Γ = 1 for brevity, this yields a single

equation free of the undetermined multipliers

d
dC

[(
−ℎ + 1

I

)
G+ − (ℎ − I)G−

]
= −

(
−ℎ + 1

I

)
[1 − 2cG+ − 2= + 2=ImI] G+

+ (ℎ − I) [1 − 2cG− + 2= + 2=ImI] G−.

(7.55)

Simultaneously, the GGE constraint from Eq. (7.30) must be satisfied at the level of the Fourier

coefficients. Expanding the constraint �: = 0 into its constituent harmonics links the coefficients

�= exclusively to �=

�0 −
1

4c
= −

∞∑
<=1

�2< + ℎ
∞∑
<=0

�2<+1, (7.56a)

�= = −�= − 2
∞∑
<>=

<+= even

�< + 2ℎ
∞∑
<>=

<+= odd

�<, (= ≥ 1). (7.56b)

By expanding Eq. (7.55) in powers of I and substituting for �= using the constraints in Eq. (7.56),

we obtain a infinite hierarchy of ordinary differential equations for the coefficients �=. Truncating

this hierarchy at a sufficiently large maximum order =max allows us to efficiently time-evolve the

system from an initial state—such as an infinite-temperature state where �0 = 1/(4c) and all other
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coefficients are zero—directly to the nonequilibrium steady state. These steady-state coefficients

completely determine all single-particle fermionic spatial correlations, fromwhich themacroscopic

spin-spin correlations can ultimately be reconstructed.

7.5 The Naive Free-Fermion Approximation

Before reconstructing the spin-spin correlation functions from the exact GGE solution, it is

instructive to consider a simpler, naive approximation. This detour highlights exactly why the com-

plex machinery developed in Section 7.4.2 is absolutely necessary to capture the physics of the

driven-dissipative Ising model.

The mathematical complexity in our exact solution originates entirely from the Jordan-Wigner

mapping of the local dissipative jump operators. Recall that the decay of a spin is represented by

!̂ 9 =
√
Γf+

9
. Under the JW transformation, this operator acquires a non-local parity-measuring

string: !̂ 9 =
√
Γ2̂ 9

∏ 9−1
;=1 (1−22̂†

;
2̂;). A naive approach to simplify such open quantum systems is to

deliberately ignore this JW string, effectively assuming that the dissipation acts directly and locally

as independent fermionic losses, !̂ 9 ≈
√
Γ2̂ 9 . By making this ‘‘free-fermion’’ approximation, the

entire Liouvillian becomes strictly quadratic and the momentum modes completely decouple. Ap-

plying a Fourier transformation to the Hamiltonian, the problem reduces to a sum over independent

momentum pairs (:,−:)

�̂free = 2
∑
:>0

(ℎ − cos :) [2̂†
:
2̂: + 2̂†−: 2̂−: ] − 8 sin : [2̂: 2̂−: + 2̂

†
:
2̂
†
−: ] . (7.57)

For any given momentum pair, the local Hilbert space is spanned by merely four states: the

vacuum |0, 0〉, the single-particle states |:, 0〉 and |0,−:〉, and the fully occupied state |:,−:〉. In

this isolated four-dimensional subspace, the Hamiltonian acts as a simple 4 × 4 matrix ℎ̂: , and the

dissipation acts strictly locally. We can therefore write a completely decoupled Lindblad master

equation for the density matrix d̂: of each mode

dd̂:
dC

= −8
[
ℎ̂: , d̂:

]
+ Γ

(
2̂: d̂: 2̂

†
:
− 1

2

{
2̂
†
:
2̂: , d̂:

}
+ 2̂−: d̂: 2̂†−: −

1
2

{
2̂
†
−: 2̂−: , d̂:

})
. (7.58)

Because this equation is finite-dimensional and linear, we can algebraically solve for the steady state

(dd̂:
dC = 0).
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By defining the fermionic basis

|0, 0〉 = (1, 0, 0, 0)) ,

2̂
†
:
|0, 0〉 = |:, 0〉 = (0, 1, 0, 0)) ,

2̂
†
−: |0, 0〉 = |0,−:〉 = (0, 0, 1, 0)) ,

2̂
†
−: 2̂

†
:
|0, 0〉 = |:,−:〉 = (0, 0, 0, 1)) ,

(7.59)

the operators take the matrix form

2̂: =

©­­­­­­­­«

0 1 0 0

0 0 0 0

0 0 0 −1

0 0 0 0

ª®®®®®®®®¬
, 2̂−: =

©­­­­­­­­«

0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

ª®®®®®®®®¬
, ℎ̂: = 2

©­­­­­­­­«

−(ℎ − cos :) 0 0 −8 sin :

0 0 0 0

0 0 0 0

8 sin : 0 0 (ℎ − cos :)

ª®®®®®®®®¬
. (7.60)

In the steady state, we find the only non-vanishing elements of the density matrix to be

d̂: (C → ∞) =

©­­­­­­­­«

d11 0 0 d14

0 d22 0 0

0 0 d33 0

d∗14 0 0 d44

ª®®®®®®®®¬
. (7.61)

Finally, imposing the condition Tr{d: } = 1, we can determine these matrix elements yielding

simple expressions for the steady-state momentum distributions at any finite Γ

�free
: =

1
4c

sin2 :

1 + ℎ2 − 2ℎ cos : + ( Γ4 )2
, (7.62a)

�free
: =

−1
4c

sin : (ℎ − cos : + 8Γ
4 )

1 + ℎ2 − 2ℎ cos : + ( Γ4 )2
. (7.62b)

To connect this back to our overarching analytical framework, we should take the weak dissipation

limit (Γ → 0).

One can recover the same result from the full integro-differential kinetic equations (Eqs. (7.35)

and (7.36)), by deliberately discarding the non-linear terms from �� and ��. In this case, Eqs. (7.35)
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and (7.36) reduce to

d�linear
:

dC
= −�linear

: + Λ: sin \: = 0, (7.63a)

d�linear
:

dC
= −�linear

: − Λ: cos \: = 0, (7.63b)

which, in the steady state, yields

�linear
: cos \: + �linear

: sin \: = 0. (7.64)

Together with the constraint in Eq. (7.30), we can solve the two equations for �linear
:

, and �linear
:

in

the steady state which yields

�linear
: =

1
2

sin2 \: , �linear
: = −1

2
sin \: cos \: . (7.65)

Upon substituting for \: in terms of ℎ, we find

�linear
: =

1
4c

sin2 :

1 + ℎ2 − 2ℎ cos :
, (7.66a)

�linear
: =

−1
4c

sin : (ℎ − cos :)
1 + ℎ2 − 2ℎ cos :

. (7.66b)

These equations simply reproduce Eq. (7.62) in the limit Γ → 0.

Remarkably, the momentum distributions derived in Eq. (7.66) are mathematically identical to

the state resulting from a sudden, purely unitary quench [254]. Specifically, it maps exactly to a

quench originating from a completely uncorrelated product state with all spins pointing down (the

ground state at ℎ0 = ∞) evolving under the the full Ising model with a transverse field ℎ.

For such a quench, the macroscopic spin-spin correlation function has been exactly calcu-

lated [254]. In the ordered regime (ℎ ≤ 1), the correlations behave as �A ∝ 2−A cos(A arccos ℎ).

Conversely, in the disordered regime (ℎ > 1), the correlations decay monotonically as�A ∝ (2ℎ)−A .

Consequently, the correlation length extracted from this free-fermion approximation is strictly given

by

bfree =


1/log 2, ℎ ≤ 1

1/log(2ℎ), ℎ ≥ 1
(7.67)
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While it correctly predicts an oscillatory nature for the correlations below the critical point, the

correlation length bfree strictly caps at 1/log 2 for all ℎ ≤ 1. It exhibits no enhancement near the

quantum critical point (ℎ → 1). This rigorous step-by-step contrast highlights our core conclusion:

the steady-state quantum criticality in the driven-dissipative Ising model is not a simple remnant

of the free-fermion Hamiltonian. The full GGE framework succeeds because it faithfully preserves

the essential dissipation-induced parity mixing and properly accounts for Jordan-Wigner strings.

7.6 Reconstructing Spin Correlations

The numerical integration of the truncated hierarchy described in Section 7.4.4 yields Fourier

coefficients �= and �= in the steady state. However, the ultimate physical quantities of interest

are the spin-spin correlation functions, which characterize the nonequilibrium state and encode the

signatures of the underlying quantum phase transition. We must therefore reverse the mapping to

express the spin correlators in terms of the solved fermionic distributions.

We are primarily interested in the two-point spatial correlation function in the G-direction,

〈fG
8
fG
8+A〉, where A is the spatial separation between the spins. Under the Jordan-Wigner transforma-

tion, the Pauli fG operators are mapped to highly non-local strings of fermions. To systematically

evaluate these strings, we introduce the Majorana fermionic operators [255]

"̂8 ≡ 2̂†8 + 2̂8, #̂8 ≡ 2̂†8 − 2̂8 . (7.68)

Using these operators, the product of two Pauli matrices separated by a distance A (assuming A > 0)

cleanly absorbs the Jordan-Wigner string into a contiguous product of Majorana operators

〈fG8 fG8+A〉 = 〈#̂8

(
8+A−1∏
;=8+1

"̂; #̂;

)
"̂8+A〉

= 〈#̂8"̂8+1#̂8+1 . . . "̂8+A−1#̂8+A−1"̂8+A〉. (7.69)

Because the steady state is described by a Gaussian GGE, this multi-point expectation value

can be factored into products of two-point Majorana correlators using Wick’s theorem. Since the

functions �: and �: describing the steady state are entirely real, the normal and anomalous spatial

fermionic correlators are also purely real. Consequently, the contractions between identical species
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of Majorana fermions simplify trivially

〈"̂8"̂ 9 〉 = X8, 9 , 〈#̂8 #̂ 9 〉 = −X8, 9 . (7.70)

The only non-trivial contractions arise from the cross-correlators between the #̂ and "̂ operators,

which we define as �8, 9 ≡ 〈#̂8"̂ 9 〉.

Due to the vanishing of the identical-species contractions, the application of Wick’s theorem to

the Majorana string yields a Pfaffian that squares to an A × A determinant. Invoking the translational

invariance of the steady state in the thermodynamic limit, the correlator depends only on the sepa-

ration ; = 9 − 8, such that �8, 9 = � 9−8 ≡ � ; . The spin-spin correlation function is therefore given

exactly by the Toeplitz determinant

〈fG8 fG8+A〉 =

�������������

�−1 �−2 · · · �−A

�0 �−1 · · · �−A+1
...

...
. . .

...

�A−2 �A−3 · · · �−1

�������������
. (7.71)

The matrix elements � ; must now be expressed in terms of the numerically obtained multi-

pole coefficients �= and �=. By expanding the Majorana operators back into the original complex

fermions, we find

� ; = 2Re
[
〈2̂†
8
2̂8+;〉 − 〈2̂8 2̂8+;〉

]
− X;,0. (7.72)

The real-space fermionic correlators are simply the inverse Fourier transforms of the momentum-

space density operators �̂: and 8�̂: . Using the multipole expansions defined in Section 7.4.4, these

spatial correlators evaluate to

〈2̂†
8
2̂8+;〉 = 2c�0X;,0 + c

∞∑
==1

�=X |; |,=, (7.73a)

〈2̂8 2̂8+;〉 = sgn(;) c
∞∑
==1

�=X |; |,=. (7.73b)
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Substituting these spatial relations back into the definition of the matrix elements yields the final,

computable expressions for the elements of the Toeplitz determinant

�0 = 4c�0 − 1, (7.74a)

� ; = 2c
(
�|; | − sgn(;)� |; |

)
for ; ≠ 0. (7.74b)

By populating the matrix in Eq. (7.71) with the elements computed via Eq. (7.74b), we can

extract the macroscopic spin-spin correlations 〈fG
8
fG
8+A〉 as a function of distance. The steady-state

correlation length b, which exhibits the pronounced peak near the ground-state quantum critical

point as discussed in the introduction, is subsequently extracted from the asymptotic exponential

decay of this determinant for large A.

7.7 Steady-State Spin Correlations: GGE vs. Exact Numerics

With the analytical framework for evaluating the spin-spin correlations established, we bench-

mark the GGE predictions against exact numerical simulations. The validity of the GGE approach

formally relies on the weak dissipation limit (Γ → 0, taken strictly after the thermodynamic limit

! → ∞). To assess its robustness at finite dissipation and finite system size, we compare the GGE

analytical solution to matrix product state (MPS) simulations of the Lindblad master equation for

a chain of ! = 40 spins at Γ = 0.15. We contrast these results with the predictions of the ‘‘free-

fermion’’ approximation, which, as detailed in Section 7.5, treats the open system as a collection

of non-interacting, parity-conserving momentum modes. We also compare them against the spin-

wave analysis performed under the Holstein-Primakoff approximation in Chapter 4.

An analysis of the correlation length b extracted in the steady state is summarized in Fig. 7.3.

Deep in the disordered regime (ℎ � 1), the correlations decay rapidly. However, as the transverse

field approaches the isolated quantum critical point (ℎ = 1), the correlation length exhibits a peak,

indicating that signatures of the underlying Hamiltonian criticality survive the non-unitary driven-

dissipative dynamics.

Remarkably, the analytical GGE solution closely matches the exact MPS numerics across all
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Figure 7.3 Correlation length b calculated in the steady state of the driven-dissipative Ising model.
MPS, spin-wave theory, and the free-fermion jump calculations are done at Γ = 0.15. The solution
that we developed, plotted as a solid line, is asymptotically exact in the limit Γ → 0. The vertical
dashed line marks the QCP. In the inset, we present MPS calculations for different ℎ and Γ for
! = 40 spins. The dashed line indicates the position of the maximum correlation length for a given
value of Γ. The correlation length decays as Γ increases, but the peak remains close to the critical
point.

investigated regimes. This agreement is particularly striking given that the MPS simulations are

performed at a finite dissipation rate of Γ = 0.15, whereas the GGE framework is formally de-

rived in the asymptotic weak-dissipation limit. Our results clearly reproduce a peak close to, but

slightly above, the quantum critical point at ℎp40: ≈ 1.11 in the limit Γ → 0, thus confirming that

ℎp40: § 1 is not an artifact of numerics at finite ! or Γ. On the other hand, the spin-wave analysis

(calculations performed in Chapter 4) predicts that b → ∞ as ℎ → 2 in the limit Γ → 0 and breaks

down when ℎ ≤ 2, and thus fails to capture the physics except for large ℎ. This benchmarking also

illustrates the limitations of the free-fermion approximation. As mathematically predicted, this ap-

proach underestimates the correlation length near ℎ2, exhibiting a capping of the correlation length

at b ≈ 1.44. This contrast confirms that the steady-state correlations are driven by the non-local

stringing of modes across parity sectors. By incorporating these non-linear, mode-mixing inter-
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actions, the GGE successfully recovers the complex physics that simple Markovian free-fermion

decay suppresses.

7.8 Conclusion

In this chapter, we have demonstrated that the steady state of the driven-dissipative transverse-

field Ising model retains distinct, macroscopic signatures of the underlying Hamiltonian’s quantum

phase transition. By carefully treating the non-local, parity-mixing nature of the local dissipative

jump operators under the Jordan-Wigner transformation, we can go beyond the naive free-fermion

approximation. Utilizing the generalized Gibbs ensemble (GGE) ansatz in the weak-dissipation

limit, we derived exact integro-differential kinetic equations for the momentum distributions, which

we subsequently solved via analytic continuation to the complex plane and multipole expansion.

Through the exact evaluation of the Toeplitz determinant, we reconstructed the spatial spin-spin

correlation functions and extracted the steady-state correlation length b. As summarized in Fig. 7.3,

the exact GGE solution reveals a pronounced enhancement of the correlation length near the quan-

tum critical point (ℎ2 = 1). This peak is corroborated by finite-size MPS simulations at finite

dissipation rates. Furthermore, while the linear spin-wave theory (derived in Chapter 4) captures

the quantitative features of the steady state for ℎ � 1, the GGE framework alone provides the ex-

act description across all regimes, faithfully capturing the complex parity-mixing induced by the

Markovian environment.

The success of the GGE approach relies fundamentally on the integrability of the TFIM Hamil-

tonian—specifically, the existence of an extensive set of conserved charges and the exact mapping to

non-interacting Bogoliubov quasiparticles. However, physical realizations of quantum spin chains

in synthetic quantum simulator platforms (such as Rydberg atom arrays [213] or trapped ions [207,

208]) often feature longer-range interactions that break this strict integrability.

This naturally raises an important question regarding the universality of our findings: do these

dissipation-induced critical signatures survive the breaking of integrability? If the Hamiltonian is

no longer reducible to free fermions, the closed system is expected to thermalize according to the

eigenstate thermalization hypothesis (ETH) rather than relaxing to a GGE. How this chaotic internal
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dynamics competes with the continuous measurements of the environment remains a highly non-

trivial problem.

