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ABSTRACT

THE SIMILARITY RENORMALIZATION GROUP AND FACTORIZATION
TECHNIQUES

By
Boyao Zhu

In this work, we explore the use of factorization techniques as a means to identify low-
rank structures in nuclear interactions and many-body methods, which we aim to leverage in
order to reduce computational cost and memory requirements of modern nuclear many-body
calculations.

Using the Singular Value Decomposition (SVD), we show that we can construct accurate
low-rank models of modern nucleon-nucleon interactions, and we develop a new variant of
the Similarity Renormalization Group (SRG), that allows us to evolve nuclear interactions
directly in the SVD-factorized form.

Next, We extend these developments to three-nucleon interactions, using randomized
SVD (R-SVD) algorithms to mitigate the impact of the much greater basis dimensions. While
we find evidence of low-rank structures in the three-nucleon interaction, we also identify
obstacles to a persistent rank reduction that we trace back to SRG-induced interactions.

Finally, we explore applications of the SVD for factorization and rank reduction within the
context of the In-Medium SRG (IMSRG). We develop rank-reduced IMSRG flow equations,
which, while promising, still pose computational challenges stemming from the treatment of
the so-called particle-hole terms. As a first step towards tackling this problem, we perform
a detailed breakdown of the scaling and importance of all contributions in the IMSRG flow
in applications for a schematic model as well as infinite neutron matter based on realistic

interactions from chiral Effective Field Theory.



Acknowledgements

I extend my deepest gratitude to all those who have provided unwavering support and
encouragement throughout the completion of my dissertation in the field of computational
physics. Their invaluable assistance has been instrumental in turning this academic
endeavor into a tangible reality.

First and foremost, I express my profound appreciation to my esteemed supervisor,
Prof. Heiko Hergert, whose expert guidance and profound insights have been invaluable
throughout this research journey. His unwavering encouragement and belief in my abilities
have been a constant source of motivation and inspiration.

[ am also immensely thankful to the esteemed committee members, Prof. Scott K
Bogner, Prof. Sean N. Liddick, Prof. Mark Iwen, Prof. Matthew Hirn, and Prof. Longxiu
Huang from the Department of Physics and Center of Computational Mathematics,
Science, and Engineering at Michigan State University. To Prof. Huang, I warmly welcome
your involvement and eagerly anticipate benefiting from your expertise in the final stages of
my work.

Gratitude is extended to my colleagues Jacob Davison, Roland Wirth, and Jiangming
Yao for their engaging discussions and insightful ideas. Their diverse perspectives have
enriched my understanding of the subject matter and made this academic journey all the
more rewarding.

I would like to express my deep appreciation and send my best wishes to my cohort for



their constant spiritual support and companionship during this journey. To each member,
including Hao Lin, Xingze Mao, Tong Li, Mengzhi Chen, Avik Sakar, Zhite Yu, Omokuyani
Udiani, Xiaoyi Sun, Zhouyou Fan, Rui Zhang, Kang Yu, Shuyue Xue, Ruixin Zhang,
Lijiang Xu, Siyuan Ma, Min Feng, and anyone I met, your unwavering presence and
encouragement have meant the world to me, and I am truly grateful for your invaluable
support.

I would be remiss not to express my heartfelt thanks to my family for their unwavering
support and belief in my abilities. Their love and encouragement have been a constant
source of strength throughout the ups and downs of this scholarly pursuit.

Finally, my appreciation goes to all the participants who contributed to this research,
making it possible to achieve profound and meaningful outcomes.

With profound gratitude to all who have played an integral role in my academic

journey, I am sincerely thankful for their invaluable contributions and encouragement.



Dedication

Will insert upon submission



Introduction or Preface

Insert your preface text here if applicable. This page is optional, you may delete it if
not needed. If you delete this page make sure to move page counter comment in thesis.tex

to correct location.



TABLE OF CONTENTS

Acknowledgments . . . . . ... v
Dedication . . . . . .. .. \%
Introduction or Preface . . . . . .. ... ... . . . ... ... ... vi
I Preliminaries 1
Chapter 1 Introduction to ab initio Nuclear Many-Body Theory . . . . .. 2
1.1 The nuclear many-body problem . . . .. ... ... ... ... .. ........ 2

1.2 Interactions from Chiral Effective Field Theory . . . . ... ... ... ... ... 4
1.3 Elements of Many-Body Theory . . . . .. ... ... ... ... .. ... ..., 8
1.3.1 Many-Particle Spaces and Basic Concepts . . . ... ... ... ..... 8

1.3.2  Occupation Number Representation . . . ... ... ... ... ... ... 12

1.3.3 Creation and Annihilation Operators . . ... ... ... ... ... ... 12

1.3.4 Number Operator . . . . ... ... ... ... ... .. . 16

1.3.5 Anti-Commutation Relations . . .. ... ... ... ... ......... 17

1.3.6  The Fermi Vacuum . . . . ... ... ... ... ... .. ... . .... 19

1.3.7 Normal Ordering and Wick’s Theorem . . ... ... ... ... ..... 21

1.3.8 Hamiltonians and General Observables in Second-Quantized Form . . . 27

1.3.9 Full Configuration Interaction Theory . . . . ... ... ... ... .... 31
Chapter 2 The Similarity Renormalization Group . ... ... ... ... ... 35
2.1 Flow Equation . . . . ... 36
2.2 SRG Decoupling . . . .. .. ... 38
2.3 Evolution of Nuclear Interactions . . . . ... ... ... ... ... ........ 41
2.4 Induced Interactions . . . . . . . . .. .. . 48
Chapter 3 The In-Medium SRG . . ... .. ... ... ... ... .......... 52
3.1 The Role of Normal Ordering . . . .. ... ... ... .. ... .......... 52
3.2 In-Medium SRG Flow Equations . . ... ... ... ... ... .. ........ 54
3.2.1 The IMSRG(2) Scheme . . . ... ... ... .. .. 54

3.2.2  Computational Scaling . . .. ... ... ... .. o 57

3.3 Decoupling . . . .. ... 57
3.4 Generators and Decay scales . . . . . ... ... L 61
3.5 Magnus Formulation of IMSRG . . .. ... ... ... .. ... ... ....... 63
Chapter 4 Factorization Techniques . . ... ... ... ... ... ... ...... 67
4.1 Singular Value Decomposition . . . . ... . ... ... .. L 67
4.2 Randomized SVD . . . ... ... 68

vil



4.3 Power Iteration . . . . . . . . . 71

4.4  Algorithms for Low-Rank Approximation via Randomized SVD . . . . .. . .. 72

II Factorization in Few-Body Systems 75
Chapter 5 SVD-SRG evolution in Two-Nucleon Interactions . . . ... ... 76
5.1 Free-Space SRG . . . . . . . 7
5.2 SRG evolution of SVD factors . . . ... ... ... ... ..o 79
5.3 Applications in the Two-Nucleon System . . ... ... ... ... ........ 83
5.3.1 Momentum Discretization and Conventions . . .. ... ... ... ... 84

5.3.2 Singular Value Spectra of Nucleon-Nucleon Interaction . . . . . ... .. 85

5.3.3 SVD-Based SRG Evolution . .. ... ... ..... ... ... ...... 96

5.3.4 Harmonic Oscillator Basis . . . .. ... .. ... ... ... ... ..... 101

5.4 Transformation to the Laboratory Frame . . ... ... ... ... .. ...... 103
5.5 Many—Body Calculations . . . . . ... ... ... .. .. ... 107
5.6 Conclusions and Directions for Future Research . . . ... ... ... ... ... 111
Chapter 6 SVD-SRG for Three-Nucleon Interactions . .. ... ........ 113
6.1 Three-Body Basis States . . .. .. .. ... ..o 113
6.2 SRG Evolution in the Three-Nucleon System . . .. ... ... ... ... ... 117
6.3 Singular Value Decomposition of 3N Interactions . . . . . ... ... ... .... 123
6.4 Randomized SVD on Three-Body Interaction . . . ... ... ... ... ..... 125
IIT Factorization in Many-Body Systems 130
Chapter 7 SVD and IMSRG . . ... .. .. ... ... ... . . ... 131
7.1 The IMSRG(2) in Rank-Reduced Form . . ... ... ... ... ... ..... 132
7.2 Computational Scaling . . ... ... ... ... 140
Chapter 8 SVD-IMSRG for Schematic Models . . . . ... ... ... ...... 142
8.1 The Schematic Models . . . ... ... ... .. . 142
8.1.1 The Pairing Model . . . . ... ... ... 142

8.1.2 The Pairing plus Pair-Breaking Model . . . . . . .. ... ... ... ... 147

8.2 SVD-IMSRG(2) for the Pure Pairing Model . . . . ... ... ... ...... 148
8.3 SVD-IMSRG(2) for a Pairing plus Pair-Breaking Model . . .. ... ... ... 153
Chapter 9 SVD-IMSRG for Infinite Matter . . . . . ... ... ... ....... 159
9.1 Preliminaries . . . . . . . . . .. 159
9.1.1 Single-Particle Basis for Infinite Matter . . . . . .. ... ... ... ... 159

9.1.2 Two-Nucleon Interaction . . . . . ... ... ... ... ... .. ... ... 162

9.2 SVD-IMSRG(2) for Infinite Matter . . ... ... ... ... ... ......... 165

Chapter 10 Block Structures and Further Development of SVD-IMSRG . . 169

viii



Chapter 11 Conclusion and outlook . . .. ... ... ... . .............

References

X



Part 1

Preliminaries



Chapter 1

Introduction to ab 2nitio Nuclear

Many-Body Theory

The aim of theoretical nuclear physics is to accurately describe the structure and dy-
namics of atomic nuclei. Over the past decade, new developments in many—body theory, in
particular new insights into the nuclear interactions and rapid growth of many—body tech-
nology, has greatly expanded the capabilities of ab initiol [21, 40] nuclear structure and

reaction theory in low—energy nuclear physics.

1.1 The nuclear many-body problem

Nuclear structure and dynamics are governed by the time-independent and time-dependent

many-body Schrodinger equations,
H |V = B |0 (1.1)

and

. d
(1) = HIB(0)) (1.2)

LThis means ”from first principles”, i.e., starting from interactions between constituent nucleons and
deriving all other observables from there



respectively. The main task of nuclear many-body theory is to provide precise and accurate
solutions to these equations. Here, |\IJI’:}) denotes the k-th eigenstate of the system with eigen-
value E},, and |¥(t)) is a general time-dependent state describing the target and projectile(s)
in a nuclear reaction.

The nuclear Hamiltonian H arises from the modeling of the strong interaction at low

energy using nucleonic degrees of freedom

H:T+V[2]+V[3]+... (13)

T denotes the (intrinsic) kinetic energy, and VI[2] and VI3l are two-nucleon (NN) and
three-nucleon (3N) interactions, systematically constructed from chiral effective field the-
ory (YEFT), see Section 1.2, where YEFT is a systematic framework for describing the
strong interaction at low momentum, using pions and nucleons as degrees of freedom, and
incorporating the chiral symmetry of Quantum Chromodynamics . Before then, many phe-
nomenological potentials, such as Argonne and CD-Bonn 2, describe nucleus from the bottom
up by solving the Schrodinger equation.

Nuclear many-body physics, when trying to solve Schrodinger equation, faces two major
challenges. The first is that the nuclear forces between nuclei cannot be directly derived from
QCD, the underlying theory of strong interaction. The second major challenge of nuclear
theory lies in the difficulty of obtaining accurate results in an efficient way, due to the fact
that the many-body Hilbert space grows in a combinatoric way as the number of particles

increases. Thus, an exact diagonalization of the nuclear Hamiltonian, referred to as a no-

2they are rooted in pion or boson-exchange pictures to some degree, and give a very precise and accurate
fit to NN scattering data, but lack the more systematic underpinning of chiral EFT, especially when it comes
to consistent 3N (and higher) forces, as well as other operators like transitions and currents.



core Full Configuration Interaction (FCI) calculation, scales exponentially with the number

of particles A, and quickly becomes unfeasible as A increases.