In the following chapter, we will address this question directly by introducing next-nearest-

neighbor interactions to the Ising Hamiltonian. Moving beyond exactly solvable models, we explore

the fate of the quantum phase transition in driven-dissipative quantum many-body systems with

non-integrable Hamiltonians.
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CHAPTER 8

BEYOND INTEGRABILITY: SIGNATURES OF QUANTUM PHASE TRANSITIONS IN
DRIVEN DISSIPATIVE ISING MODELS

The analytical success of the GGE framework developed in Chapter 7 relies fundamentally on the

underlying integrability of the nearest-neighbor transverse-field Ising model. The existence of an

extensive set of conserved charges prevents the system from thermalizing, allowing the weak dissi-

pation to simply drive transitions between non-interacting Gaussian states. The introduction of such

next-nearest-neighbor (NNN) interactions explicitly breaks the free-fermion integrability. Accord-

ing to the eigenstate thermalization hypothesis (ETH) [131, 248, 249], the closed-system dynamics

will become fully chaotic, effectively acting as its own heat bath and thermalizing to a standard

Gibbs ensemble (GE). An important question therefore arises: do the dissipation-induced critical

signatures observed in the integrable model survive when the internal coherent dynamics become

chaotic?

By incorporating integrability-breaking interactions into the Hamiltonian, we observe that the

correlation length peak not only persists but shifts even closer to the newly shifted quantum critical

point of the chaotic model. To elucidate this, we map the weakly-dissipative steady state of our

system to the infinite-time limit of a quantum quench in the corresponding isolated system. This

equivalence allows us to translate recent, remarkable discoveries regarding signatures of quantum

phase transitions in the transient dynamics of quantum quenches [129, 136, 137, 256] directly into

the steady-state properties of driven-dissipative quantum simulators.

To address this, we introduce the non-integrable Ising Hamiltonian

�̂ = −
!∑
8=1

(
�1f

G
8 f

G
8+1 + �2f

G
8 f

G
8+2

)
+ ℎ

!∑
8=1

fI
8
, (8.1)

where �1 = 1 and �2 are the nearest and next-nearest-neighbor exchange couplings, respectively. We

maintain the same homogeneous, local Markovian dissipation, described by the Lindblad master

equation with jump operators !̂8 =
√
Γf+

8

dd̂
dC

= L( d̂) = −8
[
�̂, d̂

]
+ Γ

!∑
8=1

(
f+
8 d̂f

−
8 − 1

2
{
f−
8 f

+
8 , d̂

})
. (8.2)
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Because the system is no longer reducible to non-interacting quasiparticles, the infinite hier-

archy of correlations cannot be closed exactly using Wick’s theorem. We must instead rely on

extensive numerical techniques, such as matrix product states (MPS) simulations.

8.1 Ground-State Criticality and Binder Cumulant Analysis

Before analyzing the nonequilibrium steady state, we must first establish the critical properties

of the underlying Hamiltonian. While the inclusion of the NNN coupling �2 explicitly breaks the

free-fermion integrability of the TFIM, the ground state still undergoes a continuous quantum phase

transition belonging to the Ising universality class. However, the location of the quantum critical

point, ℎ2, is shifted from its integrable value of ℎ2 (�2 = 0) = 1 due to the additional interactions.

To accurately locate this shifted critical point, we employ finite-size scaling of the Binder cumu-

lant [257]. This is a highly sensitive numerical tool that allows us to pinpoint the phase transition

without requiring prior knowledge of the correlation length.

The fourth-order cumulant (i.e., the Binder cumulant) for the total longitudinal magnetization

(̂G =
∑!
8=1 f

G
8
is defined as

* = 1 − 〈((̂G)4〉
3〈((̂G)2〉2

. (8.3)

In the thermodynamic limit (! → ∞), the Binder cumulant takes distinct universal values depend-

ing on the phase. Deep in the ferromagnetic ordered phase (ℎ < ℎ2), the spontaneous magnetization

dominates, causing 〈((̂G)4〉 → 〈((̂G)2〉2, which yields* → 2/3. Conversely, deep in the paramag-

netic phase (ℎ > ℎ2), the fluctuations of the magnetization are purely Gaussian. ByWick’s theorem,

this leads to 〈((̂G)4〉 → 3〈((̂G)2〉2, resulting in* → 0.

Near the phase transition, finite-size scaling dictates that the Binder cumulant behaves as a

universal scaling function of the ratio !/b, where b ∝ |ℎ − ℎ2 |−a is the correlation length [82].

Therefore, we can express the cumulant as

* (ℎ, !) = F
(
(ℎ − ℎ2)!1/a

)
. (8.4)

Because F (0) is a universal constant independent of system size, plotting * as a function of the

transverse field ℎ for different lengths ! produces curves that uniquely intersect exactly at the critical
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point ℎ = ℎ2.
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Figure 8.1 The Binder cumulant * calculated in the ground state of �̂ with �2 = 0.05 for multiple
system sizes. The red dot marks ℎ2, the point where the curves cross.

Using density matrix renormalization group (DMRG) algorithms [191, 193], we compute the

ground state of Eq. (8.1) for varying system sizes (e.g., ! = 100 to 140) at a fixed non-integrable

coupling �2. By locating the crossing point of the resulting * curves, we identify the quantum

critical point ℎ2 of the ground state. Establishing this precise value is crucial, as it serves as the

baseline for evaluating whether the dissipation-induced spatial correlations in the highly excited

steady state are indeed anchored to the underlying ground-state criticality.

8.2 Exact Steady-State Energy Density

Before resorting to numerical methods to probe the complex spatial correlations of the steady

state, it is instructive to ask what exact, analytical statements can be made about this generic, non-

integrable driven-dissipative system. Remarkably, despite the complexity of the chaotic internal

dynamics, we can derive an exact, closed-form expression for the steady-state energy density.

In the nonequilibrium steady state (NESS), the expectation value of any observable $̂ must be

stationary, d
dC 〈$̂〉SS = 0. In this section, we apply this condition to the Hamiltonian itself, $̂ = �̂.

Consider a general transverse-field Ising Hamiltonian

�̂ =

!∑
8, 9=1

�8 9f
G
8 f

G
9 + ℎ

!∑
8=1

fI
8
, (8.5)

where �8 9 is a real symmetric matrix with zero diagonal elements, with no other constraints on the

range or structure of the Ising interactions. We start by considering the Lindblad master equation
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in the steady state

0 = −8
[
�̂, d̂

]
+

∑
8

!̂8 d̂ !̂
†
8
− 1/2

{
!̂
†
8
!̂8, d̂

}
. (8.6)

Multiplying this equation by �̂ from the left and taking the trace, we arrive at the condition [258]

0 = Re
∑
8

〈[
!̂
†
8
, �̂

]
!̂8

〉
SS
, (8.7)

where 〈$̂〉SS = Tr
{
$̂ d̂SS

}
. Note that the condition in Eq. (8.7) is satisfied for any arbitrary Hamilto-

nian �̂, and jump operators !̂8. In the case of the Hamiltonian in Eq. (8.5) and under bulk dissipation

!̂8 =
√
Γf−

8
for 8 ∈ {1, · · · , !}, this condition reduces to

0 = Re
∑
8

〈[
f+
8 , �̂

]
f−
8

〉
SS . (8.8)

The previous equation can be simplified and put on the form

0 = −ℎ! − 〈�̂〉SS + Re
8

!∑
8, 9=1

�8 9

〈
fG8 f

H

9

〉
SS

. (8.9)

In the third term on the rhs of the previous equation, the operator
∑
8 9 �8 9f

G
8
f
H

9
is Hermitian, making

the third term purely imaginary (note that �88 = 0). Therefore, we conclude that the energy density

in the steady state of driven dissipative Ising models is always given by

〈�̂〉SS/! = −ℎ. (8.10)

This conclusion can be even further generalized to a wide class of Z2-symmetric models by

considering the jump operators defined by !̂8 =
√
Γ
fG
8
−848 \fH

8

2 . Applying Eq. (8.7) to this case, we

arrive at the condition

〈�̂〉SS/! = −ℎ cos \ + 1
!

sin \
!∑

8, 9=1
�8 9

〈
fG8 f

H

9

〉
SS
. (8.11)

In the limit of weak dissipation, the steady state is expected to be symmetric under the action of the

time-reversal operator ( ̂ d̂ ̂−1 = d̂). Since the action of  ̂ on the Pauli matrices is simply complex

conjugation ( ̂fG/H
9
 ̂−1 = ±fG/H

9
), the second term on the rhs of Eq. (8.11) may be neglected. This
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Figure 8.2 Energy density in the steady state 〈�̂〉SS/! as a function of the magnetic field ℎ for
multiple values of \. The results are obtained using MPS simulations for ! = 40, Γ = 0.15. The
NNN coupling is set to �2 = 0.5.

can be seen in the left panel of Fig. 8.2, where the energy in the steady state of the open NNN Ising

model is shown to satisfy the predictions of Eq. (8.11) for Γ = 0.15 and for various values of \.

Notably, the energy of the steady state is exactly equal to the expectation value of the Hamilto-

nian with respect to the product state, 〈k0 |�̂ |k0〉 = −ℎ, where

|k0〉 =
!⊗
9=1

[
8

√
1 − cos \

2
|↑〉 9 +

√
1 + cos \

2
|↓〉 9

]
. (8.12)

As we will explore in detail in subsequent sections, this exact formal equivalence provides a cru-

cial mathematical bridge that will allow us to connect the steady-state properties of the driven-

dissipative open system directly to the physics of unitary quench dynamics.

8.3 Numerical Analysis of Steady-State Correlations

To probe the spatial structure of the steady state, we evaluate the transverse spin-spin correlation

function

� (A) = 〈fG8 fG8+A〉SS. (8.13)

Because the system is non-integrable, we compute � (A) using matrix product states (MPS)

algorithms adapted for open quantum systems [194, 259, 260]. We extract the correlation length b

by fitting the spatial decay of the correlations to an exponential envelope, � (A) ∼ 4−A/b .

Despite the effects of dissipation, the steady state exhibits pronounced spatial correlations. As

the transverse field ℎ is tuned across the phase diagram, the correlation length b does not remain
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Figure 8.3 Correlation length b computed in the steady state of the driven-dissipative NNN Ising
model (Γ = 0.15) obtained fromMPS numerical results. The corresponding QCPs for 0 ≤ �2 ≤ 0.5
are at 1 ≤ ℎ2 ¯ 1.78 as identified in Section 8.1.

flat or trivial. Instead, b exhibits a pronounced peak. Crucially, the location of this dissipation-

induced peak aligns precisely with the shifted quantum critical point, ℎ2, which we independently

identified via the Binder cumulant crossing in Section 8.1 for a large class of Ising models. While

a phase transition is absent in our models, our observations suggest a form of universality, where

pronounced features appear even closer to criticality despite increasing integrability breaking per-

turbations. Thus, the sensitivity to the QCP is not tied to integrability, and should be understood in

a more general setting.

8.4 Relation to Unitary Quench Dynamics

To understand the physical origin of these persistent critical signatures in the non-integrable

model, we must examine the nature of the steady state in the asymptotic weak-dissipation limit

(Γ → 0). We can establish an intriguing connection between the nonequilibrium steady state of the

driven-dissipative system and the quench dynamics of an isolated, chaotic system by highlighting

three key facts:

1. Thermalization following a quantum quench: While the integrable Hamiltonian relaxes
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to a GGE, breaking integrability drastically alters the internal relaxation dynamics. It is well

established that the unitary evolution under a chaotic Hamiltonian drives an isolated quantum

system (in the absence of any dissipation) toward thermal equilibrium [131]. This behavior

is underpinned by the eigenstate thermalization hypothesis (ETH) [130, 132, 248, 249]. Be-

cause the inclusion of the next-nearest-neighbor coupling �2 explicitly breaks integrability,

the eigenstates of the Hamiltonian effectively act as their own thermal baths. Consequently,

if the isolated system is prepared in some initial state, the infinite-time average of its coher-

ent dynamics—known as the diagonal ensemble—will cause the expectation values of local

observables to relax precisely to the values predicted by a standard thermal Gibbs ensemble

(GE), d̂th ∝ 4−Veff�̂ . The effective inverse temperature Veff of this resulting state is fixed by

the energy density of the initial state.

2. Dissipative relaxation to the Gibbs ensemble: Recent work has demonstrated that when a

chaotic Hamiltonian is subject to bulk dissipation, the driven-dissipative steady state is also

described by a thermal GE in the limit Γ → 0 (taken after the infinite-time limit C → ∞) [230,

258, 261–263]. This effectively extends our theoretical treatment from the integrable GGE

ansatz to a standard GE. Importantly, while neither the isolated chaotic evolution nor the

weakly dissipative system involves an intrinsic temperature originating from an external

reservoir, their steady states are fully characterized by an effective temperature that is set

by their energy densities.

3. Identical energy densities: Finally, as we proved analytically in Section 8.2, for a general

Ising Hamiltonian subject to Z2−symmetric local Markovian dissipation, the steady state’s

energy density evaluates to exactly 〈�̂〉SS/! = −ℎ, completely independent of the exchange

couplings �1 and �2. Crucially, for \ = 0 (i.e.,!̂8f−
8
), this energy density is mathematically

identical to the expectation value of the Hamiltonian with respect to the fully polarized initial

product state |k0〉 = |↓↓ . . . ↓〉.

Combining these three points leads to a non-trivial conclusion: the steady state of the driven-
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dissipative dynamics under a chaotic Ising Hamiltonian in the limit Γ → 0 is exactly identical to

the infinite-time average of unitary quench dynamics under the same Hamiltonian starting from the

initial state |k0〉. (More generally, for the \-parameterized jump operators !̂8 =
√
Γ
fG
8
−848 \fH

8

2 , this

corresponds to the generalized initial state introduced previously in Eq. (8.12)).

Having established this exact mapping, the generic sensitivity of the steady state to the quantum

critical point becomes clear. While it is not immediately obviouswhy highly excited chaotic systems

should retain memories of ground-state criticality, recent studies on quantum quenches in chaotic

Ising-typemodels have identified robust signatures of quantum phase transitions. Specifically, when

a system is quenched from a fixed, highly polarized initial state (such as |k0〉) to the vicinity of the

QCP, the long-time spin correlators develop pronounced peaks [256].

Therefore, by leveraging this equivalence, we conclude that the pronounced correlation peak

observed in our steady-state MPS numerics is a direct manifestation of the signatures of quantum

criticality that may be observed following a quench. The dissipation does not simply heat the system

into a featureless state; instead, it acts to drive the chaotic system into a thermal Gibbs ensemble

with effective temperature set by a corresponding quantum quench protocol, which in turn encodes

the Hamiltonian’s underlying criticality.

We can explicitly control this effective temperature by tuning the parameter \ in our generalized

jump operators. However, as \ increases, the steady state is driven to higher energies, corresponding

to higher effective temperatures. This thermalization process is vividly confirmed by our MPS

numerical simulations, shown in Fig. 8.4, which illustrates the direct consequence of this energy

injection on the spatial structure of the steady state. For pure loss (\ = 0), the system sits at its

lowest effective temperature, and the dissipation-induced correlation length peak remains highly

pronounced near the critical point ℎ2. However, as \ increases toward c/2, the jump operators

become strictly Hermitian, the energy approaches zero, and )eff → ∞. As we effectively heat the

system, the NESS clearly shows a systematic suppression of the correlation length b across the

entire phase diagram. At the extreme \ = c/2 limit, the state approaches a featureless infinite-

temperature GE, completely washing out any residual signatures of the underlying quantum phase
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transition.
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Figure 8.4 Correlation length b in the steady state as a function of ℎ for multiple values of \. The
results are obtained using MPS simulations for ! = 40, Γ = 0.15, and a next-nearest-neighbor
coupling �2 = 0.5. Although the steady state maps to a quench for any value of \, increasing
\ drives the macroscopic energy toward zero, which effectively heats the system toward infinite
temperature and systematically suppresses the critical correlations.

8.5 Conclusion

In this chapter, we have investigated signatures of quantum criticality in driven-dissipative open

quantum systems. By extending the TFIM to include integrability-breaking NNN interactions, we

systematically tested whether the dissipation-induced critical signatures studied in Chapter 7 can

survive the onset of fully chaotic Hamiltonian dynamics.