1.2 Interactions from Chiral Effective Field Theory

Efforts to construct a fundamental theory of the interaction between nucleons date back
as far as eight decades. With the discovery of the neutron by Chadwick [17] in 1932, it
became evident that the atomic nuclei are built up from protons and neutrons. The concept
of strong nuclear interactions was first introduced by Heisenberg [36], in order to explain why
electromagnetic forces cannot bind the nucleus together. In 1935, the meson exchange theory
by Hideki Yukawa [111] suggested that the nucleons create the force by exchanging particles
between each other, in analogy to the theory of the electromagnetic interaction where the
exchange of the particle, known as photon, is the cause of the force. By the 1960s, the
systematic measurements of nucleon-nucleon (N N') observables and phase shift [90] analysis
had revealed the existence of a repulsive core, an attractive intermediate- ranged force, as
well as strong tensor and spin-orbit forces [66], see Figure 1.1. Yukawa’s meson exchange,
which included these features was an excellent phenomenology [65] for describing nuclear
interactions. However, with the rise of Quantum Chromodynamics (QCD), we desire to
understand nuclear interactions on a more fundamental level.

Within the Standard Model of particle physics, QCD provides the theoretical for describ-
ing the strong interaction, while nuclear interactions are considered as residuals of strong
forces. According to the theory, the fundamental degrees of freedom are quarks and gluons,
which carry an abstract color charge. Quarks interact via gluon exchange, but unlike other

exchange particles, gluons also can also interact with themselves, because QCD is a is a
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Figure 1.1: The Argonne V18 [109] nuclear potential in coordinate (left) and momentum
(right) representations [41]. In the left panel, the radial dependencies of the central (V),
tensor (V) and spin-orbit interactions (V7,g) in the S = 1,7 = 0 spin- and isospin-channel
are shown, while the right panel shows its momentum space matrix elements in the deuteron
partial waves.

non-Abelian gauge field theory. A consequence of this is that the QCD coupling constant
becomes weak at high energies, a property that is referred to asymptotic freedom. Thus,
QCD processes at high energy and momentum transfer can be described with perturbative
methods. At low energies, where nuclear physics resides, the QCD coupling is large and the
theory is inherently non-perturbative. The main approach for performing non-perturbative
calculations in this regime is Lattice QCD (LQCD), which simulates QCD processes on a
discrete space-time lattice. However, the range of applications of LQCD is limited due to
the enormous computational cost, as well as algorithmic challenges, in particular related to
extracting meaningful results from a noisy signal.

Therefore, QCD calculations of finite nuclei are not feasible, and even a direct derivation



of nuclear forces from QCD is extremely challenging.

In the 1980s, Steven Weinberg applied the concepts of effective field theory (EFT) to de-
velop a systematic and model-independent treatment of low-energy QCD that also accounts
for the spontaneously broken chiral symmetry (see [101-103] for more detailed discussion),
with pions and nucleons as effective degrees of freedom. This chiral EFT (yEFT) is estab-
lished through a low-momentum expansion and is valid only at low energies, suppressing
high-momentum contributions by introducing regularizations. According to Weinberg, one
can construct effective Lagrangians that consist of all interactions that are consistent with
the symmetries of low-energy QCD and organized by an expansion in powers of (Q/A).
Here, @) is a typical momentum of the interacting system, and A is the so-called breakdown
scale of the theory. Applying this Lagrangian to a certain process, an infinite number of
Feynman diagrams appear, but they can be organized according to the power counting in
(QA), as shown in Figure 1.2. These interactions consist of (multi-)pion exchanges between
nucleons, denoted by dashed lines, as well as nuclear contact interactions. While the chiral
interactions [15] constructed in this framework are nowadays the de facto standard input to
ab initio many-body calculations, open challenges remain.

Because the typical cutoffs A for YEFT interactions are lower than those of phenomeno-
logical interactions like AV18 and CD-Bonn [64], they tend to be better behaved in ab initio
calculations and results converge more rapidly. However, such calculations are still compu-
tationally heavy. Merely using an even lower cutoff to obtain even softer YEFT potentials is
problematic, because it will eventually affect their accuracy [50]. To solve this problem, we
perform renormalization group (RG) evolutions of the nuclear interaction, which “soften”
them while preserving relevant physical information. RG methods are natural colleagues to

any EFT, since they allow us to dial the EFTSs resolution scales, and are (in principle) able
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Figure 1.2: Hirarchy of nuclear forces at increasing orders up to N4LO in chiral expansion
arranged by the particle rank of the interaction in the Weinberg scheme [23]. Solid and
dashed lines refer to nucleons and pions, respectively. Solid dots, filled circles, filled squares,
filled diamonds, and open squares refer to vertices from the Lagrangian of dimension A =
0, 1, 2, 3 and 4, respectively.




to event connect theories with different degrees of freedom [59, 60].

1.3 Elements of Many-Body Theory

Let us now review some of the essential ideas of many-body theory that will become
relevant in later chapters. We will keep the discussion light on mathematical details and

refer to Refs. [25, 81, 88] for details.

1.3.1 Many-Particle Spaces and Basic Concepts

In nuclear physics, we are solely dealing with systems of fermions, protons and neutrons,
which are usually regarded as identical particles with a different isospin quantum number
when dealing with the strong interaction. In coordinate representation, an abstract one-

particle state |7) has the following wave function,

i) = (2 ]d) (1.4)

where Z = (7, s,t) denotes the spatial (7) and internal coordinates (spin s, isospin ¢). The

overlap of two single-particle states is easily obtained using the identity resolution

1= fd:?: 1) (7] (1.5)

where 1 designates the identity operator in the product of the coordinate and internal

space(s) and the integral symbol indicates the integration over the 3 dimensional Euclidean



space and the summation over discrete internal variable(s). Thus
(i) = [ di (ila) (1) = [ dif (@) (0)

where (i|Z) and (Z]i) are complex conjugates. We typically work in single-particle bases

that are orthonormalized, so that

(i]7)=0;5. (1.6)

Any single particle state (%) = (Z]1) can be expressed as a linear combination of the

vectors in a complete basis {¢; };eN
V() = Zcigoi(f) (1.7a)
1

or

¥) = Yeili) (L.7h)

where the summation generally extends over the full basis. The expansion coefficients ¢; are

given as

ci=(il0) = [ di o} (@) (@) (1)

where the resolution of identity has been used again, Eq. (1.5). A complete orthonormal
basis {|i)} or {;(Z)} could thus be regarded as a basis for a one-particle Hilbert space V7.3

Consider next a system of N identical fermions, e.g., a system of N nucleon. Its state

3Technically7 the states |i) and {¢;(Z)} are different vector spaces, with the former being abstract while
the latter being a product of square-integrable functions with a spin-isospin spinor space. However, these
spaces are merely related by a natural isomorphism, as indicated in Eq. (1.4) and we thus use the identical
symbol V; for both. The same convention will be used for corresponding many-particle spaces.



space JF s can be interpreted as an antisymmetric outer product of N single-particle Hilbert

spaces

Fn = AVy (1.9)

where A denotes the so-called antisymmetrizer, i.e., the projector onto the totally antisym-

metric subspace of V), and

Vy=VieV eV =V

N-times

The product space Vs consists of many-body states where none of the particles are inter-

acting with each other, i.e., simple product states of the form

0iy (1) ® iy (T2) ® - ® 0\ (ZN) (1.10a)

or

li1) ®lig) ® - ®|in) - (1.10b)

For compactness, this is usually written as

@iy (21)ig (Z2)-0iy (ZN) (1.11a)

or

li1) li2) -+ |in) = lirigin) (1.11b)

10



A general normalized basis vector in Fr can be constructed from the single-particle basis

as

D) = VNIAliyig-iy) (1.12)

where K designates the index set
K ={iy,ig, iy} (1.13)
The antisymmetrizer A has the explicit form

A=(NDTH S (~)m(P)p (1.14)
PeSpy

where the sum extends over N! permutations P that constitute the symmetric group Sy,
7w (P) is the signature of P — i.e., the number of pairwise permutations it consists of — and
(-1)7(P) is referred to as the parity of P. Antisymmetrized product states of the form (1.12)
are also referred to as Slater determinants as well as basis configurations in the following.
The configurations |® ) form a basis of the N-particle space Fys so that a general state of

any many-fermion system can be expanded as follows:

W) =) e [Pg) (1.15)
K
where
CK=<q)K|\I/> . (1.16)

The single-particle states appearing in K are said to be occupied in this configuration while

those not present are said to be unoccupied.

11



1.3.2 Occupation Number Representation

To uniquely specify any given basis configuration, we need to specify a fixed ordering of
the single-particle basis states, e.g., such that indices are in ascending order, and we need
to know which single-particle states are occupied and which are not in [® ). We can then
introduce the occupation number representation, where a given |® ), can be uniquely defined

as

[Pxc) =K1, 2, i }) = [ning-ny--) (1.17)

where for fermionic systems the occupation number n;. for any configuration can only take
on two values, 0 and 1. Clearly, nj =1 if |i.) is occupied in |® g ) for i € K.
For example, a five-particle state |[{iq,79, -, i5}) with iy =0, i5g = 1, i3 =4, iy = 7 and

15 =9, has the occupation number representation

|®o1479) =1{0,1,4,7,9}) = |110010010100---0---) . (1.18)

As we can see, the index-based notation for fermionic systems is usually more concise than
the occupation number notation. The latter, however, reveals that basis configurations can
be represented as bit strings. This is very convenient for numerical implementation, in
particular for implementing the action of particle creation and annihilation operators, which

will be discussed in the next subsection.

1.3.3 Creation and Annihilation Operators

We are now in the proper position to introduce the time-independent operators a; and

t

a;, which annihilate and create a particle in the single-particle state |7}, respectively. We

12



define the action of a fermionic annihilation operator as follows:

a; |{ijagsin}t) = iz, 73-in}) i i ¢ {j2.j3,In} - (L19)

a;\{j17293an}) =0 if i ¢ {j1,72,73, N} -

The annihilation operator annihilates a particle in the state ¢ assuming there is a particle
present, i.e., the state ¢ is occupied (and distinct from all other occupied states). If there is
no particle in that state, the annihilation operator makes the whole N-particle state vanish.

In the first equation of Eq. (1.19) we have made an assumption that the state i occurs
at the first position in the configuration for simplicity. If this is not the case, we can use the

antisymmetrization of the fermionic state to obtain

[{ivigizia— in}) = (1™ {j1jagsia in}) (1.20)

where (—1)77(P) is the parity of the permutation P that reorders the set {i1,1s,...,i} into

the set {J1,J92,...,jn} . For example

a; [{ijkl--}) = {jkl---})
aj |[{jikl---}) = a;(=1) {ijkl---}) = = [{jkl--})

a; [{jkil-+-}) = a;(=1)* [{ijkl-}) = |{jkl-}) .

With a fermionic state in the occupation number representation one can write Eq. (1.20) in

the following compact form

a; [nyng-ng) = (<1)*Ong ngngen; = 1) (1.21)

13



where s(i) is the number of occupied states that are preceding the state i, which is also
equivalent to the number of pairwise permutations that are needed to move the state ¢ from

its position to the first position:

s(i) =) ng (1.22)

k<i
Now before introducing the creation operator, we first have to define a vacuum state |@),

which is also referred to as a true vacuum state since all single-particle states are unoccupied:

) = 0000-+-0--) (1.23)

This implies

a; @) =0 (1.24)

for any single-particle state, as well as

a;li) =)
(1.25)
a;lj)=0  ifizj.

Now we can introduce the creation operator by simply defining it as the Hermitian adjoint

1

of the annihilation operator. Let us see what will result when aG; acts on the vacuum state

|&) and we take the Hermitian conjugate:

ailiy=lo) — (ilal = (a]. (1.26)

14



It then follows when forming the scalar product with |@)
(ilal o) = (@ @) = 1. (1.27)

Recalling the completeness and orthonormality of the single-particle states, Eq. (1.27) also
indicates that

al @) = |i) . (1.28)

In general, when the creation operator acts on an N—particle state (including |@) in case N =
0) it yields an (N+1)-particle state, assuming the created state was not occupied initially.
If the created state was occupied initially, we will obtain zero due to the antisymmetrization

property.
&j {irjein}t) = Hijije—in}t) ifi¢{j1,d2,in},
(1.29)
d}|{j1j2"'jN}>:0 if i € {j1, 72, N} -
Thus, the second quantization formalism naturally accounts for the Pauli exclusion principle,
which prohibits two fermions from occupying the same single-particle state.

In general, we can express the action of the creation operator on a state in occupation

number representation analogous to Eq. (1.21) as
dl nyng-ng-) = (<1)*O(1 - n;) [ngng-- ng + 1) (1.30)

where s(7) is again give by Eq. (1.22)

15



1.3.4 Number Operator

Using the definitions of the creation and annihilation operators, we can define the number

operator as

Ni=ala;. (1.31)

This operator conserves particle number and it is Hermitian:

NT = (afay)t =ala; = ;. (1.32)

) )

The effects of the operator &;[ELZ- on an arbitrary N—particle state have to be differentiated
into two cases, namely the case (1) of |i) being occupied and the case (2) of |i) not being
occupied in the N-particle state. When Ni acts on an N-particle state |® g ) where i € K

we obtain

&Idi Pp) = &}dz‘ {J1d2: =11 Jn+1--JN})
= ala;(-1)""  [{i j1jor+dn-1dne1-in )

= (—1)"_151;f {J1J2 Jn-1n+1IN })

(1.33)
= ()" [{i j1jodn-1dns1dN )
= (-2 |{jrd2dn-1 1 dns1-dN )
= [®k) -
When Nj; acts on an N-particle state |® g ) where i ¢ K, we get
ala; | ) =0. (1.34)

16



We can combine the results (1.33) and (1.34) by writing
ala; |Prc) = ni |Pgc) (1.35a)

or

1

a; a;ning--ng-) = njning--n;-) . (1.35Db)

Thus, the state in number occupation representation is an eigenstate of NZ with eigenvalue

n;. Now we define the total number operator as the sum of all possible number operators

N=Y K=Y ala;. (1.36)

Its eigenvalue for an arbitrary occupation-number state is equal to the total number of
particles in that state:
N|CI)K>=N|(I)K), N:an (137)
1

1.3.5 Anti-Commutation Relations

The fermionic creation and annihilation operators introduced above obey the so-called

canonical anti-commutation relations: For arbitrary single-particle states ¢ and j, we have
{al,a;} = ala; +ajal =65, (1.38)

{a;,a5} =0, (1.39)

17



and

{af.al}=0. (1.40)

Note that the relations (1.39) and (1.40) imply that
a2 =(ah? =0, (1.41)

which again reflects that there can be at most one fermion in a given single-particle state,
as demanded by the Pauli exclusion principle.

These anti-commutation relations impose a particular structure on the overlap of fermionic
many-particle states. For example, let us calculate the overlap of a pair of two-fermion states

<q)” | q)kl)v where 2,7 # k, [:

(@ @p) = ({ig} | (k1Y) = (@l asajalal o) (1.42)
= (2]ai(6; —alaj)al o) (1.43)
= §;1, (2 &l |2) — (2dzal azal o) (1.44)
= 3 il - (2l sl (5, - afa;) o) (1.45)
= 81011 — 0, (2 ;! ) + (2l aal ala; o) (1.46)
= 030 - 0 (il [K) + (ol asatiia; o) (1.47)
= (5jk<5il - (5ﬂ(5ik , (1.48)

where we have used the orthonormality of the single-particle states, (i|j) = d;5. We note that
the final expression is antisymmetrized under permutations in the bra (i < j) and (k < ).

For states with N particles, we analogously obtain antisymmetrized products of N Kronecker
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deltas.
The calculation of the overlap illustrates the overall strategy for evaluating expectation
values of strings of creation and annihilation operators: The goal is to shift the annihilator

operator to the far right until it acts on the vacuum state, and apply the “killing condition”

S

(1.24) to make terms vanish for good. Along the way, we can also exploit that (@|a; = 0,

which follows from Eq. (1.24) by taking the Hermitian adjoint.

1.3.6 The Fermi Vacuum

In many-body calculations, it is often convenient to organize the many-body basis in
terms of excitations of a non-interacting fermionic ground state |®p). One then refers to
this Slater determinant state as the Fermi vacuum in order to distinguish it from the true
vacuum |@). In the ground state of a non-interacting fermionic many-particle system, the
occupied states are usually the energetically lowest available single-particle states. We can
then introduce the so-called Fermz level as the occupied single-particle state with the highest
energy, and refer to its energy as the Fermi energy ep. The single-particle basis can now
be divided into unoccupied or particle states with € > e, and occupied or hole states with

€ < ep. With these conventions, we can write the Fermi vacuum as

@) ( I1 &;’) ) (1.49)

where the index i designates different single-particle states up to the Fermi level.
Let us now modify our notation a bit and reserve ranges of indices for particular kinds

of single-particle states?. We use letters ijkl-- for states below the Fermi level (holes) and

4The convention used in the following originates in quantum chemistry, see [88], for example.
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0,7, k,... hole state
a,b,c,... particle state
p,q,7,... generic state

Table 1.1: Single-Particle Labeling Convention

abcd--- for states above the Fermi level (particles), while general single-particle state are
indicated by letters pgrs--- (cf. Table 1.1).

As suggested above, we can now write a given one—particle-one-hole (1plh) state as
[B9) = aha; [Do)

a (2p2h) state as

and a general (ApAh) excited state as

Tatal

@60 ) = dddy d--apaja; |Bo) - (1.50)

We also see that
al |®p) =0, (1.51)
Ga|Po) =0, (1.52)

because a creation operator can not create a particle under the Fermi level since the state
was occupied in |®g), and an annihilator cannot destroy a particle above the Fermi level

since there are no particles present.
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1.3.7 Normal Ordering and Wick’s Theorem

Next, we introduce the idea of normal ordering the Hamiltonian with respect to the

vacuum state |@). For two arbitrary creation or annihilation operators, we define
[
XY ={XY}+ XY, (1.53)

where the first term on the right {---}° designates the normal-ordered product operator, and
the brace indicates the contraction of X and Y.

The normal-ordered operators are defined as the product of the same operators whose
ordering is rearranged in such a way that all the creators are to the left of all the annihilators,
keeping only the signs from anticommuting the operators, but not the Kronecker delta from

Eq. (1.38), which is taken care of by the contraction. For example. we have

{a;f)aqa;[} = {—a};a:[aq} = aia;gaq.

It is obvious that the expectation values of arbitrary normal-ordered operators with respect

to the true vacuum |@) must vanish
(2| {a)y-aq}|2) = 0, (154)

because the rightmost operator will always be an annihilator that kills the vacuum.

For the contractions, we have four elementary combinations:

This is to be distinguished from the anti-commutator {X,Y}.
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1. X=ap, Y-=agq

—
apaq = apaq — {apaq} = apaq = apaq =0, (1.55)
2. X:a;;, Y:ag:
-
o ol by =l -l =0 1
3. X=a;g, Y =agq:
—
a;gaq = a;gaq - {a;r,aq} = a;gaq - a};aq =0, (1.57)
4 X=ap, Y=al
—
apa} = apal ~ {apal} = apal + aay = {ap,al} = 5. (1.58)

In the first three cases, the operator string is already in normal order, so it makes sense that
the contractions vanish. In the fourth case, (9| {apanr} |&) = 0 implies that the contraction is

equal to the vacuum expectation value of the operator,
M1
(2| apal |2) = apal (2| 2) | (1.59)

which vanishes unless (reading from right to left) we create and then annihilate a fermion in
the same state p.

The generalization of these considerations to longer strings of creators and annihilators is
provided by Wick’s theorem [88, 107], which provides a convenient algorithm for expanding

an operator string in products of normal-ordered operators and contractions as follows:

Xy Xy ={X1-Xn}
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+ X1 X {Xg- Xy} - X1 X3 (X X4 Xy}
+ all other single contractions

+ (XTXzX:T)Q - )&3@4) {X5-Xn}
+ all other double contractions

+ all triple contractions

+all full contractions. (1.60)

Here we have assumed that the string consists of an even number of operators, so that it
can be fully contracted.
For example,

a;r,ajlasaT = {a;r)al;asar} (1.61)

because the operator is already in normal ordered form and all contractions vanish in this

case. Another example is

o1

- aTal {alaq} + CECLE {G;[aq} + C;al {alap} - C;al {a:[ap}

NS SANA SN NS,
+ aparagls — Apgtgly

=~ Opr {azaq} + Ops {aiaq} +0gr {alap} —0gs {alap}

A very useful corollary of Wick’s theorem exists for products of normal-ordered operators
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(see [41, 107]):

{ X1 XN {Y1- Yo} ={ X0 XN V1Yo )
+ XY 1 { X1 X1 Yo Y} - X Yo { X1 Xn_1Y1Y3- Y}

+ all other single contractions

+ all other double contractions

+ all triple contractions

(1.63)

We can expand the product by pairwise contracting one operator from each of the strings.
It is easy to see that if there are N operators in the first and M operators in the second
string, the expansion will contain products of length [N — M| through N + M. Products of

three or more normal-ordered operators can be evaluated by using Eq. (1.63) recursively.

As examples, we evaluate

—
{%T?aq}{a;[as} ={aztaia8aq} + aqal{“;gas}

:{a;)a;[asaq} + 5q7’{a};as} (1.64)

and

{apaq}{aial} == {a:ﬁalaqap}

M M M M
- aq&i{gzap} + aqal{aiap} + apai{aj;ap} - apal{a;[ap}
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A SRS SR ANA SAA |
+ AqUrapas — ApyGgag

= - {a}alaqay)
~ Sgr{abap} + 0gs{atap} + Op{abap} - Ops{atap}

+ 8qrBps — Oprdgs (1.65)

We now turn to define the normal product of operators with respect to the Fermi vacuum
|®g) in an analogous way as for the vacuum |@). As discussed in Section 1.3.6, the killing
condition for |®g) turns into two separate conditions for hole and particle states, Eqs. (1.52)
and (1.51). To make the analogy with the true vacuum, we can introduce new creation and

annihilation operators for the Fermi vacuum by defining

b =a; (1.66a)
bi=al (1.66b)
bl = al (1.66¢)
ba = aq (1.66d)

where ¢ and a denote hole and particle indices, respectively, as introduced in Sec. 1.3.6.
Equation (1.66a) states that annihilation of a fermion in the state i below the Fermi level is
equivalent to creating a hole in the Fermi vacuum. Similarly, creating a particle in the state
i below the Fermi level is analogous to destroying a hole in Eq. (1.66b). For the unoccupied
states above the Fermi level the creation and annihilation operators remain unchanged.