Our numerical results demonstrate a manifestation of these quantum features even in the non-

integrable regime. Through extensiveMPS simulations, we revealed that the spatial correlations not

only survive but exhibit a pronounced peak that systematically tracks the shifted ground-state quan-

tum critical point, ℎ2, of the underlying non-integrable Hamiltonian. To understand this, we estab-

lished a nontrivial connection to quench dynamics. We demonstrated that in the weak-dissipation

limit (Γ → 0), the steady-state corresponds to a diagonal ensemble that is mathematically iden-

tical to the stationary state of a unitary quantum quench originating from a product state. The

local Markovian dissipation does not simply heat the system into a featureless mixture; rather, it

effectively drives the chaotic system into a thermal GE with a finite effective temperature. This
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finite temperature, uniquely pinned by the NESS energy in Eq. (8.10), is precisely what allows the

nonequilibrium steady state to probe the quantum phase transition.

Ultimately, these findings suggest a form of universality in driven-dissipative spin chains. The

fact that the correlation peak persists—and even remains intimately tied to the critical point—when

integrability-breaking perturbations are introduced indicates that this sensitivity is not an artifact

of free-fermion solvability. On a fundamental level, this establishes that certain quantum features

can robustly survive the decohering effects of bulk dissipation. On a practical level, this framework

opens a promising avenue for experimentally identifying signatures of quantum phase transitions in

noisy, near-term programmable quantum simulators, where environmental dissipation is inevitable.
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CHAPTER 9

BEYOND INFINITE-RANGE: FIELD THEORY APPROACH TO LONG-RANGE
DRIVEN-DISSIPATIVE ISING MODEL

In the preceding chapters (Chapters 7 and 8), we established a comprehensive framework for un-

derstanding the nonequilibrium properties of driven-dissipative quantum Ising chains. The phys-

ical paradigms explored thus far were fundamentally constrained to short-range Hamiltonians—

specifically nearest- and next-nearest-neighbor couplings—subject to strictly local, on-site Marko-

vian dissipation. Our analysis revealed that while the nonequilibrium steady states of these models

retain signatures of the underlying ground-state quantum phase transitions, they are themselves typ-

ically devoid of true critical behavior. Consequently, a natural and pressing question arises, which

forms the central focus of the present chapter: can the introduction of long-range coherent inter-

actions and spatially correlated, collective dissipation channels stabilize macroscopic order and

induce genuine phase transitions directly within the nonequilibrium steady state?

In the preceding chapters (Chapters 7 and 8), we established a comprehensive framework for

understanding the nonequilibrium properties of driven-dissipative quantum Ising chains. The phys-

ical paradigms explored thus far were fundamentally constrained to short-range Hamiltonians—

specifically nearest- and next-nearest-neighbor couplings—subject to strictly local, on-site Marko-

vian dissipation. Our analysis revealed that while the nonequilibrium steady states of these models

retain signatures of the underlying ground-state quantum phase transitions, they are themselves typ-

ically devoid of true critical behavior. While it is well-established that infinite-range systems, such

as the paradigmatic Dicke model, can stabilize macroscopic order and undergo genuine steady-state

phase transitions, such models are typically amenable to standard mean-field treatments. Conse-

quently, a more formidable technical question arises, which forms the central focus of the present

chapter: how can we rigorously tackle Ising models featuring long-range interactions and/or long-

range correlated dissipation? Here, we move beyond the infinite-range mean-field limit, by devel-

oping a systematic field-theoretical framework.

Addressing this question is directly motivated by the rapid advancements in modern quantum
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simulation. A plethora of highly controllable experimental platforms, including trapped-ion quan-

tum simulators [208, 264, 265], Rydberg atom arrays [56, 63], and cavity-QED setups [143, 266],

provide a remarkably fertile ground for testing the complex physics of driven-dissipative quantum

many-body systems. A defining, ubiquitous feature across these diverse experimental architectures

is the native presence of long-range interactions. These interactions are typicallymediated by global

or quasi-global bosonic modes, such as transverse phonon modes in trapped ion crystals [264],

delocalized cavity photons in cavity-QED [266], or guided optical modes in waveguide-QED sys-

tems [267, 268]. For example, in ordered atomic arrays, vacuum-mediated dipole-dipole interac-

tions intimately link long-range coherent exchange with highly correlated collective dissipation.

This interplay can remarkably suppress free-space spontaneous emission by stabilizing subradiant

states that act as dark guided modes, underscoring how non-local dissipation can be harnessed to

protect quantum coherence and profoundly reshape steady-state correlations [268].

Furthermore, in these platforms, combining the extended interaction profiles with collective

dissipative processes can lead to emergent phenomena. Specifically, these systems can undergo

driven-dissipative phase transitions that manifest macroscopic symmetry breaking, characterized

by critical slowing down and the asymptotic closing of the Liouvillian spectral gap in the thermo-

dynamic limit [66]. Notably, the nonequilibrium critical behavior of models with collective Hamil-

tonians, such as the open Dicke model, has been extensively studied, particularly in the regime

dominated by independent (local) atomic dissipation [181, 269]. However, recent investigations

have revealed that introducing non-local long-range dissipative profiles fundamentally alters both

the dynamical scaling and the spreading of correlations compared to systems governed solely by

short-range loss mechanisms [270, 271].

Meanwhile, the complex interplay between long-range (or infinite-range) coherent coupling

and long-range, correlated collective dissipation constitutes a distinct and rich frontier. While the-

oretical treatments [104, 272, 273] and corresponding experimental observations [274] have estab-

lished the emergence of nonequilibrium bistability and first-order phase transitions in themean-field

regime, these semiclassical approaches cannot be systematically extended to systems with spatial
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structures, e.g., power-law interactions. Systematically developing a field theory that incorporates

this spatial dependence is therefore imperative to characterize the critical nature of the NESS and

to determine the validity bounds of the mean-field predictions.

The remainder of this chapter focuses specifically on the open Dicke model and its long-range

generalizations, operating strictly within the dispersive, fast-cavity regime. In its standard formu-

lation, the Dicke model describes an ensemble of # two-level atoms interacting collectively with

a single quantized cavity mode. The coherent dynamics of this system are governed by the Dicke

Hamiltonian

�̂Dicke = l2 0̂
†0̂ + l0 (̂I +

2_
√
#
(0̂ + 0̂†)(̂G , (9.1)

where 0̂† (0̂) is the creation (annihilation) operator for a cavity photon with frequency l2, l0 is

the atomic transition frequency, and _ is the collective light-matter coupling strength. The atomic

degrees of freedom are described by the collective spin operators (̂U = 1
2
∑#
8=1 f

U
8
for U ∈ {G, H, I},

where fU
8
are the standard Pauli matrices for the 8-th atom. Crucially, as an open system, photons

continuously leak from the cavity at a decay rate ^.

To engineer effective spin-spin interactions, the system must operate in a regime where the

cavity field dynamics are significantly faster than those of the atomic degrees of freedom. This is

achieved by having either a large detuning (Δ2 = l2 −l0 � _) or a sufficiently large cavity photon

loss rate ^. This strict separation of timescales justifies the adiabatic elimination of the photonic

degrees of freedom (0̂, 0̂†) [102], tracing out the fast cavity to leave behind an effective model of

spins interacting via cavity-mediated long-range forces.

By tracing out the cavity field, the effective dynamics of the remaining atomic subsystem are

fundamentally transformed. In the idealized single-mode case, the virtual exchange of cavity pho-

tons mediates an effective, infinite-range (all-to-all) exchange interaction ∝ − �
#

∑
8, 9 f

G
8
fG
9
, where

the effective coupling strength � ∝ _2Δ2/(4Δ2
2 + ^2) [269]. However, this framework naturally

generalizes to yield distance-dependent long-range interactions, if the atomic ensemble is instead

coupled to a continuum or a discretemultitude of bosonicmodes—such as transverse phononmodes

in a trapped-ion crystal, or a multimode cavity setup [275, 276]. In such systems, adiabatic elim-
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ination of the bosonic mediator yields an effective Hamiltonian featuring a long-range interaction

term proportional to −∑
8≠ 9 �8 9f

G
8
fG
9
, where the coupling �8 9 typically decays algebraically with dis-

tance as 1/|A8 − A 9 |U. Concurrently, the inherent leakage of these mediating modes translates into a

non-local, correlated dissipation channel acting across the spatial extent of the spin ensemble.

This reduction to an effective long-range driven-dissipative Ising model establishes a mapping

between the superradiant transition of the full Dicke model and the macroscopic magnetic ordering

of the spin ensemble. Within this framework, the nonequilibrium phase transition is governed by

the spontaneous breaking of a global Z2 symmetry, with the collective magnetization serving as the

primary order parameter.

By developing a Keldysh functional integral formalism, we derive an effective action that cap-

tures this interplay of distance-dependent long-range coherent dynamics and spatially correlated

collective dissipation. We demonstrate that while the saddle-point equations predict a robust region

of steady-state bistability—indicative of a first-order phase transition—incorporating interactions

systematically via this field theory enables us to transcend the semiclassical picture. This rigorous

approach allows us to calculate the critical scaling behavior in the vicinity of the nonequilibrium tri-

critical point, where the vanishing of the effective quartic coupling drives the system into a distinct

universality class governed by higher-order interactions.

9.1 The Long-range Driven-Dissipative Ising Model

The dynamics of the microscopic spin system of interest are governed by the Lindblad master

equation
dd̂
dC

= L̂f [ d̂] = −8[�̂f, d̂] + D̂f [ d̂], (9.2)

where d̂ is the density matrix of the spin ensemble. The coherent dynamics are dictated by the

long-range quantum Ising Hamiltonian, which takes the form

�̂f = −
#∑

8, 9=1
�8 9f

G
8 f

G
9 + Δ

#∑
8=1

fI
8
, (9.3)

where Δ is the single-atom excitation energy (or transverse field) and �8 9 is a real, symmetric matrix

characterizing the long-range interactions across the lattice.
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The dissipative evolution of the system is modeled by a combination of local and correlated

non-local jump operators. The general dissipative superoperator can be written as

D̂f [ d̂] =
#∑

8, 9=1
K8 9

[
f
↓
9
d̂f

↑
8
− 1

2

{
f
↑
8
f
↓
9
, d̂

}]
, (9.4)

where K is a positive semi-definite Hermitian matrix (K = K†). Here, the operators f↑
8
= 1

2 (f
G
8
+

8f
H

8
) and f↓

8
= 1

2 (f
G
8
− 8fH

8
) denote the local spin raising and lowering operators for the 8-th site.

Assuming that the matrixK possesses a minimum eigenvalue Y > 0, we can separate the dissipation

matrix into a purely long-range component Γ8 9 and a strictly local, on-site component YX8 9 , such

that K8 9 = Γ8 9 + YX8 9 . This assumption allows us to partition the full dissipator into non-local and

local parts, D̂f [ d̂] = D̂0,f [ d̂] + D̂1,f [ d̂], where:

D̂0,f [ d̂] =
#∑

8, 9=1
Γ8 9

[
f
↓
9
d̂f

↑
8
− 1

2

{
f
↑
8
f
↓
9
, d̂

}]
, (9.5a)

D̂1,f [ d̂] = Y
#∑
8=1

[
f
↓
8
d̂f

↑
8
− 1

2

{
f
↑
8
f
↓
8
, d̂

}]
. (9.5b)

To facilitate a systematic field-theoretical treatment, we map the spin-1/2 algebra to a bosonic

representation. We recast the system as a dissipative Bose-Hubbard model by replacing the spin

lowering and raising operators with canonical bosonic annihilation and creation operators [270]:

f
↓
8
→ 0̂8 and f↑

8
→ 0̂

†
8
. These operators satisfy the standard canonical commutation relations

[0̂8, 0̂†9 ] = X8 9 and [0̂8, 0̂ 9 ] = 0. To faithfully enforce the Pauli exclusion principle of the original

spin lattice, which prohibits multiple excitations on a single site, we introduce an infinite on-site

hard-core repulsion term proportional to *0̂†
8
0̂8 (0̂†8 0̂8 − 1). In the limit where * � Δ, �8 9 , this

penalty term effectively restricts the local bosonic Hilbert space to its lowest two levels, perfectly

mirroring a two-level spin system.

Under this mapping, the equivalent bosonic Hamiltonian takes the explicit form

�̂1 = 2Δ
#∑
8=1

0̂
†
8
0̂8 +*

#∑
8=1

0̂
†
8
0̂8 (0̂†8 0̂8 − 1) −

#∑
8, 9=1

�8 9 (0̂8 + 0̂†8 ) (0̂ 9 + 0̂
†
9
), (9.6)
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while the corresponding bosonic dissipator becomes D̂1 [ d̂] = D̂0,1 [ d̂] + D̂1,1 [ d̂], governed by:

D̂0,1 [ d̂] =
#∑

8, 9=1
Γ8 9

[
0̂ 9 d̂0̂

†
8
− 1

2

{
0̂
†
8
0̂ 9 , d̂

}]
, (9.7a)

D̂1,1 [ d̂] = Y
#∑
8=1

[
0̂8 d̂0̂

†
8
− 1

2

{
0̂
†
8
0̂8, d̂

}]
. (9.7b)

This allows us to cleanly separate the total superoperator L̂1 [ d̂] into non-local and local contribu-

tions

L̂1 [ d̂] = L̂0 [ d̂] + L̂1 [ d̂] . (9.8)

Here, L̂1 [ d̂] contains only the strictly local (on-site) terms proportional to Δ, Y, and *, while

L̂0 [ d̂] encapsulates all spatially extended coherent and dissipative interactions proportional to �8 9

and Γ8 9 . As we will demonstrate in the following section, this splitting is the necessary first step for

constructing the Keldysh functional integral.

Finally, the full physical spin Lindbladian is then recovered by taking the infinite repulsion limit

of this bosonic analog

L̂f [ d̂] = lim
*→∞

L̂1 [ d̂] . (9.9)

9.2 Keldysh Field Theory for Long-Range Spin Models

While the Lindblad master equation (Eq. (9.2)) formally dictates the exact dynamics of the

open quantum system, solving it exactly for a many-body lattice with long-range interactions is an-

alytically and computationally intractable. To systematically investigate the nonequilibrium steady

state—and importantly, to capture fluctuations and critical scaling beyond the mean-field level—we

map the operator dynamics onto a Keldysh functional integral.

9.2.1 The Coherent State Path Integral

We begin by employing the vectorization isomorphism, often referred to as the Liouville space

representation; see Section 3.2.2 for details. This maps the density matrix d̂ to a state vector | d̂〉〉 in

a doubled Hilbert space [147]. In this representation, the linear Lindblad superoperator L̂1 maps

to a non-Hermitian matrix L̂ acting on | d̂〉〉, and the trace operation corresponds to the overlap with

the left-vector associated with the identity operator, 〈〈�̂ |. The partition function of the spin system
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is then recovered by taking the infinite repulsion limit of the bosonic analog: /f = lim*→∞ /1,

where

/1 = Tr{ d̂1 (C)} = Tr
{
4CL̂1 d̂0

}
= 〈〈�̂ |4CL̂1 | d̂0〉〉. (9.10)

However, because the local dissipation L̂1 and the non-local coherent and dissipative interac-

tions L̂0 do not commute, they cannot be evaluated simultaneously. To isolate the local dynamics

from the collective coupling, we apply the Suzuki-Trotter decomposition. Discretizing the total

time into " intervals of length XC = C/" , we expand the evolution operator as

4CL̂1 = lim
"→∞

(4XCL̂04XCL̂1)" , (9.11)

which is exact up to O(XC2) corrections.

At each time step =, we insert a resolution of the identity constructed from bosonic coherent

states defined on the two branches of the doubled Hilbert space (the forward and backward legs of

the Keldysh contour, labeled + and −, respectively) [153, 154]

|((C= = =XC)〉〉 =
��(+(C=)〉 × |(−∗(C=)〉, (9.12)

where (± = ([±1 , [
±
2 , ..., [

±
#
)) collectively labels the fields across all # lattice sites [68, 179].

By expanding the coherent state actions on both the forward (+) and backward (−) branches of

the doubled Hilbert space, the non-local coherent and dissipative interactions exponentiate as

〈〈((C=) |4XCL̂04XCL̂1 |((C=−1)〉〉 = 〈〈((C=) |

exp

{
8XC

#∑
8, 9=1

[
(2�8 9 + 8Γ8 9/2)[+8

∗(C=)[+9 (C=−1) + (−2�8 9 + 8Γ8 9/2)[−9 (C=)[−8 ∗(C=−1)

+ �8 9
(
[+8

∗(C=)[+9
∗(C=) − [−8 ∗(C=−1)[−9 ∗(C=−1) + [+8 (C=−1)[+9 (C=−1) − [−8 (C=)[−9 (C=)

)
− 8Γ8 9[+9 (C=−1)[−8 ∗(C=−1)

]}
× 4XCL̂1 |((C=−1)〉〉.

(9.13)

Assuming standard Keldysh continuity conditions where [±
8
(C=−1) = [±

8
(C=) + O(XC), we can

approximate the fields at C=−1 with those at C= within the exponential. Rewriting the double sums

in a compact matrix-vector notation over the spatial lattice (and dropping the time argument), the
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matrix element simplifies to

〈〈((C=) |4XCL̂04XCL̂1 |((C=−1)〉〉 ≈ 〈〈((C=) | exp

{
8XC

[
(+†(2P + 8�/2)(+ + (−†(−2P + 8�/2)(−

− 8(−†�(+ + (+†P(+∗ + (+) P(+ − (−†P(−∗ − (−) P(−
]}
4XCL̂1 |((C=−1)〉〉.

(9.14)

To express this non-local weight in a physically-suggestive form, we separate the complex co-

herent fields into their real and imaginary components by defining the real, 2-number fields (U±(C=)

via [ 9 ,±(C=) = 1
2 ((

G
9 ,±(C=) − 8(

H

9 ,±(C=)). Grouping these spatial vectors into a generalized Nambu

spinor at each time step, ®Y(C=) = (YG+(C=), Y
H
+(C=),−YG−(C=),−YH−(C=))) , the matrix element evalu-

ates to a compact Gaussian weight

〈〈((C=) |4XCL̂04XCL̂1 |((C=−1)〉〉 = 〈〈((C=) | exp
{(
8XC ®Y) (C=)J−1 ®Y(C=)

)}
4XCL̂1 |((C=−1)〉〉, (9.15)

where the non-local matrix J−1 takes the form

J−1 =
1
2

©­­­­­­­­«

8P + 8� 0 8� −�

0 8� � 8�

8� � −8P + 8� 0

−� 8� 0 8�

ª®®®®®®®®¬
. (9.16)

Here, P and � are the matrices with spatial elements �8 9 and Γ8 9 . In the last few steps, we have

explicitly enforced reciprocity on the dissipation (� = �) ).

9.2.2 Hubbard–Stratonovich Transformation

The presence of the non-local matrices P and � in the Gaussian weight directly couples the

degrees of freedom across the entire lattice, prohibiting a straightforward evaluation of the partition

function. To decouple these spatial modes and reduce the problem to an effective single-site theory,

we apply a Hubbard-Stratonovich (HS) transformation. First, we introduce four species of real,

scalar auxiliary fields mU
=,± (yielding 4# fields in total) to decouple the interactions. Here, U labels

the spin component

U ∈ {G, H}. (9.17)
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Because the system is assumed to be translationally invariant, this decoupling is most naturally

performed in Fourier space. We define the transforms (U
9,± = 1

#

∑
: 4

8: 9(U
:,± and diagonalize the

interaction matrices to yield

�: =
1
#

∑
A

�A cos :A, (9.18a)

Γ: =
1
#

∑
A

ΓA cos :A. (9.18b)

While the matrix elements �8 9 and Γ8 9 are O(1/#), �A and ΓA are O(1), e.g., �8,8+A = �A/#

Applying the HS transformation to the non-local weight for a single momentum mode : yields

the following structure

exp

{(
8XC

4#
®()−:�

−1(:) ®(:

)}
=

∫
D[ ®<: ] exp

(
8#

XC
®<)−:� (:) ®<: + 8 ®<)−: ®(:

)
. (9.19)

Due to the Hamiltonian structure, one may expect HS to only diagonal couple the fields, i.e., in-

troduce <G/H(G/H terms. However, this can no longer be the case since the non-local jump term

explicitly couple the (G and (H fields across the upper and lower Keldysh branches (as seen in the

off-diagonal terms (∝ �) of the J−1 matrix in Eq. (9.16)). We introduce the auxiliary spinor ®<:

ordered as ®<: = (<H

:,+, <
G
:,+, <

H

:,−, <
G
:,−)

) purely as a mathematical convenience; it ensures the re-

sulting matrix blocks of � (:) maintain a symmetric structure and will help establish a transparent

mapping to physical observables in Section 9.2.4.

The validity of this transformation can be readily verified, as evaluating the Gaussian integral

over the auxiliary fields on the rhs straightforwardly recovers the original expression on the lhs.

Finally, to absorb the temporal scaling and ensure a well-defined continuum limit, we rescale the

auxiliary fields via <U
:,± → XC <U

:,± .

Having decoupled the spatial modes, we can now absorb the linear terms (∝ 8∑: ®<)−: (C=) ®(: (C=))

back into the single-site operator. By applying the inverse Fourier transform to the linear terms, the

coupling between the auxiliary fields and the physical variables is recast in real space as

8

#∑
9=1

®<)9 (C=) ®( 9 (C=).
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At this stage, we may restore the operator form, effectively replacing the 2-numbers fields ®( 9 (C=)

with their corresponding bosonic operators.

The full partition function can then be written compactly as

/1 = lim
"→∞

∫ "∏
==0

D[(+(C=), (+∗(C=)]D[(−(C=), (−∗(C=)]
(∏

:

D[ ®<: (C=)]
)

×
(
"∏
==1

exp
{
8XC#

∑
:

®<)−: (C=)� (:) ®<: (C=)
})

× 〈〈�̂ |((C")〉〉

×
[
"∏
==1

〈〈((C=) |4XC
∑#

9=1 T̂
1
9
(C=) |((C=−1)〉〉

]
〈〈((C0) | d̂0〉〉.

(9.20)

The exponential functions are now independent of the fields [±, and the complete coherent state

basis can be simply replaced by identities. Here, the operator T̂1
9
(C=) acts only on a single lattice site

9 . It incorporates both the strictly local coherent and dissipative processes (L̂1, 9 ) and the dynamic,

time-dependent coupling to the Hubbard-Stratonovich fields

T̂19 (C=) = L̂1, 9 + 8

©­­­­­­­­«

<
H

9 ,+(C=)

<G
9 ,+(C=)

<
H

9 ,−(C=)

<G
9 ,−(C=)

ª®®®®®®®®¬

) ©­­­­­­­­«

1 1 0 0

8 −8 0 0

0 0 −1 −1

0 0 8 −8

ª®®®®®®®®¬

©­­­­­­­­«

0̂ 9 ,+

0̂
†
9 ,+

0̂ 9 ,−

0̂
†
9 ,−

ª®®®®®®®®¬
, (9.21)

where the contribution of the purely local bosonic Lindbladian is explicitly given by

L̂1, 9 = − 28Δ(0̂†
9 ,+0̂ 9 ,+ − 0̂†

9 ,−0̂ 9 ,−) + Y0̂ 9 ,+0̂ 9 ,− − Y

2
(0̂†

9 ,+0̂ 9 ,+ + 0̂†
9 ,−0̂ 9 ,−)

− 8* (0̂†
9 ,+0̂

†
9 ,+0̂ 9 ,+0̂ 9 ,+ − 0̂†

9 ,−0̂
†
9 ,−0̂ 9 ,−0̂ 9 ,−).

(9.22)

In the preceding equations, we have utilized the standard notation $̂+ = $̂ ⊗ �̂ and $̂− = �̂ ⊗ $̂

for operators acting on the forward (upper) and backward (lower) branches of the Keldysh contour,

respectively.

The mathematical and physical significance of the Hubbard-Stratonovich transformation lies in

its ability to exactly reduce an interacting many-body problem into a single-body problem subjected

to a fluctuating background field. By introducing the auxiliary fields ®<: via the HS transformation,

we mathematically trade these two-body spin-spin interactions for single-body operators coupled
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linearly to the auxiliary fields. Physically, this implies that the spins no longer interact directly with

one another; instead, every individual spin interacts locally with a shared, dynamically fluctuating

field represented by <.

9.2.3 The Continuum Limit and the Effective Action

We proceed by taking the continuum limit (XC → 0), which allows us to write the partition

function as a functional integral over the auxiliary Hubbard-Stratonovich fields ®<: (C)

/1 =

∫ (∏
:

D[ ®<: (C)]
)
48S1 , (9.23)

where the continuum action S1 consists of a free quadratic term and a non-local trace-log term

S1 =
∫
C

[
#

∑
:

®<)−:� (:) ®<:

]
− 8

#∑
9=1

ln Tr
{
T 4

∫
C
T̂1, 9 (C)

}
, (9.24)

with T denoting the time-ordering operator and the shorthand notation
∫
C
=

∫ ∞
−∞ 3C.

At this stage, we are uniquely positioned to revert from the bosonic mapping back to the exact

spin representation. By explicitly taking the limit * → ∞, the local bosonic states with two or

more excitations are infinitely penalized and projected out of the dynamics. The single-site matrix

T̂1
9
(C) thus maps exactly onto the spin operator T̂f

9
(C), and the partition function becomes /f.

Further, to clarify the physical meaning of the auxiliary fields, we perform a standard Keldysh

rotation, decomposing the fields defined on the forward and backward contours into classical (2)

and quantum (@) components

<U
:,2/@ =

1
√

2
(<U:,+ ± <U:,−). (9.25)

Applying this rotation to the fields and the corresponding spin operators, the exact Keldysh action

governing the long-range driven-dissipative Ising model is given in its final form by

Sf =

∫
C

[
#

∑
:

®<)−:�
K
: ®<:

]
− 8

#∑
9=1

ln Tr
{
T 4

∫
C
T̂f
9
(C)

}
, (9.26)

with the Keldysh spinor ®<: = (<H

:,2
, <G

:,2
, <

H

:,@
, <G

:,@
)) . Crucially, the upper-left 2 × 2 block of

the free propagator matrix �K
:
evaluates to identically zero, reflecting the fundamental causality
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structure inherent to the Keldysh formalism. The remaining blocks define the bare inverse retarded,

advanced, and Keldysh propagators

�K
: =

2
Γ:

©­­­­­­­­«

0 0 0 −1

0 0 1 −8�:Γ−1
:

0 1 28 −168�:Γ−1
:

−1 −8�:Γ−1
:

−168�:Γ−1
:

28 + 1288�2
:
Γ−2
:

ª®®®®®®®®¬
, (9.27)

where, the local operator T̂f
9
(C) couples the exact spin algebra to the dynamically fluctuating fields

T̂f9 (C) = L̂f1, 9 + 8
∑
:

48: 9
[
<
H

:,2
Σ̂G9 ,@ + <

H

:,@
Σ̂G9 ,2 + <G:,2Σ̂

H

9 ,@
+ <G:,@Σ̂

H

9 ,2

]
, (9.28)

where L̂f1, 9 is the time-independent, purely local Liouvillian superoperator in the spin representation

L̂f1, 9 = −8Δ(fI
9 ,+ − fI

9 ,−) + Yf
↓
9 ,+f

↓
9 ,− − Y

2
(f↑

9 ,+f
↓
9 ,+ + f↑

9 ,−f
↓
9 ,−), (9.29)

and the rotated spin operators are defined as

Σ̂U
9,2/@ =

1
√

2
(fU9,+ ± fU9,−) ). (9.30)

By exactly reformulating the many-body master equation as a functional integral over the fields

®<: , Eq. (9.26) serves as the starting point for evaluating the dynamics leading to the nonequilibrium

steady state.

9.2.4 Relevant Field-Spin Relations

Before we discuss the physics encapsulated in the effective action given in Eq. (9.26), we must

establish a rigorous dictionary relating the auxiliary HS fields to the physical spin observables. To

compute expectation values and correlation functions for the spin operators, we introduce generat-

ing source fields, which we label VU
2/@, directly into the Keldysh action.

Introducing these source fields effectively adds a linear driving term to the local matrix T̂f
9
(C)

8
∑
:

48: 9
(
V
H

:,2
Σ̂G9 ,@ + V

H

:,@
Σ̂G9 ,2 + VG:,2Σ̂

H

9 ,@
+ VG:,@Σ̂

H

9 ,2

)
. (9.31)
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To absorb these sources and restore T̂f
9
(C) to its original form, we perform a linear shift of the

integration variables in the path integral

<U
:,2/@ → <U

:,2/@ − V
U
:,2/@ . (9.32)

Under this transformation, the source fields are shifted entirely into the quadratic part of the free

action. The physical observables are then generated by taking functional derivatives of the partition

function /f with respect to the corresponding quantum or classical source fields and subsequently

setting VU
2/@ → 0.

9.2.4.1 Magnetization

The expectation value of the magnetization 〈fG
9
(C)〉, which serves as our primary order param-

eter, is obtained from the first functional derivative of the partition function with respect to the

quantum source field VG
9 ,@

. In the Keldysh basis, this relates the physical spin expectation value

directly to the classical component of the auxiliary field <G2

〈fG9 (C)〉 = −2
√

2
∑
:

48: 9Γ−1
: 〈<G:,2 (C)〉. (9.33)

9.2.4.2 Symmetrized Correlation Function

To capture the steady-state fluctuations of the order parameter, we compute the symmetrized

two-point correlation function, defined as �8 9 (C, C′) = 〈{fG
8
(C), fG

9
(C′)}〉. Taking the appropriate

second functional derivatives reveals that this physical correlation function is a composite of both

the classical-classical autocorrelations of the <G field and cross-correlations involving the quantum

components

〈{fG8 (C), fG9 (C′)}〉 = 16
∑
:

4−8: (8− 9)Γ−2
:

[
〈<G−:,2 (C)<

G
:,2 (C

′)〉

+ 28
(
〈<H

−:,@ (C)<
G
:,2 (C

′)〉 + 〈<G−:,2 (C)<
H

:,@
(C′)〉

)
− 168�:Γ−1

:

(
〈<G−:,@ (C)<

G
:,2 (C

′)〉 + 〈<G−:,2 (C)<
G
:,@ (C

′)〉
) ]
.

(9.34)
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9.2.4.3 Response Function

Finally, the dynamical response of the system to external perturbations is characterized by the

linear response function (the retarded Green’s function), defined via the commutator j8 9 (C, C′) =

−8\ (C − C′)〈[fG
8
(C), fG

9
(C′)]〉. In the Keldysh formalism, this causal response is strictly governed by

the mixed quantum-classical correlations of the fields

〈[fG8 (C), fG9 (C′)]〉 = 16
∑
:

4−8: (8− 9)Γ−2
:

[
〈<G−:,@ (C)<

G
:,2 (C

′)〉 − 〈<G−:,2 (C)<
G
:,@ (C

′)〉
]
. (9.35)

With these relations, the properties of the physical spin system can be fully diagnosed by analyzing

the Green’s functions of the auxiliary fields.

9.2.5 Saddle-Point Solution and Bistability in the Steady State

With the exact Keldysh action and the field-spin dictionary established, we can now investigate

the steady-state phase diagram. The decoupling of the momentum modes in the effective action

allows us to obtain a saddle-point solution for the model. Physically, in the thermodynamic limit

(# → ∞), a saddle-point solution assumes that the path integral is overwhelmingly dominated by

the extrema of the action.

Assuming the system relaxes into a spatially homogeneous steady state (preserving translational

invariance), the classical fields become site-independent constants, <G/H
9 ,2

= <G/H. By definition, the

quantum fields must vanish at the saddle point in order to respect the causality structure of the

action, <G/H
9 ,@

= 0. In momentum space, this configuration corresponds to a macroscopic occupation

of solely the zero-momentum mode

<U:=0,2 = <U, (9.36)

with all finite-momentum fields set identically to zero. We determine these stationary states by

minimizing the action with respect to the quantum fields by demanding

XSf
X<G

:,@

����
SP

= 0,
XSf
X<

H

:,@

����
SP

= 0. (9.37)

The variation of the Gaussian part of the action is straightforward; it yields linear terms propor-

tional to the classical fields <G/H. The non-trivial contribution arises from the functional derivative

of the trace-log part of the action, −8∑#
9=1 ln Tr

[
T 4

∫
C
T̂f
9
(C)

]
.
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Applying the chain rule, the variation of the logarithm introduces the unperturbed partition

function in the denominator, while the functional derivative of the time-ordered exponential brings

down the operator XT̂f
9
/X<U

:=0,@ inside the trace. Evaluating this variation at the spatially homoge-

neous saddle point (where <U
9,2

= <U and <U
9,@

= 0) over the time interval from C8 to C 5 yields

Tr
[
4
(C 5−C)T̂SP

9

(
XT̂f

9

X<U
:=0,@

)
4
(C−C8)T̂SP

9

]
Tr

[
4
(C 5−C8)T̂SP

9

] = 〈〈Î|
( XT̂f

9

X<U
:=0,@

)
|SS〉〉. (9.38)

Here, T̂SP
9

is the local effective Liouvillian T̂f
9
evaluated at the self-consistent classical saddle-point

configuration. The crucial equality on the right-hand side is obtained by taking the asymptotic limit

C8 → −∞. In this long-time limit, all transient dynamics decay, and the evolution is entirely dom-

inated by the nonequilibrium steady state, denoted by |SS〉〉. Mathematically, |SS〉〉 is the unique

right eigenvector of the local superoperator T̂SP
9

corresponding to the non-negative (zero) eigen-

value. Consequently, the trace operation formally collapses into a simple projection, evaluating the

expectation value over this steady state of the effective single-site problem.