Since the killing condition in the new creators and annihilators is once again simply given
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by |@g) = 0 (1.67)

for all single-particle basis states, the discussion of the elementary contractions is exactly

the same as above, and the only non-vanishing contraction is

1

Reverting to the original operators, this means for particle indices that

My
bab] = aqa) =, (1.69)
and for hole indices
I
blb; = al.taj = 52] . (170)

We can generalize these contractions to arbitrary single particle states with the help of

occupation numbers: Then

—
apay = (1=11)0pq (1.71)
C@q = NpOpg - (1.72)
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1.3.8 Hamiltonians and General Observables in Second-Quantized

Form

Let H be a general Hamiltonian for an A-body system, consisting of up to three-body
interaction terms:

=y g2l g3l (1.73)

In this work, we will consider both schematic Hamiltonians (usually without three-body
parts) and realistic nuclear Hamiltonians consisting of kinetic terms as well as two- and

three-body interactions, for which

il -l (1.74)
o2l - 7l2] 2] (1.75)
Bl -yl (1.76)

There are one- and two-body kinetic energy terms because we will be using the intrinsic

kinetic energy

-9 A = =

1 p; 1 Pi - DPj
Ting=T-Tem=(1-— 4 - = : 1.
int cm ( A);Zm Ag:j m ( 77)

Note that A is generally to be understood as a particle-number operator [38], although this
subtlety doesn’t matter when we work with Hilbert spaces with fixed particle numbers as in
this work.

In second-quantized form, we can write the individual contributions in normal ordering
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with respect to the true vacuum as

= > (pl T |g) abag, (1.78)
pq
1

HP = = 5 (pg| i |rs) alalasay (1.79)
4pq7“8
1

HBl = — > (pgr| nl3] |stu)a§,a$aiauatas (1.80)
36 pqrstu

(note the usual convention for the index ordering in the matrix elements and the annihilation
operators). Here, we have assumed that the matrix elements defining the two- and three-

body terms are antisymmetrized and obey

(pal W1 |rs) = —(qp| W1 |rs) = — (pa| W12 |sr) = (qp| L2V |sr) | (1.81)

(par] W3 |stu) = (grp| k13 |stu) = (rpg| h13] |stu)

—(qpr| W) |stu) = — (prq| A3 |stu) = - (rgp| BT |stu)

. (additional permutations) (1.82)

Using a single Slater determinant |®) as the reference state, we can use Wick’s theorem

(cf. Section 1.3.7) to express the Hamiltonian in terms of normal-ordered operators:

H=F+ prq{apaq} + = Z qurs{apaqasar} +— 36 > qurstu{a;ga:gaiauatas}. (1.83)
PCITS pqrstu

To obtain the individual normal-ordered contributions in Eq. (1.83), let us first look at the
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one-body term (1.78):

HI =S (p|n |g) a};aq =3 (p|hll |g) ({a;gaq} + ”p5pq)
pq pq

= > (el Jg) {afag} + 3 (oA [p) my
Pq p

= > (ol b ) {abag} + 3 (il 1 i) (1.84)

pq

Thus, we obtain contributions to the normal-ordered zero- and one-body parts.
For the two-body operator (1.79), Wick’s theorem (1.60) yields
a;ga:gasar = {a;r,a:gasar}
] T T T

M+ M+ +1 M+ 1
+ {a;,aqasar} + {a;r)aqasar} + {a;r)aqasar} + {a},aqasar}

el earall
+ {a;,agasar} + {a;)al;asar}

= {a;[,a:r]asar}
+npng (5p7«5q5 - 5p8(5q7«) , (1.86)

so the two—body operator can be decomposed into a sum of a normal-ordered two—body
operator, a collection of one-body operators and two zero-body terms (scalars). Inserting

this expansion into Eq. (1.79)

S (pg| W2 |rs) alabasay

(pg| W12 |rs) {abalasar}
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1
*1 ( > ngdgs (pdl K2l |rs) {a;ar} - ngdgr (pq| K2l |rs) {a;as}
pars

= npips (pal W2 [rs) {adar } + mpdpr (pal R [rs) {adas}
+ npngdprdgs (P4l hl2l [7s) = npngdpsdqgr (pgl nl2l |7“3))

:_ Z pCI|h |1”S {apaqasar}
pqrs

1
+ 2 3 ((wil k2 lgi) = (il i) - (ipl 2V |gi) + (ipl n2ig)) {ajaq)
pqr

s z(mh i) = (i b2 53))

1 1
=2 > (el kP irs) {afafasar) + 3 (pil P 1gi) {afag) + 5 3 (il P Jig)  (1.87)
pqrs pgi ij

where i and j refer to holes states (see Table 1.1). The calculation for the three-body part is
analogous but much more tedious due to the much greater number of possible contractions
that need to be evaluated — without going into details, we see that it contributes to the
zero-, one- and two-body parts of the normal-ordered H.

Ultimately, we obtain

1 N | . .

E =) (iltli)+ 5 2 (ilvlij) + ¢ 2. (ijk wlijk) (1.88a)
i 1 ijk
. L1 - .
fpa = (pltla) + 2 (pilvlai) + 5 2 (pijlwlaij) (1.88b)
i iJ
Lpgrs = (pglvirs) + Z (pqi|w|rsi) (1.88c¢)
1

Wgrstu = (pgr|w |uts) . (1.88d)

All summations are limited to states that are occupied in the reference state |®). We see

that, as the name suggest, E is just the expectation value of H in the reference state, and
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f is the usual mean-field Hamiltonian, as used in the Hartree-Fock method, for instance.
The zero-, one-, and two-body components of the Hamiltonian all encompass in-medium
contributions from the 3NN interaction.

Other observables can be handled exactly like the Hamiltonian. The second-quantized

form of a general k-body operator, can be written as

1 2
oI+ = (E) S (prpg| o™ ’qr“%)&;31"'a]];k&f1kmaq1 (1.89)
' g}:::gllj

where we once again assume that the matrix elements have been antisymmetrized. Using
Wick’s theorem (1.60), we can normal order such operators with respect to arbitrary Slater

determinant reference states.

1.3.9 Full Configuration Interaction Theory

In principle, we now have all ingredients for setting up the Hamiltonian matrix and trying
to solve the (stationary) many-body Schrédinger equation through an exact diagonalization
— this is the so-called Full Configuration Interaction (FCI) method [88], which is also known
as No-Core Full Configuration (NCFC) or the No-Core Shell Model (NCSM) in nuclear
physics [5, 73].

To perform an FCI calculation, one first needs to select an appropriate single-particle
basis for describing bound systems, usually the spherical harmonic oscillator, and construct
a complete orthonormal basis of Slater determinants by distributing the nucleons of a specific
nucleus over the available single-particle levels in all possible configurations. As explained
in Section 1.3.6, it is useful to organize the basis in terms of particle-hole excitations of

a reference Slater determinant |®g) to aid the convergence of the expansion for the exact
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eigenstates of H. Schematically, we have

W) = Co|o) + Y O |@f) + Z CiP1@e) + - = (Cp + C) o) (1.90)

abij

where the ellipsis three-particle-three-hole (3p3h) and higher excitations, and where we have

introduced the so-called correlation operator

C = ZCaaaal 2 Z Cab f Ta]al+ : (1.91)

abij

Our requirement of orthonormality gives

(To| o) = Z|ca|2 Y ICHE+= YO =1, (1.92)
abij 1

where the collective index I runs over all sectors of the many-body basis. Expanding the
eigenstates in the many-body Schrodinger Equation (1.1) in terms of the Slater determinant

basis configurations, we obtain
HY.Cpleg) = EYCrle) (1.93)
I 1
Projecting Eq. (1.93) onto (® /|, we see that

(@I,|H;cl|q>1> :E(<I>I/|ZI:CI|<I>I) (1.94)
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By rearranging the formula, we obtain

Y Cr(®p|H|®r)=EY Cr{®p|®r) (1.95)
I I
I

=EC} (1.97)

which precisely corresponds to the eigenvalue problem in linear algebra, commonly expressed

as HC = EC'. The elements of the Hamiltonian are given by
Hypp = (@7 H|®p) ,

and they can be evaluate with the help of Wick’s theorem: Note that

a:&az---ajai = {a:&az---ajai} (1.98)

because we cannot contract particle (a,b,...) and hole (4, 7,...) indices, so we can write the

matrix elements as
Hypr = (P {a}l-na;rkaak---aal }H{azl---azk’ajk,---ajl} |Pg) , (1.99)

where I and I’ are understood as kpkh and k’/pk’h basis configurations, respectively.
In a practical many-body calculation, we first need to truncate the single-particle basis,
which leads to a finite number of Slater determinants and thus a Hamiltonian matrix with

finite size. In principle, eigenstates can then be obtained by directly diagonalizing the trun-
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cated matrix, usually with Lanczos [58] or Arnoldi methods [3], since we are mostly interested
in a few low-lying states. However, the basis dimension for the matrices and eigenvectors
scales as (]X ) = #114), with the single-particle basis size N and the nucleon number A,
hence the diagonalization quickly becomes impractical even for modern supercomputers as
A grows. Therefore, we need to truncate the basis of Slater determinants.

The No-Core Shell Model (NCSM) in nuclear physics uses an (oscillator) energy based
truncation instead that can guarantee an exact factorization of the center of mass and in-
trinsic wave functions, but does not change the exponential scaling of the method [5].

Another option is to restrict the type of excitations that are included in the basis. If only
singles and doubles excitations are considered, for example, then we get the configuration

singles doubles (CISD) approximation

[WGToP) = Co|o) + Y- CF @YY + Y- CEP|@l?) (1.100)
ia ijab

for which the basis dimension scales as O(NZN }%) with the number of hole (N}, = A) and the
number of particle states (N, = N - N, = N — A). Lanczos or Arnoldi iterations can then
be performed at a cost of O(N;,IN;‘;), but there are alternative methods with similar scaling
that are more efficient for incorporating correlations into the target many-body state, like
Coupled Cluster [88] or the In-Medium Similarity Renormalization Group [39, 41}, which

will be discussed in later chapters of this work.
Finding optimal ways to capture many-body correlations is a widely studied topic (see,
e.g., [40] and references therein), and there is presently no one-size-fits-all solution. For
specific applications, the choice of approximation depends on the strengths and weaknesses

of each method.
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Chapter 2

The Similarity Renormalization

Group

Nuclear many-body calculations are challenging because of the influence of correlation
effects that arise from the strong repulsion of the nuclear force at small distances as well as
the tensor force, as mentioned in chapter 1. This leads to a coupling of many-body states
with high and low momentum. To address this issue, we can use renormalization group (RG)
techniques to “tame” these correlation effects. RG methods are naturally complementary to
EFT approaches, and in our case, to the sequence of EFTs for the strong interaction. This
is because they enable the systematic adjustment of resolution scales and cutoffs in these
theories, allowing for the connection of various levels within the EFT hierarchy. Additionally,
RG methods also offer a range of diagnostic tools for checking the fundamental consistency
of power counting schemes in EFTs.

In the field of nuclear many-body theory, the most commonly used method is the Sim-
ilarity Renormalization Group (SRG), which will be discussed in more detail in this chap-
ter. This technique differs from the Wilsonian [108] RG approach, which eliminates high-
momentum degrees of freedom through decimation. The SRG method separates the physics
of low and high momenta through continuous unitary transformations. It is important to

note that this concept is not limited to RG applications, as it can be used to modify a many-
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body Hamiltonian or other relevant observables according to specific requirements, such as
extracting eigenvalues [37, 39] or imposing certain operator structures [10, 13, 48, 92, 93],

which will be discussed in the next chapter.

2.1 Flow Equation

We utilize the method of SRG transformations to “soften” the interactions between nu-
cleons. The transformation process involves a series of unitary transformations, which allows

for the evaluation of the Hamiltonian’s evolution or flow as a function of the parameter s,

Hy = UgHoU) = Ty + Vs (2.1)

where Ty is the relative kinetic energy!, , Hy is the initial Hamiltonian, and Uy is the
unitary transformation. Note that we make the choise to absorb induced operators from the
evolution of T} into V.