Furthermore, recalling the structure of the local operator T̂f
9
(C), the quantum auxiliary fields

<U@ couple exclusively to the classical components of the spin operators, Σ̂U
9,2
, in the Keldysh basis.

Therefore, the variation with respect to <U@ precisely extracts the steady-state expectation value

of the physical spin. Equating these expectation values with the linear terms from the Gaussian

variation (Eq. (9.37)) yields the coupled, non-linear algebraic equations governing the macroscopic

steady state

0 = <G +
Γ0(4Δ<H + Y<G)

Y2 + 16Δ2 + 4(<2
G + <2

H)
, (9.39a)

0 = −<H − 8
�0
Γ0
<G +

Γ0(4Δ<G − Y<H)
Y2 + 16Δ2 + 4(<2

G + <2
H)
. (9.39b)

These equations always admit the trivial paramagnetic solution, <G = <H = 0. However,

depending on the competition between the transverse field Δ, the coherent coupling �0, and the col-

lective dissipation Γ0, non-trivial symmetry-broken solutions may emerge. Defining the auxiliary
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parameter Λ =

√
�2

0Δ
3(16�2

0Δ − Γ2
0Δ − 2�0Γ0Y), the non-trivial roots are given by

<G =
B1

2
√

2

√
4B2Λ + �0Δ[Γ0(Y + Γ0) − 16�0Δ]

�2
0

, (9.40a)

<H = −B1

(
4�2

0Δ
2 − B2Λ

)
4�0Δ2 |<G |, (9.40b)

where B1, B2 ∈ {+1,−1} denote the distinct solution branches. Physical validity strictly requires that

the fields remain real-valued (<G/H ∈ R). Utilizing the relation 〈fG〉 ∝ <G derived in Eq. (9.33),

these roots map precisely onto the mean-field solutions derived independently via the Heisenberg

equations of motion (as detailed in appendix 9A).

Disordered

Ordered

Bistable

Figure 9.1 Mean-field phase diagram in the steady state taking the limit Y → 0. The diagram
highlights three distinct regimes: disordered (white), ordered (diagonal lines), and bistable (crossed
lines).

Physically, mapping the boundaries where these real roots exist reveals a region of bistability,

where all branches represent valid solutions. We discuss this in Fig. 9A.1. Specifically, in the limit

Y → 0 and for Δ < �0, the system enters a regime where two distinct stable attractors coexist:

the disordered state (<G = <H = 0) and the ordered branch (B2 = 1). The complementary branch

(B2 = −1) acts as an unstable saddle point separating the ordered and disordered basins of attrac-
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tion. The structure, shown in Fig. 9.1, indicates that the magnetic transition becomes first-order

(discontinuous) for Δ/�0 < 1 in the presence of collective dissipation Γ0. Consequently, the point

where the bistable region vanishes corresponds to a nonequilibrium tricritical point, marking the

termination of the first-order transition line and the onset of the continuous second-order critical

line.

9.2.6 Quadratic Action: Identifying the the Soft Mode

Having established the saddle-point solutions, we now turn our attention to the fluctuations

around the trivial paramagnetic steady state, <G/H = 0. In this regime, the local steady state of

the non-interacting system reduces to the simple vacuum state, |SS〉〉<=0 = |vac〉〉 = | ↓↓〉〉. By

expanding the exact Keldysh action to quadratic order in the fluctuation fields X<G/H
:,2/@, we can sys-

tematically diagnose the dynamical stability of the system and identify the onset of critical slowing

down.

The quadratic contribution to the effective action takes the form of a Gaussian field theory

S (2) =
1
2

∫
l

∑
:

®<)−: (−l)S2(:, l) ®<: (l), (9.41)

where
∫
l

is shorthand for 3l
2c , and we have absorbed a factor of

√
# into the definition of the

fields. The frequency-domain fields are defined via the standard Fourier transform, <U
:,2/@ (l) =∫

C
48lC<U

:,2/@ (C).

The inverse propagator matrix S2(:, l) exhibits the fundamental Keldysh structure

S2(:, l) =
©­­«

0 %A(:, l)

%R(:, l) %K(:, l)

ª®®¬ . (9.42)

The 2 × 2 blocks %R, %A, and %K correspond to the inverse retarded, advanced, and Keldysh

Green’s functions, respectively, defined by the second-order functional derivatives with respect

to the Keldysh spinors ®<:,2/@ (l) = (<H

:,2/@ (l), <
G
:,2/@ (l))

) .

%R(:, l) = [%A(:, l)]† = XSf
X ®<−:,@ (−l)X ®<):,2 (l)

, (9.43a)

%K(:, l) = XSf
X ®<−:,@ (−l)X ®<):,@ (l)

. (9.43b)
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In the strictly global dissipation limit (Y → 0), these matrices take the explicit forms

%R(:, l) = [%A(:, l)]† = 4
Γ:

©­­«
ΔΓ:

4Δ2−l2 1 − 8lΓ:
2(4Δ2−l2)

−
[
1 − 8lΓ:

2(4Δ2−l2)

]
ΔΓ:

4Δ2−l2 − 8�:
Γ:

ª®®¬ , (9.44a)

%K(:, l) = 88Γ:
©­­«

1 −8�:
Γ:

−8�:
Γ:

1 +
(

8�:
Γ:

)2
ª®®¬ . (9.44b)

The dynamical response of the system and its relaxation timescales are entirely governed by

the poles of the retarded Green’s function [%R(:, l)]−1. Solving for the roots of det %R(:, l) = 0

yields two complex eigenfrequencies

l1(:) = − 8
2
(Γ: − Γ̄: ), (9.45a)

l2(:) = − 8
2
(Γ: + Γ̄: ), (9.45b)

where we have defined the parameter

Γ̄: = 4
√
Δ(2�: − Δ). (9.46)

A continuous phase transition may occur when the system exhibits critical slowing down, cor-

responding to a closing of the Liouvillian spectral gap. This manifests as a pole approaching the

real frequency axis, Im[l1(:)] → 0. We therefore identify l1(:) as the frequency of the critical

gapless (soft) mode, which dictates the macroscopic ordering, while l2(:) represents a massive,

heavily damped gapped mode.

At the critical phase boundary, the collective dissipation satisfies Γ:=0 = Γ̄:=0 ≡ Γ2, and the

static function %R(:, l = 0) becomes singular. The critical value Γ2 defines the dome in Fig. 9.1.

To properly isolate the critical fluctuations from the massive background, we must diagonalize

the static retarded matrix. Because the effective kernel %R(:, l = 0) is real and non-Hermitian,

this diagonalization takes the form %R(:, l = 0) = *Λ* [181], where the diagonal matrix Λ =

diag(0,−X) separates the zero eigenvalue of the soft mode from the mass X = 2�:/Δ(Δ − 2�: ) of

the massive mode. The transformation matrix is explicitly given by

* =
1

√
2Δ�:

©­­«
Δ −Γ̄:/4

Γ̄:/4 Δ

ª®®¬ . (9.47)
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This rotation physically motivates a transformation from our original auxiliary fields <G/H to

the eigenbasis of system near criticality, spanned by the gapless field q: and the gapped field Z:

©­­«
q2

Z2

ª®®¬: = *
©­­«
<
H
2

<G2

ª®®¬: , and
©­­«
q@

Z@

ª®®¬: = *
)
©­­«
<
H
@

<G@

ª®®¬: . (9.48)

By expressing the Keldysh action in terms of q and Z , we can formally integrate out the massive,

fast-relaxing Z fields to construct a low-energy effective field theory defined solely in terms of the

gapless order parameter q. This reduction is the essential prerequisite for executing the higher-order

expansions needed to probe the phase transition.

9.2.7 Correlation and Response Functions

The physical observables are accessed directly via the correlation and response functions of

the spin operators, which are intimately tied to the fluctuations of the auxiliary fields. Using the

quadratic action in Eq. (9.41), we utilize the field-spin relations introduced in Section 9.2.4 to derive

the symmetrized spin correlation function �8 9 (C − C′) and the linear response function j8 9 (C − C′)

given by

�8 9 (C − C′) =
〈{
fG8 (C), fG9 (C′)

}〉
SS

=
∑
:

4−8: (8− 9)�: (C − C′),
(9.49a)

j8 9 (C − C′) = −8
〈[
fG8 (C), fG9 (C′)

]〉
SS

= −8
∑
:

4−8: (8− 9)j: (C − C′).
(9.49b)

In the frequency domain, the �: (l) and j: (l) take the form

�: (l) = −
8
(
Γ2
:

(
4l2 − 32Δ�: − Γ̄2

:

)
+

(
4l2 + Γ̄2

:

)2
)

Γ:

(
Γ4
:
+ 2Γ2

:

(
4l2 − Γ̄2

:

)
+

(
4l2 + Γ̄2

:

)2
) , (9.50)

and

8j: (l) =
128ΔlΓ:

Γ4
:
+ 2Γ2

:

(
4l2 − Γ̄2

:

)
+

(
4l2 + Γ̄2

:

)2 . (9.51)

116



Fourier transforming these expressions back to the time domain reveals the explicit temporal

decay governed by the Liouvillian gap. The steady-state correlation function reads

�: (C) =
4

−Γ: |C |
2

Γ̄:

[
Γ: Γ̄: + 16(�: − Δ)Δ

Γ: + Γ̄:
4

−Γ̄: |C |
2 + Γ: Γ̄: − 16(�: − Δ)Δ

Γ: − Γ̄:
4

Γ̄: |C |
2

]
, (9.52)

while the response function takes the form

j: (C) = sgn(C) 4Δ
Γ̄:
4−

�� C
2
��Γ: [4−�� C

2
��Γ̄: − 4�� C2 ��Γ̄: ] . (9.53)

9.2.8 Higher-Order Expansions

In order to probe the mean-field bistability region, it is necessary to go beyond the Gaussian

approximation developed in Section 9.2.6 and capture the non-linear interactions which dominate

near the phase transition. It follows that we must expand the full exact action in Eq. (9.26) to higher

powers of the auxiliary fields. Absorbing a factor of
√
# into the fields for consistent bookkeeping,

the full action may be put on the form

Sf =

∫
C

∑
:

®<)−:�
K
: ®<: − 8

#∑
9=1

ln ©­«1 +
∞∑

?=2,4,6...
D 9 ,?

ª®¬ , (9.54)

where ? denotes the order of the expansion. Because the underlying unperturbed Liouvillian pre-

serves the global Z2 symmetry of the Ising model, all odd-order terms in the expansion (? =

1, 3, 5, . . . ) evaluate to zero.

The ?-th order expansion term, D 9 ,?, describes the ?-body interactions of the Keldysh fields

mediated by the local spin dynamics at site 9 . It is explicitly given by

D 9 ,? =
1

# ?/2

∑
k

∑
",-

∫
t
D
",-
9 ,?,k

( t)
?∏
==1

<
U=
:=,`=

(C=). (9.55)

Here, we utilize the shorthand notation for the momentum sums
∑

k ≡ ∑
:1...: ? and the time-ordered

integrals
∫
t
≡

∫ ∞
−∞ 3C1

∫ C1
−∞ 3C2· · ·

∫ C?−1
−∞ 3C?. The indices U= specify the field components U= ∈

{G, H}, whereas `= labels the classical/quantum components of the fields `= ∈ {2, @}.
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The effective ?-point vertex function in the time domain, D",-
9 ,?,k

( t), is defined via a time-ordered

trace over the single-site nonequilibrium steady state (the vacuum state |vac〉〉)

D
",-
9 ,?,k

( t) = Tr

[
T

?∏
==1

848:= 9 Σ̂
U=
9 ,`=

(C=)
]

=

(
?∏
==1

848:= 9

)
Tr

[
Σ̂
U1
9 ,`1

ÛC1C2 Σ̂
U2
9 ,`2

. . . Û
C?−1
C?

Σ̂
U?

9 ,`?

]
,

(9.56)

where the single-site unperturbed propagator governing the free time-evolution between interac-

tions in the disorder phase is ÛC
C′ = exp

[
(C − C′)L̂f1, 9

]
. The single-site trace is formally defined as

Tr[•] = 〈〈�̂ | • |vac〉〉.

The Taylor expansion of the logarithm in Eq. (9.54) systematically generates the connected

diagrams (cumulants) of the theory. The scaling of the prefactors is crucial: the factor of 1/#

inherent to the ? = 2 (quadratic) term exactly cancels with the overall factor of # emerging from

the spatial lattice sum
∑
9 . For higher-order interacting terms (? > 2), the expansion yields residual

prefactors scaling as #1−?/2. This 1/# suppression confirms the validity of the large-# saddle-

point approximation and dictates the perturbative hierarchy of the higher-order corrections.

To evaluate these vertices, we transform to frequency space via D(8) =
∫
t
4−8

∑
= l=C=D( t). Uti-

lizing the resolvent form of the unperturbed propagator

Û(l) =
∫ ∞

0
3C 4

C (L̂f
1, 9−8l) = −(L̂f1, 9 − 8l)

−1, (9.57)

the vertex function takes its final algebraic form

D
",-
9 ,?,k

(8) =
(
?∏
==1

848:= 9

)
X(l̃?) × Tr

[
Σ̂
U1
9 ,`1

Û(l̃1) Σ̂U2
9 ,`2

. . . Û(l̃?−1) Σ̂
U?

9 ,`?

]
. (9.58)

Here, l̃= =
∑=
=′=1 l=′ represents the cumulative frequency flowing through the propagator at step

=. The Dirac delta function X(l̃?), where l̃? =
∑?

==1 l= = 0, strictly enforces overall energy

conservation at the interaction vertex.

Equipped with this generalized expansion, we can now project the action onto the critical eigen-

basis (q, Z) defined in Section 9.2.6 to construct the low-energy effective potential and classify the

phase transitions.
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9.3 Phase Diagram in the Infinite-Range Limit

To demonstrate the utility of this field-theoretic formalism, we apply it to the infinite-range

limit. In this regime, both the coherent Ising coupling and the collective dissipation are completely

non-local and uniform across the lattice, such that �8 9 = �0 and Γ8 9 = Γ0. In the momentum

representation, this restricts the interactions entirely to the zero-momentum mode: �: = �0X:,0 and

Γ: = Γ0X:,0.

In this limit, spatial fluctuations are suppressed, and the saddle-point evaluation of the Keldysh

action becomes exact in the thermodynamic limit. However, properly capturing the critical scal-

ing and the phase boundary of the first-order transition within the bistability region fundamentally

requires analyzing the higher-order terms of the full action—a task that lies beyond the reach of

standard mean-field analysis.

9.3.1 Integrating the Massive Modes

As established in Section 9.2.6, the critical dynamics at Γ0 ≈ Γ2 are entirely dominated by the

gapless soft mode q, while the Z mode remains massive with a finite mass X. Our primary objective

in this section is to trace out these fast-relaxing Z fluctuations to derive a low-energy effective

partition function, /q, formulated solely in terms of the order-parameter field q. To systematically

decouple these modes, we formally partition the full action into a pure q component (Sq), a pure Z

component (SZ ), and their interactions, expanding up to the sixth order

S = S (2) + S (4) + S (6) + . . . , (9.59)

where each term scales as S (?) ∝ O(#1−?/2). By factoring out the bare Gaussian weight of the

massive field, 48S
(2)
Z , we can exactly rewrite the full partition function as a path integral over the

fields q, weighted by an expectation value over the Z fluctuations

/ =

∫
D[q2/@, Z2/@]48S

=

∫
D[Z2/@]48S

(2)
Z

∫
D[q2/@]48(S−S

(2)
Z

)

=

∫
D[q2/@]〈48(S−S

(2)
Z

)〉Z .

(9.60)

Here, 〈. . . 〉Z denotes the expectation value with respect to the free massive action.
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To absorb this expectation value back into the exponent and derive an effective action, we eval-

uate it using a cumulant expansion. Taking the Taylor series of the exponential up to second order

in the interaction terms, we obtain1

/ =

∫
D[q2/@]48(S

(2)
q

+S (4)
q

+S (6)
q

)
〈
1 + 8(S (4) − S (4)

q
) + 8(S (6) − S (6)

q
)

− 1
2
(S (4) − S (4)

q
)2 − (. . . )

〉
Z
.

(9.61)

At this stage, we can drastically simplify the expression by analyzing the large-# scaling of these

fluctuation corrections. Tracking the 1/# dependence reveals that, aside from the term 〈−1
2 (S

(4) −

S (4)
q

)2〉Z—which specifically generates an essential correction to the sextic (? = 6) interaction

term—all other fluctuation corrections produce terms that are at least O(1/#) smaller than their

tree-level counterparts and can be systematically discarded.

By re-exponentiating the remaining terms, we isolate the low-energy physics into the partition

function /q

/q =

∫
D[q2/@]48Seff [q] , (9.62)

which is now governed entirely by the effective action

Seff [q] ≈ S (2)
q

+ S (4)
q

+ S (6)
q

+ 8

2
〈(S (4) − S (4)

q
)2〉Z . (9.63)

This establishes the mathematical foundation for treating the system in terms of the critical field q,

where the final term represents the necessary corrections generated by integrating-out the massive

modes.

9.3.2 The Effective Action and Langevin Dynamics

In the low-frequency, long-wavelength limit near the critical point, the scaling dimensions for

the classical and quantum fields are [q2] = 1/2 and [q@] = −1/2. Keeping only the most relevant

tree-level terms in the time domain, the effective action reads

Seff
f =

∫
C

q@ (−WmC − A)q2 +
�

2
q2
@ −

D

2#
q3
2q@ −

E

3#2 q
5
2q@ + . . . , (9.64)

1Although the interaction term (S−S (2)
Z

) may contain mixed quadratic terms of the form q@Z@ , such terms may be
safely neglected. Contracting them under first-order perturbation theory only generates terms that are at least quadratic
in the quantum field q@ , which do not contribute to the classical effective potential governing the steady state evaluated
in Eq. (9.69).
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where the quadratic coefficients, extracted from the matrix S (2)
q

(: = 0, l), represent the mass (A),

friction (W), and Keldysh noise (�) of the soft mode

A = −%R
q (: = 0, l = 0) =

32�0(Γ2
0 − Γ2

2 )
(16Δ2 + Γ0Γ2)2 − 16Δ2(Γ2

0 − Γ2
2 )
, (9.65a)

W = −8[ml%R
q (: = 0, l)]l=0 = 128�0Γ0

(16Δ2 + Γ0Γ2)2 − Γ0(Γ0 − Γ2) (16Δ2 + Γ0Γ2)
[(16Δ2 + Γ0Γ2)2 − 16Δ2(Γ0 − Γ2)2]2 , (9.65b)

� = %K
q (: = 0, l = 0) = 2568�0Γ0

(16Δ2 + Γ0Γ2)2 + 16Δ2Γ2
0 + 2Γ0Γ2 − Γ4

2

[(16Δ2 + Γ0Γ2)2 − 16Δ2(Γ0 − Γ2)2]2 . (9.65c)

Once again, these coefficients are evaluated in the limit Y → 0. The quartic- (D) and sextic-order

(E) coupling constants in the static limit (l → 0) evaluate to

D =
Δ4 − (Γ2/4)4

8�2
0Δ

5
, (9.66a)

E =
3

32�0Δ6

[
12
�2

0
(Γ2/4)4 + (Γ2/4)2 − Δ2

]
. (9.66b)

With the relevant parameters defined, we canmap this effective action onto a classical stochastic

process. To do this, we apply a Hubbard-Stratonovich transformation to decouple the quadratic

noise term q2
@. This introduces an auxiliary white-noise field 5 (C), allowing the action in Eq. (9.64)

to be recast as [269]

Seff
f =

∫
C

[
(−WmC − A)q2 −

D

2#
q3
2 −

E

3#2 q
5
2 +

√
2 5 (C)

]
q@

−
∫
C

1
�
5 (C)2,

(9.67)

Finally, upon integrating out the quantum field q@, we arrive at

WmCq2 = −Aq2 −
D

2#
q3
2 −

E

3#2 q
5
2 + 5 (C), (9.68)

where 〈 5 (C)〉 = 0, and 〈 5 (C) 5 (C′)〉 = −8�
2 X(C − C′). The previous equation provides a Langevin

description of a classical damped motion of the order parameter q2 relaxing in an effective potential

given by

+eff(q2) =
A

2
q2
2 +

D

8#
q4
2 +

E

18#2 q
6
2 . (9.69)

The steady-state macroscopic magnetization is then found by minimizing this potential, 〈fG〉 ∝

min[+eff(q2)].
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9.3.3 Criticality, Scaling, and the Phase Diagram

With the fully established effective potential+eff(q2) in hand, we can now classify the nonequi-

librium steady states and extract the critical scaling exponents. The macroscopic steady-state mag-

netization is directly proportional to the global minimum of the potential, 〈fG〉 ∝ q0, where q0

satisfies
m+eff
mq2

����
q0

= q0

(
A + D

2#
q2

0 +
E

3#2 q
4
0

)
= 0. (9.70)

The roots of this equation dictate the value of the order parameter, governed by the tuning parameter

A and the effective interaction vertices.

9.3.3.1 Continuous Transition and Standard Scaling (V = 1/2)

When the transverse field is sufficiently strong (Δ > �0), the exact bare quartic coupling D

remains strictly positive (D > 0). In this regime, the sextic term E represents a sub-leading irrelevant

perturbation near the critical point, and the our model behaves as a standard q4 theory.

For Γ0 > Γ2, the mass parameter A > 0, and the only real root is the trivial paramagnetic state,

q0 = 0. However, as the collective dissipation dips below the critical threshold (Γ0 < Γ2), the

mass parameter A becomes negative, destabilizing the origin. The system continuously breaks the

Z2 symmetry, acquiring a finite steady-state magnetization

q0 =

√
−2#A
D

∝ (Γ0 − Γ2)1/2. (9.71)

This confirms that along the continuous phase boundary, the order parameter sustains a standard

critical scaling exponent of V = 1/2.

9.3.3.2 Bistability and the First-Order Transition

Conversely, when the coherent interactions dominate (Δ < �0), the exact tree-level evaluation of

the quartic coupling changes sign, becoming strictly negative (D < 0). In our analysis, the positive,

sextic term E > 0 ensures the potential remains bounded from below, stabilizing the theory.

However, the negative quartic term fundamentally alters the landscape of the effective potential,

creating a regime where the system possesses three distinct extrema: a minimum at q = 0, as well as

symmetric minima at finite ±q0, and unstable maxima separating them. This manifests physically
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Figure 9.2 Phase diagram of the infinite-range driven-dissipative Ising model in the limit Y →
0 near the critical phase boundary. The solid boundary at Δ/�0 > 1 corresponds to a second-
order (continuous) phase transition, whereas the boundary labeled by double lines (Δ/�0 < 1)
corresponds a first-order phase transition line. The two lines meet at a tricritical point at Δ/�0 = 1.
The area shaded in red and magnified in the inset represents the ordered part of the mean-field
bistable region.

as a region of bistability as shown in Fig. 9.1. Consequently, crossing the phase boundary in this

parameter regime results in an abrupt, discontinuous jump in the order parameter, characteristic of a

first-order phase transition. The first-order transition boundary is labeled by double lines in Fig. 9.2.

The fact that the transition happens very close to Γ2 is due to the fact that E � D in that region.

9.3.3.3 The Tricritical Point (V = 1/4)

The point where the first-order transition line terminates and the continuous second-order crit-

ical line begins defines a tricritical point. This point corresponds to the condition A = D = 0. From

our field-theoretic derivation, this precise point occurs exactly at Δ = �0 when taking the limit

Y → 0. At the tricritical point, the bare quartic coupling identically vanishes (D = 0) and the lead-

ing non-linear fluctuation is governed entirely by the sextic term. The effective potential flattens

considerably into+eff ≈ A
2q

2
2 + E

18#2 q
6
2. Minimizing this tricritical potential reveals a fundamentally

different universal scaling behavior. The order parameter continuously emerges from the origin,

123



but scales as

q0 =

(
−3#2A

E

)1/4
∝ (Γ0 − Γ2)1/4. (9.72)

The critical exponent shifts from V = 1/2 along the continuous line to V = 1/4 at the tricritical

point. This emergent scaling behavior is shown in Fig. 9.3.

Figure 9.3 Magnetization in the steady state obtained by minimizing the effective potential
in Eq. (9.69) in the limit Y → 0 and setting �0 = 1 for multiple values of Δ near the tricriti-
cal point. At Δ = 1.05, the magnetization 〈fG〉 ≈ (3.176) XΓ0.488, while at the tricritical point,
〈fG〉 ≈ (0.917) XΓ0.250. The extracted exponent of V = 1/4 at the tricritical point confirms the
shift to a universality class governed by the q6 theory.

The phase boundary is quantitatively studied in Fig. 9.4, which shows the jump in the order

parameter within the bistable region. To clarify the phase boundaries: the dashed line denotes the

bare critical condition where the effective mass vanishes (A = 0). The solid line is a mean-field

boundary marking the upper limit of the bistable region; above this line, the system is strictly in the

disordered phase. Consequently, the mean-field first-order phase transition is constrained to occur

within the bistable region between these two lines. By leveraging the effective field theory and eval-

uating the expansion coefficients D and E, we can explicitly resolve the steady-state magnetization

and pinpoint the exact location of the first-order transition, visible as the sharp transition between

the ordered (green) and disordered (blue) regimes.
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Figure 9.4 Phase diagram of the infinite-range driven-dissipative Ising model in the limit Y → 0
near the critical phase boundary. The horizontal axis represents the normalized detuning Δ/�0,
while the vertical axis shows the deviation from the critical dissipation strength, (Γ0 − Γ2)/�0.
The color gradient encodes the steady-state magnetization 〈fG〉. The area between the dashed line
at (Γ0 − Γ2) = 0 and the solid line corresponds to the mean-field bistability region. This region
(Δ/�0 < 1) hosts a first-order phase transition; this turns into a second-order (continuous) transition
for Δ/�0 > 1, with the two regimes meeting at a tricritical point at Δ/�0 = 1.

This result highlights the power of the Keldysh functional integral approach developed in this

chapter. While a mean-field approximation can identify a bistable region, it requires the powerful

machinery of the field theory to characterize fluctuations and identify the phase boundary.

9.4 Conclusion and Outlook

In this chapter, we have constructed a rigorousKeldysh functional integral formalism to describe

the nonequilibrium steady states of the long-range driven-dissipative quantum Ising models. By

mapping the spin-1/2 algebra to a bosonic field theory with a hard-core constraint and subsequently

executing a Hubbard-Stratonovich decoupling, we isolated the critical soft modes governing the

critical dynamics. Notably, going beyond the semiclassical mean-field limit, our field-theoretic

approach revealed that integrating out the massive quantum fields generates an effective classical

potential that captures the NESS criticality. This mechanism accurately identifies the emergence of

a tricritical point and the ensuing first-order phase transition driven by collective dissipation.

Building upon this robust theoretical foundation, several compelling avenues for future research

naturally emerge:
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1. Power-Law Dissipation and Interaction Profiles:

While the present analysis focused primarily on the analytically tractable infinite-range (all-to-

all) limit, modern quantum simulation platforms—such as trapped ions and waveguide-QED

systems—often exhibit interactions and correlated dissipation that decay algebraically with dis-

tance (�8 9 ∝ 1/|8 − 9 |U and Γ8 9 ∝ 1/|8 − 9 |W). A direct extension of our work is to evaluate

the momentum-dependent perturbative corrections for these power-law profiles. A critical ob-

jective will be to map how the finite spatial range alters the structure of the effective potential

+eff(q2). Specifically, we aim to determine whether there exists a strict upper bound on the decay

exponent W beyond which the first-order transition may be washed out, thereby restricting the

nonequilibrium bistability to geometries with sufficiently long-range dissipation.

2. Continuous Symmetries and Non-Reciprocal Dissipation:

The formalism developed here for the 1D quantum Ising model can be readily generalized to en-

compass systems with even more generic Hamiltonians, such as open XX or XYmodels. It may

even be extended to study spin systems in higher spatial dimensions. Furthermore, in our anal-

ysis, we assumed strict spatial reciprocity in the dissipative coupling (Γ8 9 = Γ 98). Breaking this

symmetry to introduce non-reciprocal dissipation—an increasingly relevant paradigm in chi-

ral quantum optics and topological photonics [277–279]—could fundamentally alter the NESS.

Investigating how non-reciprocity competes with long-range coherent interactions could unveil

novel dynamical phases, such as steady-state chiral currents or continuously time-crystals [280–

283].

3. Alternative Field-Theoretic Representations (Schwinger Bosons):

From a methodological standpoint, our approach enforces the spin-1/2 algebra by introducing an

infinite on-site hard-core repulsion (* → ∞) into the bosonic Hamiltonian prior to formulating

the path integral. While effective, an alternative, potentially more elegant formalism could be

developed utilizing the Schwinger boson representation [284–286]. This involves mapping the

local spin operators to a two-species bosonic algebra (f↑ = 0̂†1̂, fI = 1
2 (0̂

†0̂ − 1̂†1̂)), while
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enforcing the strict local Hilbert space constraint (0̂†0̂+ 1̂†1̂ = 1) within the functional integral.

Developing this Schwinger-Keldysh path integral would bypass the need for an infinite nonlinear

interaction penalty, as well as the Hubbard-Stratonovich transformation potentially offering a

more controlled framework.
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APPENDIX 9A

MEAN-FIELD SOLUTION

The mean field solution for the model introduced in Section 9.1 becomes exact in the limit of

infinite-range coherent coupling (�A = �0) and infinite-range collective dissipation (ΓA = Γ0). In

this case, we can re-write the Hamiltonian as

�̂∞ = −�0
#
(̂2
G + Δ(̂I, (9A.1)

where (̂U =
∑#
8=1 f

U
8
are the total spin operators. The dissipation part is governed by two channels

represented by the jump operators

!̂loc
8 =

√
Yf

↓
8

, for 8 = 1, 2, ..., #, (9A.2a)

!̂glob =
√
Γ0/#(̂↓. (9A.2b)

We can then develop a mean-field solution in the steady state using the Heisenberg equations

of motion. To first order (ignoring terms of O(1/#)), we find

d〈$̂〉
dC

= 8
〈
[�̂∞, $̂]

〉
+ D̂†

loc($̂) + D̂†
glob($̂), (9A.3)

where

D̂†
loc($̂) =

#∑
8=1

!̂loc
8

†$̂ !̂loc
8 − 1

2
{
!̂loc
8

† !̂loc
8 , $̂

}
(9A.4a)

D̂†
glob($̂) = !̂glob†$̂ !̂glob − 1

2
{
!̂glob† !̂glob, $̂

}
(9A.4b)

For the operators fG/H/I, the first two terms have already been reported in Ref. [269]. Incorpo-

rating the collective dissipation channel, the full mean-field equations read

mC 〈fG〉 = −2Δ 〈fH〉 − Y

2
〈fG〉 + Γ0

2
〈fG〉 〈fI〉 , (9A.5a)

mC 〈fH〉 = 4�0 〈fG〉 〈fI〉 + 2Δ 〈fG〉

− Y

2
〈fH〉 + Γ0

2
〈fH〉 〈fI〉 ,

(9A.5b)

mC 〈fI〉 = −4�0 〈fG〉 〈fI〉 − Y(1 + 〈fI〉)

− Γ0
2
(〈fG〉2 + 〈fH〉2).

(9A.5c)
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The steady state solutions (mC 〈fG〉 = mC 〈fH〉 = mC 〈fI〉 = 0) are given by the trivial state 〈2〉SS =

(0, 0,−1) and the four ordered branches

〈fG〉SS =
B1
�0Γ0

√
4B2Λ + �0Δ[Γ0(Y + Γ0) − 16�0Δ] (9A.6a)

〈fH〉SS = −B1
(4�2

0Δ
2 − B2Λ)

�0Γ0Δ2 |〈fG〉SS | (9A.6b)

〈fI〉SS =
4B2Λ + �0Δ(Γ0Y − 16�0Δ)

�0Γ
2
0Δ

, (9A.6c)

whereΛ =

√
�2

0Δ
3(16�2

0Δ − Γ2
0Δ − 2�0Γ0Y) and B1, B2 ∈ {+1,−1} denote the four ordered solution

branches, as defined in Section 9.2.5. The mean-field is therefore in exact agreement with the

saddle-point solution presented in Section 9.2.5. Interestingly, the total spin is not conserved even

as Y → 0.

In order to determine the phase boundaries and the stability of these steady states, we perform

a linear stability analysis. By expanding the semiclassical equations of motion, Eq. (9A.5), around

the steady-state solutions to linear order, 〈fU〉 = 〈fU〉SS + XfU, we construct the corresponding

3×3 Jacobian matrix. A steady-state configuration is dynamically stable to small fluctuations if all

eigenvalues of the Jacobian have strictly non-positive real parts.