Instead of making an ansatz for Ug, we implement SRG transformations through the use
of the flow equation formalism, as introduced by Wegner [99, 100]. We find the flow equation

by taking the derivative of Eq. (2.1) with respect to s,

dH, _dUs . dUT
dS d HOU + Us
i
d;fs Ulu,HoUT + USHOUTUS dg (2.2)
_dU; AUl

— Ul H, + HLU, -

LSince all fundamental interactions are translationally invariant, the center-of-mass kinetic energy (Tem)
commutes with the other operators in Eq.(2.1).
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where we have plugged in 1 = UgU. ;f =U ;r Us in the second line, and we also have used

d d +
E(Il)-%(USUS) =0 (2.3)
which implies
dUs _ 4 dul
=— 2.4
ds Us Us ds (24)
Defining the anti-Hermitian operator
dU.
Ns = d: U;’r =s, (2.5)
Eq. (2.2) can be rewritten as
dH
d > =nsHy+ Hsn.]; =nsHs — Hgns
5 (2.6)

= [ns, Hs]

The SRG flow equation for the Hamiltonian describes the way a system changes over time
when it is subject to the dynamical generator ns. Note that because of the unitary nature
of the transformation, the Hamiltonian’s spectrum is conserved unless we need to introduce
approximations.

By integrating the flow equation (2.6) for s — oo, we can achieve the desired transforma-
tion of the Hamiltonian by selecting an appropriate generator 1. Wegner originally proposed

a type of generators known (henceforth referred to as Wegner generators), given by

ns = | He, H] (2.7)
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which is constructed by dividing the Hamiltonian into a diagonal part (H, gl) we want to keep
as s - oo, and an off-diagonal part (H gd) we want to suppress. Several options for splitting
the Hamiltonian are available for consideration [1, 9, 50, 52], and one can even generalize
this idea and consider the commutator of an arbitrary Hermitian operator G with Hyg, e.g.,
for unmixing symmetries [48]. In the following, we use H% = T., a constant, for which the

flow equation becomes

ds

= [[Tyel, Hs], Hs] (2.8)

The Eq. (2.8) represent operator equations that are independent of any specific basis. The
equation can be evaluated numerically by projecting onto a suitable basis and converting
it into a matrix differential equation. In the case of two-nucleon system, a partial-wave
momentum basis is a convenient, accurate, and straightforward choice, since our generator

is based on T}

2.2 SRG Decoupling

One of the major consequence of the SRG is that the Hamiltonian will be driven to
a diagonal or band-diagonal form in a chosen basis. To see this, we consider the Wegner
generator and split the Hamiltonian matrix into diagonal and off-diagonal pieces
H = diag(H.
s = diag(Hs)

(2.9)
HY = Hy - HY

38



Suppressing the s dependence of the quantities, Eq. (2.6) can then be written as

Gl H ) = i [0, )

%( i k) (k| E 1) - (IHlkaInU))

(2.10)

%( i) (k] H+ HO4 )~ <|Hd+H0d|k><k|n|j>)

- (- B {ilnlj) + z(<z'|n|k:> (k] 9 ) = (il 5O ) (k] |j>)

k

where we have used the completeness of the basis, 1 = ¥ ;. |k) (k|, in the second equality above
and, in the third equality, we have used that H?|k) = E}. |k) by construction. Then we also

have

(ilnlj) = (il [H, HOY 1) = (B - Bj) (il Hj) (2.11)

Inserting this into the Eq. (2.10), we obtain
d . . : . . .
o5 Vil H ) = =(B; - Ej)? (il HOUj) + Yo (B + Ej = 2By) (i HO [k) (k| HO)j) - (2.12)

k

For the diagonal elements (i = j), Eq. (2.12) becomes

il HJi) =2 S8~ B 1 (2.13)
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where (i| Ho |i) = 0, and

2 Xl =2 X1 H ) 7 G H )

7

=23 E;(E; - Ey)|(i] HO k)
ik

=4 Ei(E; - Ep)*|(i| H k)2

i£k

=2 3" (B; - Eg)?|(i| H k)2
i+k

>0.

Due to unitary, the trace of a matrix is fixed under the evolution

Tr H? = const. —Z| il H|j)?
i,J

‘ZI i[H [i)? + 3|l H )P

Z#]

Therefore, we obtain

SN H )P =~ Sl H )P

1#] )

<0.

(2.14)

(2.15)

(2.16)

This means the off-diagonal matrix elements will decrease and, the transformation caused

by 71 effectively suppresses H°¢. Thinking further, this means that the norm of the absolute

value of Ho? will become small for some sg. For even larger values s > sg, we can then

disregard the second term of the flow equation (2.12) compared to the first term, and this
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implies

dE; d . . )
d—l=d—(Z|Hd|Z)=22(E¢—Ek)|(Z|HOdIk>|2~0 (2.17)
s s B
and
d . ) ) .
£(Z|H0d 5) ~ (B; - B;)? (i| H|j) (2.18)

respectively. This means that the diagonal elements of the matrix will remain nearly constant
in the asymptotic region,

Eg~ By, s> 80, (2.19)

which allows us to integrate Eq. (2.18):

2
i HOU ) w (i HOG )y e~ (BB (s=s0) o g 2.20
<| s 50 0

It is revealed that the characteristic decay scale of each element is dependent on the square of
the energy difference between the states it connects, e.g. (E;—F} )2: States with higher energy
differences will be decoupled before those with lower energy difference, thereby ensuring that

the Wegner generator produces a proper RG transformation.

2.3 Evolution of Nuclear Interactions

For the sake of simplicity, let us consider a nuclear Hamiltonian that consists of the

intrinsic kinetic energy and a two-nucleon interaction (cf. Section 1.3.8):

Hipg = Tie + V2. (2.21)
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Tint (Eq. (1.77)) can be written as a pure two-body operator

2
Ty = 23 i = DD 2.22
int_Zgjﬂ7 4jj = Pi — DPj (2.22)

where A is a particle-number operator [38], ¢;j is the relative momentum of two nucleons,
and p =m/2, the reduced two-nucleon mass (averaging the proton and neutron masses for
simplicity). Thus, the Eq. (2.21) can be reexpressed as
2
2

i [2]
Hint = Z Z Z + Z Uij (223)

1<j 1<J
When we analyze the SRG evolution of the nuclear Hamiltonian by means of the flow
equation in Eq. (2.8), it is convenient to fully incorporate the flow-parameter dependency
into the interaction part of the Hamiltonian, while keeping the kinetic energy piece unaltered,
as in Eq. (2.1). This merely involves transferring all s-dependent component of H? to Hd,
As a result, we obtain a flow equation for the two-nucleon interaction that reads

4020 2 2] 4 020, (2.24)
ds

Let’s now examine the flow equation (2.24) in detail. Due to the translational and rota-
tional symmetry of the nuclear Hamiltonian, it is most convenient to work in a momentum-
space partial wave basis consisting of momentum and angular momentum eigenstates, de-
noted as

lq(LS)JMT M) . (2.25)

Conservation of total angular momentum J of the nucleon pair is guaranteed by the NN
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interaction’s rotational symmetry, while the orbital angular momentum L is not conserved
because of the nuclear tensor interaction. In general, this would also imply that the spin S of
the nuclear pair need not be conserved, but it is in our case because the allowed spin couplings
for two nucleons are very limited. Assuming charge symmetry breaking due to the Coulomb
interaction and isospin-symmetry violations in the nuclear interaction, the matrix elements
in the 7" =1 channel are also dependent on the projection My = —1,0,1, which denotes the
neutron-neutron, neutron-proton, and proton-proton components of nuclear Hamiltonian.
For T'=0, only M7 =0 is allowed.

As we saw in Figure 1.1, the momentum-space matrices of an interaction like Argonne V18
in the deuteron partial waves (357,351 -3D1 and 3 D) have strong off-diagonal elements that
are caused by the repulsive core in the short-range central region of the interaction. The
mixed partial wave, generated exclusively by the tensor force, also has significant matrix
elements. This causes a need for large Hilbert spaces in few- and many-body calculations,
even when only the lowest eigenstates are of interest: Techniques like the Lanczos algorithm
(see [58] and Section 1.3.9) repeatedly act with the Hamiltonian on an arbitrary starting
vector to extract eigenvalues and eigenvectors. Because of the strong off-diagonal matrix
elements, any starting vector will quickly be spread out over large parts of the Hilbert space,
resulting in a slow convergence of the eigenstates with respect to the Hilbert space dimension.
This is the behavior we seek to address with RG methods.

In Figure 2.1, we present examples of two types of RG evolution methods that separate the
low- and high-momentum components of the NN (nucleon-nucleon) interactions. The first
example, as shown in Figure 2.1a, is the RG decimation method, which involves evolving the
interaction to lower cutoff scales Ag > A; > Ay and integrating out high-momentum modes,

effectively renormalizing it into smaller and smaller blocks in momentum space. This method
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Figure 2.1: The diagram depicts two different RG evolutions of NN potentials in momentum
space. In the V], approach (a), the interaction is renormalized into blocks of decreasing
cutoff A. In contrast, the SRG evolution (b) transforms the interaction to a band-diagonal
form with decreasing width A. In the diagram, k& and &k’ designate the relative momenta of
the initial and final states, respectively. At each A; and );, the matrix elements outside of
the corresponding blocks or bands are negligible. Therefore, it can be inferred that high and
low momentum states are effectively decoupled [10].

is also known as the V] .k approach and was first introduced in nuclear physics during the
early 2000s [10, 11]. On the other hand, Figure 2.1b displays the SRG evolution of the NN
interaction to a band-diagonal form using the flow equation (2.8), where the generator is
constructed from the relative kinetic energy T} in the two-nucleon system [9, 10]. Here,
the SRG evolution of a system has been parameterized by a momentum with dimensions of
A=s"1 4 rather than the usual parameter s, which is an indicator of the width of the band
in momentum space:

lq" —al S A (2.26)

This suggests low- and high-momenta are decoupled as A is decreased through the SRG.
Physically, this implies that long-ranged components of the NN interactions are explicitly

resolved, while the short-range components can be replaced by contact interactions [11, 33,
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47, 60]. Thus, we can think of A as a momentum resolution scale. When an NN interaction
is evoved through an RG process, it leads to a universal long-range interaction, namely one-
pion exchange (OPE), which is valid in the range of 1.5 fm™! to 2.5 fm™!. Further evolution
to lower values of A removes pieces of OPE and eventually results in a pion-less theory that
is purely parameterized in terms of contact interactions.

Using the orthogonality and completeness relations for the states (2.25)

O
1= ¥ [0 dqq? |gLSTMT My (qLSJMT M| (2.27D)

LSJMT My

we can represent the flow equation (2.24) in partial-wave form as

(_ A ) d{qLiv|g'L’)

1 7 =—(*-d*)*(qL|v|d'L’)

) (2.28)
+y fo dpp*(¢® + ¢"* - 20*) {qL|v |pL) (pL|v|g'L")
L

where we used A = m = 1 and a prefactor —A%/4 appears due to the variables change from the
flow parameter s to the resolutions scale A. By discretizing the relative momentum variable
using uniform or Gaussian quadrature meshes [80] , we can convert this integro-differential
equation into a matrix flow equation. For example, the matrix elements of the relative kinetic

energy operator can be represented as

(aiLltlgjL') = 47 q;q;0 17
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and the discretization transforms the continuous integration into the summation

* dua? 2
, daa” = 2 wig;
7

where the weights w; depend on the choice of mesh. To simplify the calculation, we incor-
porate the weights and ¢2 from the integral measure into the interaction matrix element,

defining

(¢iL|v|g;L') = \ywjwiqiq; (¢; L|v|q; L") . (2.29)

As a result, the discretized flow equation can be expressed as

d B 4 _ _
i (giL|v]giL") = By (GL|[[t,v],t+0]|q; L") . (2.30)

As an illustration of a practical application, snapshots of the SRG transformation of
the chiral N3LO NN interactions by Entem and Machleidt with a cutoff A = 500 MeV
(22, 67] are shown in Figure 2.2. The left column displays the matrix elements of the
initial interaction s = 0, or A = oo, in the 35y partial wave, and the corresponding deuteron
wave function. The middle column and the right column are the interaction evolved to
3 fm~! and then to 2 fm_l, where the off-diagonal matrix elements are suppressed and the

interaction is primarily confined to a block of states with |g| ~ 2 fm™!.

Furthermore, it is
noted that the chiral interaction initially has much weaker off-diagonal matrix elements,
while the AV18 matrix elements extend up to |g| ~ 20 fm~!. In nuclear physics terminology,
AV18 is considered as a harder interaction than the chiral interaction due to its repulsive

core.

The positive impact of low-momentum potentials in nuclear many-body calculations is
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Figure 2.2: The SRG evolution of the chiral N3LO nucleon-nucleon interaction by Entem
and Machleidt [22, 67], with initial cutoff A = 500 MeV. In the top row, we display the
momentum-space matrix elements of the interaction in the 3Sj partial wave at different
values of the SRG resolution scale. The initial interaction is shown in the left column at
s=0,0r A =o0. In the bottom panel, we display S— and D-wave components of the deuteron

wave function that results from solving the Schrédinger equation with the corresponding
SRG-evolved interaction [41].

illustrated in Figures 2.3a and 2.3b. The figures show ground-state energies of 4He and 6Li
from exact diagonalization of the Hamiltonian matrix in the No-Core Shell Model (NCSM),
one of the nuclear FCI approaches discussed in Section 1.3.9. The original potential is once
again the chiral VNV interaction by Entem and Machleidt that we discussed above, and it is
now supplemented with a chiral 3V interaction — for details, we refer to [27, 49]. Although
this interaction is rather soft in nuclear physics terminology, the NCSM convergence with
respect to the harmonic oscillator (HO) many-body basis is slow, all while matrix dimensions
are growing rapidly with both Nmaxz and the number of nucleons, as shown in Fig. 2.3c.
However, SRG evolution significantly improves convergence and allows reliable extrapolation
of partly converged result to the Npax — oo limit, reducing the computational cost by

several orders of magnitude. Because of the SRG softening of the interaction and the use
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Figure 2.3: The convergence of the No-Core Shell Model (NCSM) calculations of the ground-
state energies of 4He (a) and SLi (b) is analyzed as a function of the basis size parameter
Nmax at different SRG resolution scales A. Panel (c) illustrates the growth of the NCSM
basis dimension with Nyax for various nuclei. See Refs. [27, 49] for details.

of techniques like importance sampling [83, 86], exact diagonalization approaches can today
reach nuclei with mass A ~ 20 [40], but the fast growth of the basis with the number of

nucleons remains an obstacle in calculating even larger nuclei.

2.4 Induced Interactions

While SRG decoupling of low- and high-momentum components of nuclear interactions
improves the convergence of many-body calculations, there is a price to pay for in practical
applications: The evolution induces three-body and higher many-body forces. To see this,

we again consider the Hamiltonian in second-quantized form (see Section 1.3.8):

1
H-= a a 721 4 y([2] aTa asa a aTaTa atra 2.31
Z pq 4p§r:s( )pqrs plq@sir + pq;tu pqrstu PrGETTURLES - ( )

To understand how the SRG generates many-body forces in an A-body space, we do not

need to solve the flow equation (2.24) using the Hamiltonian given by Eq. (2.31) — we can
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demonstrate the problem by considering only the two-body term:

av. _
ds

tuvw

1
[%ngq] ag Z Tqrsa;gaj]asar, Z Vtuvwalazawav , Z zyk]l I ;r lak]+

(2.32)
Without explicitly calculating the above, let’s consider the intermediate steps, the calculation
of commutators: For the commutator of a one- and a two-body operator, application of

Wick’s theorem (1.63) yields

[T 1ot ]_T o1 Tt t

ApQq, ArQgAyat | =ApQqaragayat = ApasQydtpag

tot.0

=0y Q- 5ayatag + 5qra;alauat - 5qsa;§aiauat

- a;gaialauataq - 5pta:[alauaq + 6pualalataq
=5q7«a;;alauat - 5q3a;ga;[auat - 6pta;[alauaq + 5puaialataq , (2.33)

so we see that while each individual product in the commutator creates a three-body term (cf.
Section 1.3.8), those terms cancel and we once again obtain a two-body operator, albeit one

that appears more complicated. For the commutator of two two-body operators, however,
[a},a(gasar, aIaLawav] :a;r)al;asaralazawav - aIaLawava;r,aj]asar

[

=g Qy Gy Gy Ay AsQy = 5rta;r,a2a}:awavas + other single contractions

+ (6rt0su = Orudst) a;azgawavas

[P

pQgQy Oy Cay Gy Qs Ay + 5pvaIaLa:5awasar + other single contractions
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Figure 2.4: The ground state energy of 3H as a function of the SRG resolution scale A
for chiral NN and NN + 3N interaction [34]. Three different typles of interactions are
considered: NN —only, NN +3N —induced, and NN + 3N —full. The experimental binding
energy [98] is represented by a black dotted line. Figure adapted from Ref. [41], with original
data courtesy of K. Hebeler.

i.e., the four-body operators cancel, but a new three-body operator remains. This would be
true even if we started with a pure NV interaction, and as soon as after a single integration
step. The induced 3N interaction will then induce up to 5N interactions in the next inte-
gration step, and so on — in general, the SRG flow induces up to A-nucleon interactions.
However, these interactions are only potentially significant when analyzing A-nucleon sys-
tems [34, 35, 49, 50|, and the expectation is that their importance diminishes with increasing
A, so that the expected hierarchy of interactions is preserved, namely that vi2ls vBl s vi4l,

For a practical calculation of 3H, for example, truncating the SRG flow equations the
three-body level, should preserve all observables. The 3H ground-state energies for different

chiral NN and NN + 3N interactions, are presented in Figure 2.4. We see that the energy
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changes significantly when we truncate the generator and evolving Hamiltonian at the two-
body level (NN - only), while it remains constant when the evolution is performed at the
three-body level and induced 3N interactions are included (NN +3N —induced). The same
remains true when we include an initial 3NV force whose parameters have been fit to reproduce

the experimental 3H ground-state energy (NN + 3N - full).
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Chapter 3

The In-Medium SRG

In our discussion of the SRG in chapter 2, we mentioned that we can contemplate utilizing
the SRG methodology not solely for preprocessing nuclear interactions but also for imposing
other desired structures on the Hamiltonian and other observables — we could even use it to
calculate eigenvalues and eigenstates if we were to implement the SRG for the Hamiltonian
matrix and chose H? to be the diagonal of that matrix (see Section 2.2). This is not practical,
of course, because of the exponential growth of the many-body basis (cf. Section 1.3.9) with
the single-particle basis size and particle number. However, we can actually implement
the SRG evolution directly at the level of the operator, and this leads us to the so-called

In-Medium SRG (IMSRG), which is the subject of this chapter.

3.1 The Role of Normal Ordering

In order to implement SRG flow equations on the operator level, we first need to choose a
set of “basis” operators. Ideally, we would want this set to be complete under the application
of commutators, i.e., the operators would form an algebra, but unfortunately this is not
possible in practice.

Because our goal is to compute energies and other observables of many-body systems, a
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basis of second-quantized operator strings is a natural choice, and we could write

1
q pqrs
_ poo 1 t o 3.2
1= Tpglpaq + 1 D Npgrsapagasar + -+, (3.2)
q pqrs

dropping the particle-rank superscripts because it is clear how many particles the operators
act on from the number of indices.
In Section 2.4, we saw that each evaluation of the commutator on the RHS of the operator

flow equation (2.6) leads to an increase in the particle rank of H(s),

Z Npgrs Htuvw [agaa:gasara aIaLawav] (3.3)
pqrstuvw
= > npquvstua;;aj]a;[auatas + 3N terms + NN terms. (3.4)
pqrstuv

It should be noted that there are no induced 4NV interaction, and that commutators involving
at least one one-body operator do not result in any change in the particle rank. We cautioned
that the impact of truncating these terms to “close” the flow equations can lead to significant
truncation errors, and that these errors are expected to become more substantial in in systems
comprising A > 3 particles.

Luckily, we also have a potential solution to this issue at our disposal: normal ordering.
In Section 1.3.7, we saw that the process of normal ordering an operator with respect to a
reference state, e.g., a Slater determinant, shifts parts of any second-quantized operators into
terms of lower particle rank. Likewise, Wick’s theorem 1.63 tells us that a large number of
terms with contractions appear in the expansion of products — and therefore commutators

— of normal ordered operators. For this reason, we choose to work with a basis of normal-
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ordered operators,

B= {{agtaq}; {ajoazasar}, {azagasar},---} : (3.5)

The discussion in Section 1.3.8 then tells us how to represent the relevant operators for the
IMSRG in the basis B.

We still must introduce truncations to the operator expressions, since each integration
step in the IMSRG flow equations will technically induce new normal ordered operators of
higher-body rank. We usually close the flow equations by truncating all operators consis-
tently at a given operator level k, including the initial normal ordered Hamiltonian and
observables of interest. This defines the so-called NOkB approximations.

Empirical evidence suggests that in the case of low—momentum interactions, neglecting
the normal-ordered three-body component of the Hamiltonian results in a deviation of only
1-2% in the energies of the ground and absolute excited states of light and medium-mass
nuclei [7, 29, 31, 85, 86]. This NO2B approzimation will serve as our primary workhorse
in the following. It offers an efficient approach to incorporate the effects of 3N forces in
nuclear many—body calculations without incurring the computational expense of explicitly

considering three-body operators.

3.2 In-Medium SRG Flow Equations

3.2.1 The IMSRG(2) Scheme

As discussed in Section 3.1, we close the IMSRG flow equations by truncating all induced
operators above a given rank k, consistent with the NOkB approximation for representing the

initial Hamiltonian. In the IMSRG context, this defines the IMSRG (k) truncation scheme.
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Because of the empirical success of NO2B approximation for low-momentum N N+3N Hamil-
tonians, where the omission of normal-ordered 3N term in exact calculations causes only
small deviations of about 1-2% in ground-state energies of in oxygen, calcium, and nickel
isotopes [6, 7, 85], we adopt k = 2.

Let’s assume, then, that for each flow parameter s

n(s) wnlt(s) +nl2)(s) (3.6)
H(s)~ E(s) + f(s) +T(s) (3.7)
d d d d
TH(s) m - (s) + - f(s) + —-T(s) (3.8)

This is the so—called IMSRG(2) truncation, the foundation of all the results presented in
the remaining part of this dissertation. It is similar to Coupled Cluster with Singles and
Doubles (CCSD) [30, 63, 88] and the ADC(3) methods used in Self-Consistent Green’s
Function Theory [4, 89] to describe the same level of many-body correlations. Therefore,
we anticipate similar convergence properties and results for observables obtained with the
three techniques.