Applying this stability criterion to both the disordered normal phase (〈2〉SS = (0, 0,−1)) and

the ordered branches yields the phase diagrams presented in Fig. 9A.1. The parameter space, gov-

erned by the transverse field Δ/�0 and collective dissipation Γ0/�0, generally exhibits three distinct

regimes: a normal phase, a symmetry-broken ordered phase, and a region of bistability. In the

bistable regime, both the disordered and ordered macroscopic states act as stable attractors of the

nonequilibrium dynamics. As illustrated in the sequence of plots, increasing the local dissipation

rate Y progressively suppresses the cooperative effects, causing the bistability region to shrink until

it completely disappears for sufficiently large Y.
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Figure 9A.1 Nonequilibrium mean-field phase diagrams of the long-range Ising model subject to
both collective and local dissipation. The stability boundaries are mapped as a function of the
scaled transverse field Δ/�0 and collective dissipation Γ0/�0 for varying local dissipation strengths
Y. The parameter space is divided into a stable disordered normal phase (gray), a stable ordered
phase (green), and a bistability region (red) where both states are dynamically stable. The bistability
region, characteristic of a first-order dissipative phase transition, diminishes and ultimately vanishes
as the local dissipation Y is increased.
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CHAPTER 10

THE DRIVEN-DISSIPATIVE SPIN-BOSON MODEL

Traditionally, quantum phase transitions characterize low-temperature equilibrium phenomena in

many-body physics, but observing them in nonequilibrium settings remains a significant challenge.

A key platform for exploring nonequilibrium physics is driven open quantum systems, where the

coherent evolution governed by a Hamiltonian is inherently at odds with Markovian loss induced

by the surrounding environment [49, 52]. Typically, the interplay between continuous driving

and dissipation destroys these delicate quantum transitions, pushing the system toward an effec-

tively classical, thermalized state [287–293]. This classical crossover happens because the sys-

tem’s noise profile usually resembles �(l) = W |l | + Γ, meaning that at low frequencies, the

frequency-independent white noise (Γ) originating from the Markovian bath completely washes

out the quantum-mechanical colored noise.

Breaking from this conventional wisdom, our recent preprint demonstrates that Markovian dis-

sipation can actually stabilize a robust quantum phase transition instead of destroying it [294].

We investigate a variant of the spin-boson model, a paradigmatic quantum impurity model orig-

inally introduced to capture the effective low-energy physics of a particle tunneling between two

potential wells in the presence of an environment that continuously performs measurements on the

system [33, 295]. In this setup, the model features a two-level system (the spin) interacting with

a continuum of bosonic modes forming an Ohmic bath. In the rotating frame of the drive, the

system’s Hamiltonian is expressed as

�̂ = −Δ
2
fG +

∑
:

l: 0̂
†
:
0̂: +

fI

2

∑
:

_: (0̂: + 0̂†: ). (10.1)

The interaction between the spin and the bath is governed by the spectral function � (l) =

c
∑
: _

2
:
X(l − l: ). Assuming an Ohmic bath profile, the spectral function takes the specific form

� (l) = 2cUlΘ(l2 − l) , (10.2)

where U denotes the dimensionless coupling strength andl2 is the high-frequency ultraviolet cutoff.
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In its standard formulation, the Ohmic spin-boson model is known to undergo a quantum phase

transition (at zero-temperature) into a localized statewhere spin tunneling is entirely suppressed [33,

295]. This is happens as a consequence of the tunneling rate getting normalized by the low-

frequency bosonic excitations in the bath. Assuming a large cutoff (l2 � Δ), this critical point is

located at U2 = 1 + O(Δ/l2).

This critical behavior is often analyzed by mapping the quantum system to a classical one. By

integrating out the bosonic degrees of freedom, the system maps exactly onto a one-dimensional

classical Ising model extended along imaginary time g. In this case, the Feynman-Vernon influence

functional yields an effective action for the classical spin trajectories ((g) ∈ {+1,−1} [295]. The

resulting action takes the form

(eff = −1
2

∫
3g

∫
3g′((g) (g − g′)((g′) (10.3)

where the memory kernel  (g) is given in terms of the spectral function of the bath

 (g) =
∫ ∞

0
3l� (l)4−l|g | . (10.4)

For an Ohmic bath at zero temperature, this integral directly yields the long-range coupling  (g) ∝

1/g2. While standard 1D classical models with short-range interactions are always disordered, the

1/g2 long-range coupling circumvents this restriction, allowing a phase transition to occur [33, 296–

298]. Specifically, a Berezinskii-Kosterlitz-Thouless (BKT) transition, characterized by a sudden,

discontinuous jump in the order parameter (magnetization) [299–303]. Notably, the long-range

nature of this interaction on the imaginary-time axis stems from the low-frequency bath modes. If

a finite temperature is introduced, it imposes an upper bound on the imaginary time integration (the

inverse temperature V), effectively truncating the long-range correlations and destroying the phase

transition entirely.

Crucially, we consider the case where the bath is at zero temperature, but the bosons are subject

to a Markovian loss that is strictly proportional to their frequency, effectively vanishing at low

frequencies (soft dissipation). This dissipative dynamics is captured by the Lindblad jump operators

!̂: =
√
^: 0̂: , (10.5)
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where we assume

^: = Al: , (10.6)

with A the constant of proportionality.

∆

Two-level system (spin)

Continuous Ohmic bath

λ1

ω1

κ1 ∝ ω1

λ2

ω2

κ2 ∝ ω2

λ3

ω3

κ3 ∝ ω3

λ4

ω4

κ4 ∝ ω4

Figure 10.1 Schematic representation of the driven-dissipative spin-boson model. A central two-
level system (spin) is coupled to an Ohmic bath of bosonic modes. Unlike the standard model, the
bosons here are subject to a Markovian loss rate ^: = Al: that vanishes at low frequencies (soft
dissipation). This frequency-dependent dissipation stabilizes a localization phase transition in the
nonequilibrium steady state.

While a bath with constant decay rates essentially acts as a heat bath destroying the BKT phase

transition, we show that under softMarkovian dissipation, a localization phase transition re-emerges

in the nonequilibrium steady state. To establish the existence and nature of this transition, our

collaborative work in Ref. [294] employs a variational polaron ansatz alongside extensive time-

evolving block decimation (TEBD) simulations. These methods confirm that the driven-dissipative

system undergoes a sharp localization transition characterized by a nontrivial purification: the

steady state at the critical point becomes a pure quantum state, stabilized by the strong renormal-

ization of the spin’s tunneling dynamics by low-frequency bosonic modes. This stands as a rare

counterexample to the standard expectation that interacting driven-dissipative systems always be-

have semi-classically.
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Figure 10.2 Magnetization 〈fI (C)〉 (solid lines) and purity (dashed lines) as a function of time for
different values of U; we take Δ = 1, l2 = 10, A = 0.5. For U = 2, the magnetization quickly
approaches a constant close to unity, signaling a localization phase transition. The purity follows a
similar trend as the magnetization, with the spin-boson system remaining almost perfectly pure at
the transition. Figure adapted from Ref. [294]. The TEBD simulations and data visualization for
this figure were conducted by co-author Naushad A. Kamar.

In order to emphasize the quantum nature of the single spin-1/2 impurity model, we aim to

contrast the results in Fig. 10.2 with a mean-field limit to fully appreciate the mechanics at play.

My primary contribution to this research addresses exactly this by analyzing themean-field behavior

of a large-spin variant of the same model. The following section details this theoretical framework,

demonstrating that macroscopic classical fluctuations, rather than quantum ones, dominate in the

large-spin limit.

10.1 Large Spin Limit: Quantum vs. Classical Behavior

To highlight the quantum nature of the spin-1/2 driven-dissipative spin-boson model, it is in-

structive to consider an alternative mean-field limit where the bosonic bath is coupled to a large

collective spin. This section details the field-theoretic analysis of this large-spin model, demon-

strating that, in contrast to the single spin-1/2 case, taking the large-spin limit results in a quantum-

to-classical crossover. In the mean-field limit, the large-spin model exhibits purely classical critical

fluctuations and a vanishing purity at the critical point.
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The full Hamiltonian of the large-spin system is given by

�̂ = Δ(̂I +
∑
:

l: 0̂
†
:
0̂: +

(̂G√
#

∑
:

_: (0̂†: + 0̂: ). (10.7)

Compared to Eq. (10.1), we have performed a −c/2 rotation around the H−axis, which takes (̂I →

(̂G , and (̂G → −(̂I. Here, # is the total number of spins. The dissipative dynamics are governed

by the Lindblad master equation with jump operators linear in the bosonic annihilation operators:

!̂: =
√
^: 0̂: , where the soft dissipation rate is ^: = Al: .

Deep in the normal phase (for large Δ), we perform a Holstein-Primakoff transformation [163]

(̂I = 1̂
†1̂ − #/2, (̂+ ≈ 1̂†

√
#, (̂G =

(̂+ + (̂−
2

. (10.8)

In the thermodynamic limit (# → ∞), taking only the quadratic terms yields the continuous bosonic

Hamiltonian

�̂ = Δ1̂†1̂ +
∑
:

l: 0̂
†
:
0̂: + (1̂† + 1̂)

∑
:

6: (0̂†: + 0̂: ), (10.9)

where we redefined the coupling parameter 6: = _:/2.

10.2 Keldysh Field Theory Analysis

To systematically integrate out the bath modes and capture the spin fluctuations in the nonequi-

librium steady state, we formulate the problem using the Keldysh path integral formalism. We

replace the bosonic operators 1̂ and 1̂† with fields (c-numbers) defined on the forward and back-

ward time branches, and subsequently rotate them into the Keldysh classical (2) and quantum (@)

fields, 12/@ = (1+ ± 1−)/
√

2. The bath modes 0̂: are treated identically. Since the Hamiltonian

is quadratic under the Holstein-Primakoff (HP) approximation, we can exactly integrate out the

bosonic bath modes.

The resulting effective action for the HP boson takes the form

([{1, 1∗}] =
∫
l

E†(l)
©­­«

0 %A(l)

%R(l) %K(l)

ª®®¬ E(l) , (10.10)

where the Nambu-style field vector is E(l) = (12 (l), 1∗2 (−l), 1@ (l), 1∗@ (−l))) . Here we utilize

the shorthand notation
∫
l

=
∫ ∞
−∞

3l
2c . The inverse retarded and advanced Green’s functions are
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given by

%R(l) = [%A(l)]† =
©­­«
Σ(l) + l − Δ Σ(l)

Σ(l) Σ(l) − l − Δ

ª®®¬ , (10.11)

while the Keldysh component reads

%K(l) = 3 (l)
©­­«
1 1

1 1

ª®®¬ . (10.12)

where the self energy function Σ(l) and the function 3 (l) are defined in terms of the bath spectral

function as

Σ(l) = −1
2

∫
l̃

� (l̃)
[ 1
(l − l̃) + 8^(l̃) −

1
(l + l̃) + 8^(l̃)

]
, (10.13a)

3 (l) = 8
∫
l̃

^(l̃)� (l̃)
[ 1
(l − l̃)2 + ^2(l̃)

+ 1
(l + l̃)2 + ^2(l̃)

]
. (10.13b)

Given the structure of the action, it is evident that a superradiant phase transition occurs when

det %R(l = 0,Δ = Δ2) = 0, which corresponds to

Δ2 = 2Σ(l = 0) = 2Ul2
1 + A2 . (10.14)

10.3 Critical Fluctuations

Unlike the spin-boson model, a continuous phase transition occurs for any U when Δ = Δ2 ∝ U.

Furthermore, this transition is fundamentally a superradiant phase transition where taking the large-

spin plays the role of taking the thermodynamic limit. Here, we are interested in the critical nature

of the phase transition. To understand the critical behavior, we first break the fields into their real

and imaginary parts by defining

q2/@ (C) = 2 Re 12/@ (C), Z2/@ (C) = 2 Im 12/@ (C). (10.15)

One can see that the fields Z2/@ are gapped, and we can integrate them out close to the critical point.

We then find an effective Keldysh action depending only on q2,@ as

S[q2/@] =
∫
l

©­­«
q2 (l)

q@ (l)

ª®®¬
† ©­­«

0 %A
q
(l)

%R
q
(l) %K

q
(l)

ª®®¬
©­­«
q2 (l)

q@ (l)

ª®®¬ , (10.16)
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where

%R
q (l) = [%A

q (l)]∗ = Σ(l) − Δ

2
+ l2

2Δ
, (10.17a)

%K
q (l) = 3 (l). (10.17b)

To characterize the phase transition, we must evaluate the variance of the macroscopic order

parameter, (̂G . Within the Keldysh formalism, these steady-state statistical fluctuations are dictated

directly by the two-point correlation function of the classical field component, q2

〈(̂2
G〉
#

=
1
4

∫
l

〈q2
2 (l)〉 = − 8

4

∫
l

%K
q
(l)���%R

q
(l)

���2 . (10.18)

Approaching the critical point (Δ → Δ2), the low-frequency contribution diverges as %R
q
(l → 0)

vanishes, while %K
q
(l → 0) remains finite. The integral in Eq. (10.18) is calculated numerically and

shown in Fig. 10.3, where we find that the spin excitations diverge as 1/(Δ−Δ2) upon approaching

the critical point. This scaling is compatible with classical rather than quantum fluctuations where

one would expect 1/
√
Δ − Δ2.

10−8 10−5 10−2

∆−∆c

103

107

〈Ŝ
2 x
〉/N

0.15/(∆−∆c)
0.95

Figure 10.3 Spin fluctuations near the critical point Δ2. Here, we take U = 1, A = 1/2, l2 = 10.
〈(̂2
G〉/# is calculated numerically from Eq. (10.18) showing fluctuations to follow a classical critical

scaling 〈(̂2
G〉/# ∼ 1/(Δ − Δ2).

10.4 Purity and Quantum Entanglement

To conclusively underscore the classical nature of this mean-field transition, we calculate the

quantum purity and entanglement properties of the steady state. Because the effective Hamiltonian
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in the Holstein-Primakoff approximation is quadratic, the steady state of the system is strictly Gaus-

sian. Consequently, its purity can be computed efficiently and directly from the covariance matrix

f via the relation ` = 1/
√

detf.

To perform this calculation, it is more convenient to work in the 1D lattice representation intro-

duced in appendix 10A. In this basis, the large spin (now mapped to a soft-core Holstein-Primakoff

boson) is coupled to a finite bosonic tight-binding lattice of size ! [304], where the Hamiltonian is

given by

�̂ = −Δ
2
fG + fI

2
20(3̂0 + 3̂†0) +

∞∑
==0

l= 3̂
†
= 3̂= +

∞∑
==0

C= (3̂†= 3̂=+1 + ℎ.2.). (10.19)

The mapping is exact in the limit ! → ∞. We define the covariance matrix f in terms of the

position and momentum operators, Ĝ8 = 1√
2l8

(3̂†
8
+ 3̂8) and ?̂8 = 8

√
l8

2 (3̂†
8
− 3̂8), spanning the full

set of modes including the spin. We denote the full set of modes (3̂) defined on the 1D lattice by

the vector 3̂sys = (3̂0, ..., 3̂!−1, 1̂).

For a Gaussian system, the purity can be computed as [305]

` =
1

√
detf

, (10.20)

where the covariance matrix f is defined as

f =
©­­«
〈
{
Ĝ, Ĝ

}
〉 〈

{
Ĝ, ?̂

}
〉

〈
{
?̂, Ĝ

}
〉 〈

{
?̂, ?̂

}
〉

ª®®¬ , (10.21)

Utilizing the third quantization formalism developed in Ref. [158, 159] and discussed in Sec-

tion 4.2, we can put the Hamiltonian on the matrix form

H′ =

©­­­­­­­­­­­­«

−820

0

H ...

0

820 0 · · · 0 Δ

ª®®®®®®®®®®®®¬
, (10.22)
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which includes the coupling of the chain to the large spin. The matrix H encodes all the boson-

boson coupling on the discrete chain

HU,V = XU,V lU−1 + XU,V−1 CU−1 + XU,V+1 CU−2. (10.23)

Similarly, we define the matrix M′ with dimensions (! + 1) × (! + 1)

M′ =

©­­­­­­­­«

0

M ...