By inserting Eq. (3.6) — (3.8) into the operator flow equation (2.6) and calculating com-

mutators from Section 1.3.7, we obtain

dE 1 o
—— = (np—ng)pgfap + 5 D MpgrsUrspgnpnglirfis (3.9)
ds p 2 P
df,
dzq - Z(l + Ppg)npr frq + Z(nr ~ns)(MrsUsprqg = frsNsprq) (3.10)
T rs
1
3 >~ (nrnsig + firfisng) (1 + Ppg)itprsUrstq (3.11)

rst
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dr’
clljsqrs B Z{(l = Pog) (ptUtgrs = fotnitgrs) = (1= Prs) (e Upgts = fernpgts) } (3.12)
t

1
+ 9 Z(l - - WU)(qutuFturs - qutuﬁturs) (3.13)
tu
+ Z(nt = nu) (1= Fpg)(1 - P?"S)ntpurruqts (3.14)
tu

where we have suppressed the s—dependence has been suppressed for brevity and intro-

duced the permutation symbol F;; to interchange the indices in any expression

As in chapter 1, ny, € {0,1} designates the particle occupation number and we introduce
ng = 1 —ng the hole occupation number for convenience. Since the reference state is fixed,
they do not change during the evolution. In Egs. (3.9)—(3.14), we note that the occupation
number factors effectively restrict the summations to particular combinations of particle
and/or hole indices. The terms on the RHS of the energy flow equation (3.9), for example,
are restricted to one-body matrix elements between particle and hole (ph) states, and two-
body matrix elements with a pphh structure.

To calculate nuclear ground-state energies, we integrate equations (3.9-3.14) from s =0
to s = oo. We begin with the initial components of a normal-ordered Hamiltonian in NO2B,
which are given by equations (1.88). By integrating the flow equations, we incorporate
many-body correlations directly into the normal-ordered Hamiltonian. Looking at Eq. (3.9)
again and noting that n is constructed from H, we notice a similarity to second-order en-
ergy corrections, except that here they would be evaluate for the flowing Hamiltonian H (s).

Similarly, the RHSs of Eqgs. (3.11) and (3.14) have the structure of many-body corrections
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to f and I', but since H(s) rather than H(0) are inserted in these expressions, the IMSRG
evolution constructs highly nested versions of these corrections — from a Many-Body per-
turbation Theory perspective, certain classes of terms are included to all orders, which is

why the IMSRG is a non-perturbative method [39].

3.2.2 Computational Scaling

The computational scaling of the IMSRG(2) scheme is dominated by the two-body flow
equation, which naively requires O(NN%) operations, putting it in the same category as CCSD
and ADC(3). However, matrix products can be used to express large portions of the flow
equations, allowing for the use of optimized linear algebra libraries. To further reduce com-
putational cost, particle and hole states can be distinguished, as N, the number of hole
states, is typically much smaller than N, the number of particle states. The best scaling
achievable in IMSRG(2) depends on the choice of generator n: If the one- and two-body
parts only consist of ph and pphh type matrix elements and their Hermitian conjugates, the
scaling is reduced to O(N g]\/’;}), matching the cost of solving CCSD amplitude equations.

We will come back to this discussion in later parts of this dissertation.

3.3 Decoupling

After establishing the IMSRG flow equations, it is necessary to determine the decoupling
approach, which involves separating the Hamiltonian into diagonal components to be pre-
served and off-diagonal components to be suppressed, as described in Sections 2.2 and 2.3.
To accomplish this, we utilize the matrix representation of the Hamiltonian in an A-body

Slater determinant basis (see Section 1.3.9). It should be noted that the Hamiltonian ma-
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Figure 3.1: Schematic view of IMSRG decoupling in the many-body Hilbert space spanned
by a Slater determinant reference |®) and its particle-hole excitations |®¢"").

trix is not actually constructed in this representation, because its size is prohibitive. Our
Slater determinant basis comprises the reference determinant |®) and all of its particle-hole

excitations, as discussed in Sections 1.3.6 and 1.3.9:

@), {aha;} |9), {abalaja;} @), (3.16)

By utilizing Wick’s theorem, it can be demonstrated that the particle-hole excited Slater
determinants are orthogonal to the reference state and each other (see Sections 1.3.6-1.3.9).
In the Hilbert space spanned by this basis, the initial Hamiltonian (in NO2B approximation)
has the structure illustrated in the left panel of Figure 3.1. Its matrix representation has a
band—diagonal form and can potentially couple excitations involving npnh and (n +2)p(n +
2)h.

In order to proceed, we must decompose the Hamiltonian into suitable diagonal and off—
diagonal parts on the operator level, as outlined in references [55-57]. A broad interpretation

of diagonality is not recommended, as it may result in strong in—-medium 3N, --- interactions,
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which can violate the truncation of the IMSRG(2). To avoid this, we employ a minimal
decoupling scheme that exclusively aims to decouple the one—dimensional block consisting of
the reference state from all particle-hole excitations. The right panel of Figure 3.1 provides
an illustration of the descired outcome of the evolution.

In the ideal case, if we could implement the minimal decoupling scheme without any
approximations, we would extract a single eigenvalue and eigenstate of the many—body
Hamiltonian for the nucleus of interest in the limit as s - oo. The eigenvalue would be
equivalent to the zero-body piece of H(o0), or simply F(o0), while the eigenstate could be
obtained by applying the unitary IMSRG transformation to the reference state, Ut (o0)|®).
However, in practice, truncations are inevitable, and we can only obtain an approximate
eigenvalue and mapping. It should be noted that the choice of reference state plays a crucial
role in determining which eigenvalue and eigenstate of the Hamiltonian can be extracted
using our minimal decoupling scheme. An empirical guideline is that the IMSRG flow will
connect the reference state to the eigenstate that has the largest overlap with it. In general,
if we aim to obtain the exact ground state, a Hartree-Fock Slater determinant is typically
the best choice, as it minimizes both the absolute energy and the correlation energy.

By utilizing Wick’s theorem to analyze the matrix elements between the reference state
and its excitations, we can observe that the Hamiltonian couples the OpOh block to 1plh

excitations block through specific matrix elements and their Hermitian conjugates:

(@] H{aka;}|®) = E(®|{a}a;} |®) + % fpq (D] {ahag}{aha;} |®)
+1 Z qum(<1>|{a;,azf1asar}{a2ai}|(I>)

4 pgrs

= > fpgOpidaqnpig
pq
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= fz'a (3-17)

where the contributions arising from the zero-body and two-body components of the Hamil-
tonian vanish since they represent the expectation values of normal-ordered operators in the
reference state — in the latter case, because we cannot fully contract a one- and a two-body
operator (cf. Section 1.3.7). Similarly, the OpOh and 2p2h blocks are coupled through certain

matrix elements and their conjugates:
(@] H{ahafaja;}[®) = Tyjup (3.18)

The matrix elements of the two—body Hamiltonian are responsible for coupling npnh and
(n +2)p(n + 2)h states, which includes not only the coupling between |®) and excitations,
but the entire outermost side diagonals of the Hamiltonian matrix. This observation implies
that we can manipulate the Hamiltonian to take the form depicted in the top right panel of

Figure 3.1 by defining its offdiagonal part as

1
Hyg= Y fuilabai} + D) Tapijlakalaja;} + He. (3.19)
ai abij

In the following section, we will demonstrate that the IMSRG flow exponentially reduces
the matrix elements of H,; and successfully accomplishes the desired decoupling in the limit

S —> 0Q.
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3.4 (Generators and Decay scales

Several commonly used generators for the single-reference scenario have the ansatz [37,

A1]

1
n= Y naifabai) + 7 3 napijlabajajai} - He. (3.20)
ai abij

where H.c. denotes the Hermitian conjugate. The matrix elements of the generator are often
either directly proportional to those of the off-diagonal Hamiltonian we introduced above,
or simple functions of those matrix elements.

The most commonly used IMSRG generators are:

1. The White generator, named after S.R. White whose work [106] motivated this ansatz:

fai Fabi
o o 3.21
Naz Ay Nabij Aabij ) ( )
where the quantities
Agi = (QF| H|DF) = (| H[®) = fa = fi ~Taiai» (3.22)
Aqbij = (@05 H |50 ) - (| H |)
= fa+ fo = fi = fj +* Cavab + Tijij = Taiai = Tajaj = Tvivi — Do, - (3.23)

are the differences of the Hamiltonian’s diagonal matrix elements for 1plh or 2p2h
states and the diagonal element for the reference state |®). They play the role of the
energy differences that govern the decay scales for the matrix elements of f and T,

analogous to the free-space SRG discussion in Section 2.2.

2. The White-ArcTan generator, also motivated by [106]. Since the matrix elements of
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the White generator diverge when the energy differences (3.22) and/or (3.23) vanish,
causing the IMSRG flow to stall, it can be useful to work with a “regularized” form of
the White generator instead, which is given by

2 i 2L abij

1
, Nabii = = arctan

1
Nai = 5 > arctan (3.24)

ai abij

- : : r
Note that for vanishing energy differenes, the matrix elements approach 7 .

3. The imaginary time generator [37, 39, 70], which is inspired by imaginary-time evo-
lution techniques that are frequently used in Quantum Monte Carlo methods. It is

defined by
Nai = 80(Aqi) fai s Nabij = Sgn(Aabij) Jabij (3.25)

4. Finally, the Wegner generator, which is given as usual by

n={Hg, Hoq} (3.26)

with H,; defined in Eq. (3.19), and H; = H - H,;. Its one- and two-body parts
have a similar structure as the IMSRG(2) flow equations (3.11) and (3.14), so we do
not include it here, but refer to [37, 39, 41] for the full details. We note that this
generator does not reduce to the form (3.20) in general — the Wegner generator can

have additional nonzero matrix elements.

One can perform a perturbative analysis along the lines of our discussion in Section 2.2

to determine the asymptotic decay scales for the off-diagonal Hamiltonian’s matrix elements
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that result from each of the generators [39, 41]. It turns out that

T apij(5) ® Tapi(0) exp (<] Agpii" 5) | (3.27)

where n = 0 for the White generator, n = 1 for the imaginary-time generator, and n = 2 for

the Wegner generator. Note that this implies that s has different units in each case.

3.5 Magnus Formulation of IMSRG

While the computational scaling of the IMSRG(2) approach is modest and comparable to
other state-of-the-art many-body methods, we still may need a large number of integration
steps to achieve “convergence” to the asymptotic limit of the flow for s > oco. It is also
necessary to use high-order ODE solvers like fourth-fifth order Runge-Kutta (RK45) when
integrating the IMSRG flow equations (3.9)—(3.14) in order to avoid an accumulation of
integration-step errors, and such solvers require multiple copies of the solution vector, which
in our cases can consist of hundred of millions of evolving matrix elements fpq(s), Ipgrs(s).
This is a substantial computational bottleneck of the technique (refer to, for instance, [14,
42, 43)).

Moreover, to calculate the expectation values of observables O in addition to the Hamil-
tonian, we would in principle need to consistently evolve general operators using the flow

equation

— =[n,0], (3.28)

with the same generator n[H(s)] as in Eq. (2.6). Since storing the generators at every

point in the flow trajectory is simply too expensive, we are forced to solve the equation
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(5.5) simultaneously with the flow equation for the Hamiltonian. This not only increases the
dimension of the ODE system, but may cause additional stiffness, especially if the operators
evolve at different characteristic scales than the Hamiltonian.

These limitations can be overcome by applying Magnus expansion methods [8, 68, 70] to

the the differential equation for the unitary transformation itself,

d[fif) _n($)U(s). (3.29)

Mathematically, the solution to this ODE is given by the s- or path-ordered exponential:

U(s) = Sexp /(;sds'n(s') (3.30)

z% sy [ sy [ dsaS{ns)-n(sn)) (3.31)

Due to the dynamical changes that occur in the generator during the evolution, the expression
should be merely understood as a short-hand for the Dyson series (3.31). The s—ordering
operator S guarantees that the integrands in question always feature the flow parameters in
a descending order, whereby s; > so > ---. However, this form of the solution is of limited
practical value in calculations due to several reasons. First, it lacks specific instructions on
how the series should be truncated. Second, we would again need to store n for multiple
s—values to evaluate it. Finally, it is unclear how the Hamiltontian and other observables
can be consistently transformed in a fully linked and size-extensive manner if we inevitably
need to introduce truncations [70].