0

0 · · · 0 0

ª®®®®®®®®¬
, (10.24)

which accounts for the dissipation terms. The zeros in M′ are due to dissipation not acting directly

on the spin. Dissipation within the chain is captured by the matrix

M =

!−1∑
==0

;1,= ⊗ ;
∗
1,= +

!−2∑
==0

;2,= ⊗ ;
∗
2,=, (10.25)

where the 9-th element of the vectors encodes the decay rate of the corresponding jump operator

(;1,=) 9 =
√
A
√
^1,=X=, 9 , (10.26a)

(;2,=) 9 =
√
A
√
^2,= (X=, 9 + X=+1, 9 ). (10.26b)

Finally, we can define the matrix X′ = 1
2
©­­«
8(H′)∗ + M′ 0

0 −8H′ + (M′)∗
ª®®¬, which captures the full

properties of the system. Solving the Lyapunov equation [159]

X′Z + ZX′ = 0, (10.27)

allows us to compute the solution matrix

Z =
©­­«
〈3̂sys ⊗ 3̂sys〉 〈: 3̂sys ⊗ 3̂

†
sys :〉

〈3̂†sys ⊗ 3̂sys〉 〈3̂†sys ⊗ 3̂
†
sys〉

ª®®¬ =
©­­«
Z11 Z12

Z21 Z22

ª®®¬ . (10.28)
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The elements of the matrix Z are directly related to the elements of the covariance matrix, f. We

note that

〈
{
Ĝ, Ĝ

}
〉8 9 = 2〈Ĝ8 Ĝ 9 〉 =

1
√
l8l 9

(Z11 + Z12 + Z21 + Z22 + I)8 9 , (10.29a)

〈
{
?̂, ?̂

}
〉8 9 = 2〈?̂8 ?̂ 9 〉 =

√
l8l 9 (−Z11 + Z12 + Z21 − Z22 + I)8 9 , (10.29b)

〈
{
Ĝ, ?̂

}
〉8 9 = 〈Ĝ8 ?̂ 9 + ?̂ 9 Ĝ8〉 = 8

√
l 9

l8
(−Z11 + Z12 − Z21 + Z22)8 9 , (10.29c)

〈
{
?̂, Ĝ

}
〉8 9 = 〈

{
Ĝ, ?̂

}
〉 98 . (10.29d)

Upon evaluating f for large bath sizes (up to ! = 1000), we find that the purity rapidly vanishes

upon approaching the critical point from the normal phase. Specifically, the purity collapse follows

a steep power law in Δ − Δ2 with an exponent ≈ 6, scaling as ` ∼ (Δ − Δ2)6.
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10−12
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10−2

µ

212 (∆−∆c)
5.71

Figure 10.4 Purity in the steady state. We set the parameters U = 1, A = 1/2, l2 = 10, and
consider a bosonic bath of size ! = 1000. Purity quickly vanishes upon approaching the critical
point, following a power law in Δ − Δ2 with an exponent of approximately 6, and levels off very
close to the critical point due to finite-size effects.

To further probe the underlying quantum correlations, we examine the system’s phase-space

uncertainty and look for signatures of spin-squeezing. Physically, spin squeezing occurs when

the variance of one collective spin component is reduced below the standard quantum limit (the

isotropic variance of a coherent spin state), at the inevitable expense of increased variance in an

orthogonal component [306–308]. It is a well-established macroscopic signature of quantum en-

tanglement in collective spin systems [309, 310].
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For our Gaussian continuous-variable system, the variances of the principal spin quadratures

are exactly quantified by the ordinary eigenvalues of the 2 × 2 spin sub-system covariance matrix,

fspin. In our normalization, the standard quantum limit (Heisenberg uncertainty) corresponds to an

eigenvalue of exactly 1. True quantum squeezing would therefore require the minimum eigenvalue

of fspin to drop below 1.

Crucially, calculating the eigenvalues of the spin sub-system reveals no such quantum squeez-

ing. As the system approaches criticality, the minimum eigenvalue does not drop below the vacuum

limit; instead, it takes a bounded constant value of ≈ 2.22 exactly at the critical point. Because

this minimum variance remains strictly above the standard quantum limit, the state is heavily anti-

squeezed by the dissipative environment. In stark contrast, the largest eigenvalue exhibits a purely

classical power-law divergence, scaling as 1/(Δ−Δ2), representing macroscopic thermal-like fluc-

tuations of the order parameter; see the left panel in Fig. 10.5.
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Figure 10.5 Left panel: eigenvalues of the covariance matrix fspin of the spin sub-system as a func-
tion of Δ. The minimum eigenvalue remains bounded at ≈ 2.22 at the critical point (strictly above
the standard quantum limit of 1, indicating no squeezing), while the maximum eigenvalue diverges.
The system parameters are fixed at (U = l2 = 2A = 1). The eigenvalues are calculated using the
results obtained in Section 10.3 in the thermodynamic limit. Right panel: bipartite entanglement
negativityN between the large spin and the bosonic bath as a function of the distance to the critical
point (Δ − Δ2) for multiple bath sizes !. The negativity remains strictly bounded (N ≈ 0.42),
reflecting a lack of divergent quantum correlations at the macroscopic transition.
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The thermal, anti-squeezed nature of this covariance matrix severely constrains the available

quantum entanglement in the system. To quantify this mixed-state entanglement, we compute

the entanglement negativity N , a computable measure of bipartite entanglement derived from the

Peres-Horodecki positive partial transpose (PPT) criterion [311, 312]. For Gaussian states, the

PPT criterion is elegantly formulated in phase space [313]. The partial transposition with respect

to a subsystem (in this case, the macroscopic spin) corresponds simply to time reversal on that

subsystem, which flips the sign of its momentum operator (?spin → −?spin).

The negativity is then completely determined by the symplectic eigenvalues {ã 9 } of this partially

transposed covariance matrix f̃ [305, 314]. Because the standard quantum limit in our normaliza-

tion corresponds to ã 9 = 1, the entanglement negativity is explicitly evaluated as

N =
∑
9

max
(
0,

1
ã 9

− 1
)
. (10.30)

Computing the bipartite entanglement negativity between the collective spin and the bosonic

bath, we find it reaches a maximum bounded value of only N ≈ 0.42, which is to be expected

for a Gaussian state where negativity is bounded by the minimum squeezing eigenvalue shown

in Fig. 10.5 (1/2.22 ≈ 0.45). This lack of divergent entanglement negativity, coupled with the

complete collapse of the purity and the absence of spin-squeezing in theNESS, conclusively demon-

strates that while the interacting single spin-1/2 model stabilizes a true pure-state quantum phase

transition, its macroscopicmean-field analog is invariably driven into an effectively classical, highly

mixed state at criticality.

In conclusion, this chapter has demonstrated that soft Markovian dissipation can uniquely sta-

bilize a pure-state quantum phase transition in the driven-dissipative spin-boson model. In order

to establish the quantum nature of this phenomenon, we contrasted the single spin-1/2 impurity

against a macroscopic large-spin mean-field limit. By employing Keldysh field theory alongside

exact third quantization techniques, we showed that the macroscopic large-spin model invariably

collapses into a highly mixed state at criticality. This transition is dominated by purely classical,

thermal-like fluctuations that scale as 1/(Δ − Δ2). The absence of quantum spin-squeezing and

the strictly bounded bipartite entanglement negativity further corroborate this classical crossover.
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Consequently, the survival of a localized, pure steady state in the single-spin system represents a

non-trivial departure from the standard expectation that driven-dissipative interacting systems be-

have semi-classically.
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APPENDIX 10A

CHAIN MAPPING AND DISSIPATIVE LATTICE DYNAMICS

To facilitate numerical simulations and exact analytical treatments of the bath, we map the continu-

ous bosonic environment to a semi-infinite tight-binding chain. We apply the method presented in

Ref. [304] which derives the tight-binding coefficients for the chain using orthogonal polynomials.

While this method is inspired by the foundational numerical renormalization group (NRG) method

established by K.G. Wilson in Ref. [315], it allows us to handle any spectral density without the

discretization errors typical of standard numerics.

Figure 10A.1 Schematic picture depicting the spin-boson model with bosons subject to Markovian
loss. (a) The top panel shows the spin-boson model where the spin (two-level system) is coupled to
bosonic modes (solid circles). Bosons are subject to a mode-dependent loss, ^: = Al: , vanishing
with the frequency. (b) The bottom panel depicts the model in a transformed basis where the spin
is coupled to a bosonic lattice (open circles). The Markovian loss takes the form of single- and
correlated two-site dissipation. Figure adapted from Ref. [294].

In the absence of dissipation, the original Hamiltonian transforms into a nearest-neighbor in-

teracting model [304]

�̂ = −Δ
2
fG + fI

2
20(3̂0 + 3̂†0) +

∞∑
==0

l= 3̂
†
= 3̂= +

∞∑
==0

C= (3̂†= 3̂=+1 + ℎ.2.), (10A.1)
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where 3̂= (3̂†=) are the bosonic annihilation (creation) operators at site = of the lattice. For an Ohmic

bath with spectral function � (l) = 2cUlΘ(l2 − l), the parameters are defined as [304]

20 =

√
U

2
l2, l= =

l2

2

(
1 + 1

(1 + 2=) (3 + 2=)

)
, C= =

l2 (1 + =) (2 + =)
(3 + 2=) (5 + 2=)

√
5 + 2=
3 + 2=

. (10A.2)

Under the soft Markovian dissipation ^: = Al: , the dissipative superoperator can be mapped

into the same lattice basis. This transformation generates both single-site and correlated two-site

jump operators

!̂1,= =
√
^1,= 3̂=, !̂2,= =

√
^2,= (3̂= + 3̂=+1), (10A.3)

where the lattice decay rates are ^1,= = A (l= − C= − C=−1) and ^2,= = AC=, with C−1 ≡ 0.
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APPENDIX 10B

RESPONSE AND CORRELATION FUNCTIONS WITH MODIFIED DISSIPATION

In the numerical simulation of the driven-dissipative spin-boson model using matrix product states

(MPS) and the time-evolving block decimation (TEBD) algorithm, the primary computational bot-

tleneck is the unbounded local Hilbert space of the bosonic modes. To represent the state compu-

tationally, the local bosonic Hilbert space must be truncated to a large dimension 31.

In the 1D semi-infinite chain representation, the central spin couples directly and exclusively to

the first site of the bosonic chain (= = 0) in Eq. (10A.1). Consequently, the bosonic population at

this boundary site can become highly excited. Capturing the dynamics and the subsequent phase

transition accurately would require a prohibitively large 31 on this specific site, limiting the system

sizes and coupling strengths we can reliably simulate.

To alleviate this bottleneck and accelerate numerical convergence, we utilize a tweaked model

where the soft Markovian dissipation is turned off exclusively on the first bath site (= = 0). By

setting the local dissipation rates to zero at the boundary (^1,0 = ^2,0 = 0), we significantly relax

the required size of 31. Physically, because the = = 0 site remains strongly coupled via the hopping

amplitude C0 to the rest of the highly dissipative bulk, boundary excitations are rapidly transported

away, ensuring the central spin still experiences the effective Markovian environment.

In the following sections, we demonstrate that this local modification does not alter the funda-

mental qualitative nature of the Ohmic bath. Specifically, it preserves the characteristic asymptotic

1/C2 power-law decay of the bath’s temporal correlation functions.

10B.1 Third Quantization of the Bosonic Lattice

Turning off dissipation at = = 0 prevents us from representing the bath in terms of independent,

decoupled momentum modes. We instead employ algebraic third quantization techniques in the

bosonic operator space [159] to exactly solve for the bath correlations.

We consider a bosonic lattice of size !, and write the bosonic Hamiltonian (absent the coupling

to the spin) in a compact quadratic form as

�̂� = 3̂
† · H 3̂ , (10B.1)

146



where 3̂ = (3̂0, 3̂1, . . . , 3̂!−1)) is a vector of bosonic annihilation operators, and thematrix elements

of H are given by the standard tight-binding parameters of the mapped Ohmic bath in Eq. (10.23).

To construct the dissipative Liouvillian, we utilize the same single-site and correlated two-site

Markovian jump operators defined in Section 10.4, encoded by the dissipation matrix M and the

associated coupling vectors ;1,= and ;2,=.

It is important to emphasize the distinction between this setup and the one used in Section 10.1

(specifically for purity calculations). In Section 10.1, we constructed the (!+1) × (!+1) matrices

H′ and M′ to find the steady state of the coupled system (the bath plus the Holstein-Primakoff

boson). Here, we are explicitly characterizing the intrinsic memory kernel of the uncoupled bath.

Therefore, the matrices H and M used here are strictly of dimension ! × ! and do not include the

interaction 20 or the spin’s detuning Δ.

To analyze the exact nonequilibrium dynamics of the bath, we need a framework that treats

dissipation on the same footing as coherent evolution. We achieve this by mapping the density

matrix onto a doubled ‘‘Liouville-Fock’’ space. Physically, this allows the Liouvillian superoper-

ator L̂�, which governs bosonic part of the master equation to be diagonalized just like a standard

Hamiltonian.

In this doubled space, operators must be distinguished based on whether they act on the den-

sity matrix from the left (the ‘‘upper’’ or D branch), or from the right (the ‘‘lower’’ or ; branch).

To isolate the dissipative modes, we define a new set of superoperators following the notation in

Ref. [159]

3̂0 = 3̂
D
, 3̂

′
0 = 3̂

D∗ − 3̂;∗,

3̂1 = 3̂
;∗
, 3̂

′
1 = 3̂

; − 3̂D .
(10B.2)

While the primed operators are not the Hermitian conjugates of the unprimed operators (e.g.,

(3̂0, 9 )† ≠ 3̂′0, 9 ), they obey the canonical bosonic commutation relations, e.g., [3̂0, 9 , 3̂
′
0,: ] = X 9 ,: .

Because the Liouvillian is non-Hermitian, its left and right eigenmatrices differ, necessitating this

biorthogonal operator basis. With these definitions, the bosonic part of the Liouvillian takes the
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vectorized quadratic form

L̂� = 3̂
′
0 · (−8H − M∗) 3̂0 + 3̂

′
1 · (8H

∗ − M) 3̂1 . (10B.3)

We can even write this Liouvillian in a more compact form by introducing the 4! × 4! matrix

S such that

L̂� = 2̂ · S 2̂ − Tr{M}, (10B.4)

where 2̂ = (3̂0, 3̂1, 3̂
′
0, 3̂

′
1)) and S =

©­­«
0 −X

−X) 0

ª®®¬. The coupled coherent and dissipative dynamics

are entirely encapsulated within the central matrix X

X =
1
2

©­­«
8H∗ + M 0

0 −8H + M∗

ª®®¬ . (10B.5)

Assuming the matrix X is diagonalizable, we introduce the matrices P and � that satisfy XP =

P�, where � = diag{Δ1, ...,Δ2!} contains the complex eigenvalues of X. By transforming to the

eigenmodes Ẑ using 3̂ = (P) )−1 Ẑ and 3̂′ = PẐ ′, the Liouvillian is brought to a diagonal form

L̂� = −2
2!∑
A=1

ΔA Ẑ
′
A ẐA . (10B.6)

This final diagonal form is highly intuitive: the complex nonequilibrium bath has been exactly

mapped to a set of independent, non-Hermitian harmonic oscillators. The real parts of the complex

eigenvalues ΔA dictate the exponential decay rates of these collective modes, while the imaginary

parts represent their oscillation frequencies. Furthermore, the nonequilibrium steady state (NESS)

physically corresponds to the true ‘‘vacuum’’ of this doubled space. The unprimed normal modes

annihilate this vacuum (ẐA |NESS〉〉 = 0 and 〈〈I| Ẑ ′A = 0), mathematically ensuring that any transient

excitation created in the bath will eventually decay, relaxing the system back to its steady state.

10B.2 Exact Spectral Function and Asymptotic Decay

Using this diagonalized basis, we can compute the correlation function of the bath exactly.

We define the characteristic bath correlator using the local position operator at the boundary site,

-̂ (C) = (3̂0(C) + 3̂†0 (C))/2

� (C) = 2Ul2
2

〈
-̂ (C) -̂ (0)

〉
. (10B.7)
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Applying the third quantization mapping, � (C) is evaluated exactly in terms of the eigenvalues and

eigenvectors of the Liouvillian

� (C) =
Ul2

2

2

2!∑
A=1

[
(P) )−1

1,A + (P) )−1
1+!,A

]
P1,A4

−2ΔA C . (10B.8)

The real and imaginary parts of � (C) correspond to the symmetrized correlation function

�sym(C) = Re� (C) and the response function j(C) = Im� (C), respectively.
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Figure 10B.1 Bath characteristic correlator � (C) as a function of time with the parameters U =

1, A = 1/2, l2 = 10 and a bosonic lattice size of ! = 4000. The left panel shows the symmetrized
correlation function�sym

0/1 (C), and the right panel shows the response function j0/1(C). The subscript
0 indicates dissipation on all sites, while subscript 1 indicates dissipation is removed from the site
= = 0. Both models robustly maintain the 1/C2 asymptotic power-law decay.

When soft dissipation (^: = Al: ) is applied to all sites uniformly, this correlator must scale

asymptotically as 1/C2. To verify our tweaked model, we numerically construct the matrices for

extremely large bath sizes up to ! = 4000 while explicitly setting the dissipation rates on the first

site to zero (^1,0 = ^2,0 = 0). As shown in Fig. 10B.1, the exact diagonalization results conclusively

demonstrate that turning off dissipation on the first site does not alter the defining 1/C2 asymptotic

power-law decay of either the response or correlation functions. The primary effect of removing the

boundary site’s dissipation is simply a rescaling of the decay coefficients. Consequently, the long-

range temporal correlations necessary to stabilize the localization phase transition remain intact,

justifying the use of the tweaked model to achieve numerical convergence in the MPS simulations.
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