In 1954, Magnus proposed that under unspecified conditions the Dyson series can be

64



resummed into a proper exponential of an operator,
U(s) =) (3.32)

where the Magnus operator Q(s)T = —Q(s) is anti-Hermitian and satisfies ©(0) = 0, and
he developed formal techniques for the [68]. The review paper [8] discusses some of the
formal conditions for the existence of Q(s) as well as the convergence of the series — how-
ever, these are difficult to check mathematically in our context. Assuming that the IMSRG

transformation can be expressed as in Eq. (3.32), we can obtain a flow equation for Q(s):

d%is) _ %oj%adg(n) (3.33)

where B} are Bernoulli numbers, and

adfy(n) = [Qadft ()], add(n) =n. (3.34)

Similary to the standard IMSRG(2), both n and €2 as well as any of the commutators in the
nested series on the RHS of Eq. (3.33) are truncated at the two—body level. This leads to
the development of a new computational approach, referred to as the Magnus(2) formulation
of the IMSRG. The nested commutators generated by ad]é are evaluated recursively until
satisfactory convergence of RHS of Eq. (3.33) is achieved [8, 18, 24]. At every integration
step, the Baker—-Campbell-Hausdorff (BCH) formula is utilized to construct the Hamiltonian

and other observables,

H(s) = X H(0)e® = ;io %adg(s)(ﬂ(c))) (3.35)
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O(s) = 220(0)e % = Z Q()0(0)) (3.36)

The Magnus formulation offers a significant advantage in that the flow equations for
Q(s) can be solved using a straightforward first—order Euler step method without compro-
mising accuracy. This leads to considerable memory savings and moderate reduction in
CPU time. Although integration—step errors accumulate in €2(s) with a first—order method,
the transformation remains explicitly unitary upon exponentiation, and the transformed
H(s) = U(s)H(0)UT(s) is unitarily equivalent to the initial Hamiltonian, except for the
truncations made during the evaluation of BCH formula [70].

Maybe even more importantly, we can store the final 2(oc0), and use it to compute any

observable of interest by simplify applying Eq. (3.36) at will.
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Chapter 4

Factorization Techniques

In this chapter, we will provide an overview of various decomposition techniques. Decom-
position methods are essential tools that allow us to represent large and complex matrices
as a product of smaller, more manageable matrices, vectors, or tensors. These decompo-
sition techniques provide powerful tools that we hope to use to reduce the computational
complexity of the SRG and IMSRG, and can lead to more efficient and accurate simulations
of quantum many-body systems. In the following sections, we will delve into each of these

techniques in more detail.

4.1 Singular Value Decomposition

Consider an m x n matrix, A, with real entries, and let r be the smaller of the two di-
mensions. For any such matrix, a singular value decomposition (SVD) exists in the following

form:

A=-Uu x vl (4.1)

mxn mxr rxXr rxn

where U and V' are orthonormal matrices and ¥ is a diagonal matrix. The columns (Uj)§:1
and (v; )9:1 of U and V are the left and right singular vectors of A, respectively. The singular

values of A are the diagonal entries (O’j)gzl, which we usually assume to be arranged in

1n mathematical formalism, * is sometimes used to represent the conjugate transpose of a matrix.
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descending order so that o1 > 09 > - > 0, 2 0. To put it another way,
U=[ugug-ur], V=[vivg-ve], ¥ =diag(oy,09,,07) (4.2)
The factorization (4.1) represents A as a sum of r rank-one matrices

,
A=Y crjujv} : (4.3)
J=1

and we are primarily interested in the cases where the singular values o; decay rapidly to
zero, resulting in the swift convergence of the sum. In such instances, we can approximate

A ~ A, where A, is defined by the truncated sum
Ak = Z UJU]UT = Uk,Zk,VT (44)

with k£ < r. It was proven by Eckart and Young [20] that the truncated SVD gives the

optimal, i.e., most precise, rank-k approximation to a matrix A.

4.2 Randomized SVD

The classical algorithms for computing the SVD (4.1) can be computationally expen-
sive for large matrices like the ones we work with in (nuclear) many-body theory since its
asymptotic cost is O(mnr), where again r = min(m,n). Naively, we would first need to cal-
culate the full SVD before applying a truncation to get the optimal low-rank approximation.
However, randomized sampling can significantly speed up the algorithms for obtaining the

low-rank SVD factorization, with only minor losses in accuracy [32].
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In essence, randomized factorization algorithms construct low-rank approximation of a
matrix by applying the desired factorization to a smaller matrix derived from the original
matrix with random projection techniques. In this section, we focus on constructing an
approximate low-rank singular value decomposition using randomization. To obtain a sample
of the column space of A, we compute Y = A€, where Q is an n x (k + p) Gaussian random
matrix, k is the desired rank, and p a small oversampling parameter. We then obtain an
orthonormal column matrix @ of size m x (k + p) by performing a QR factorization on Y. If
Y captures a good portion of the range of A and assuming that k is large enough relative
to the numerical rank of A, we can approximate A with QQTA. We can then compute the
factorization of the smaller (k + p) x n product matrix QT A and multiply the result by Q to
obtain an approximation of A. The matrix product P = QQ' is a projector onto the range
of @) and hence onto that of Y, which is obtained via a compact QR factorization of Y. The
equality of QQTA and A is achieved when Y captures the entire range of A.

Mathematically, if R(Q)2 ~ R(A), then QQTA ~ A [32]. We may prove this informally

by splitting the SVD of A,

20 ||V
A:[ Uy Us ] (4.5)

0 S || v
where the left singular matrix U is split into two parts Uy of size m x k and Uy of size
mx (r—Fk), the singular value matrix ¥ into two diagonal matrices X1 and X9 with size kx k

and (r — k) x (r — k), respectively, and the transpose of the right singular matrix VT into

VlJr of size k x n and VQ]L of size (r — k) x n. Now suppose we take a Gaussian independent

2R designates the range, or column space, of a matrix.
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identically distributed matrix Q of size n x (k + p)

50 || v
Y = AQ = [ U U, ] Q
0 S || V)
2 0 || vie
1

:[ Uy Us ] ; (46)
0 > v, Q
218

Lo
Yol

where we define g = VlTQ and Q9 = VJQ of size kx (k+p) and (r - k) x (k + p) respectively.
Since R(Q) = R(Y)?, the projector onto the range of Y is equivalent to that of Q. Thus,

we have Py = QQT and the error of A and A, is
A-QQTA=A-PyA=(1-Py)A (4.7)

In [32], it is demonstrated that if the matrix {2 has a full row rank, then the error of this

approximation can be bounded by
2 112
[(1 - Py)A] <[] + | £2020| (4.8)

where ||| is either the spectral or Frobenius norm. Obviously, if A has exactly rank &, then
Y9 = 0, causing the right hand side of the equation to be 0. Consequently, QQTA = A, and
Y will cover the range of A. As k gets closer to the rank of A, Y will cover more of R(A),

and the product QQTA will converge to A. Therefore, if we can find an orthonormal matrix

3This is a result of the orthogonal matrix ) being obtained via a compact QR factorization of Y.
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@ such that

|(I-QQNA| <e, (4.9)

we can factorize QT A of size (k+p)xn and multiply the result by @ to obtain an approximate
factorization of A with the same approximation error as stated in (4.8) or in (4.9). If & is much
smaller than min(m,n), then QTA is considerably smaller than A. We can then compute
the SVD of full rank &+ p of QT A and multiply the result by @Q to obtain an approximate
SVD of A.

A~Q(QTA) = QUDVT)
(4.10)

= (QU)DV

where D is the truncated singular value matrix of QT A, and thus of A, and QU is the left

singular value matrix of A.

4.3 Power Iteration

We now introduce a power iteration method that enhances the accuracy of the low-rank
approximation for matrices with large and slowly decaying singular values.

To implement this method, instead of forming the matrix A2, we construct a matrix
Y = ((AAT)9A)Q, where ¢ is an integer power greater than or equal to 1. We then obtain
the orthogonal matrix @ from Y. It is important to note that both A and (AAT)4A share
the same eigenvectors and corresponding eigenvalues. By substituting the SVD A = USVT,
we see that

(AATYA = (U204 = Us2yTusyT = x2etly T, (4.11)
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For matrices A with slowly decaying singular values, (AAT)4A with ¢ > 1, exhibits a notice-

ably accelerated decay rate for its own singular values.

4.4 Algorithms for Low-Rank Approximation via Ran-

domized SVD

To compute a truncated, low—rank singular value decomposition of a matrix A of size

m x n, the basic randomized algorithm involves the following steps:
1. Generate a random matrix €2 of size n x [ with [ = k + p.
2. Form a sample matrix Y of size m x [ by multiplying Y = AQ.
3. Apply power iteration if necessary.
4. Orthogonalize the sample matrix to obtain the matrix @ = orth(Y").

5. Project the original matrix A into a lower-dimensional matrix B = QT A, where B is an

[ x n matrix significantly smaller than A.
6. Compute the SVD of the smaller matrix B as B = USVT.
7. Form the matrix U by multiplying U = QU.

8. Approximate the rank—k SVD of A by setting
Ur=U(,1:k), Yp=31:r1:k), Vi=V(1:k),

so that A ~ UkaV]j.
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Algorithm 1 RSVD Algorithm Version I

Input : A € R™*" integer rank parameter k < min(m,n), an integer oversampling
parameter p > 0, an integer power iteration parameter ¢ > 0, and an integer re—
orthogonalization amount parameter s > 1.

Output : Matrices Uj, e R™*k ¥, e RE¥E and Vj, e RF>n,

1: Set [ = k + p and initialize a matrix R € R"*! with Gaussian random entries;
2: Form samples matrix Y = AR and perform optional power iteration;
3: for j=1to qdo

4: if mod((2j -2),s) ==0 then

5: [Y,] =qr(Y,0);

6: end if

. Z=AlY;

8: if mod((2j-1),s) ==0 then

9: [Z,-] = qr(Z,0);
10: end if
11: Y=AZ
12: end for
13: Orthonormalize the columns of Y in [@Q,-] = qr(Y,0);

. Construct the smaller matrix B = QT A derived from A;

. Form the even smaller [ x [ matrix T' = BBT;

. Perform eigendecomposition of [ x [ matrix [U, D] = eig(T);

. Form the approximate low-rank SVD components of A using the results of the eigende-
composition Xy, = /D, Uy, = QU, V}, = BTUEIj;

: Extract components corresponding to the k largest by magnitude singular values
Up =Up( (p+1):0); Zp=Sp((p+1):L(p+1):0); Vip=Vi(:,(p+1):10);

e e
N O U

—
oo

Next, we present alternative randomized algorithms for approximating low-rank SVD
adapted from [97].

Algorithm 1 introduces a modification that obviates the necessity to perform the SVD
computation on the substantial [ x n matrix B. This size can persist when the number of
columns within matrix A is extensive. Instead, the algorithm leverages the eigendecompo-
sition of the more compact k x k matrix BBT. In contrast, Algorithm 2 takes a diffrent
approach by employing the QR factorization of BT to generate a reduced matrix R, which
is then used for the subsequent SVD calculation.

It’s important to highlight that even the downscaled matrix B, which corresponds to the
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Algorithm 2 RSVD Algorithm Version II

Input : A € R™*" integer rank parameter k < min(m,n), an integer oversampling
parameter p > 0, an integer power sampling parameter ¢ > 0, and an integer re—

orthogonalization amount parameter s > 1.
Output : Matrices Uj, e R™*F ¥, e RE¥E and Vj, e RF>n,

1: Set [ = k +p and initialize a matrix R € R®*! with Gaussian random entries;

2: Form samples matrix Y = AR and utilize optional power scheme;

3: for j=1to qdo

4: if mod((2j -2),s) ==0 then

5: [Y,] =qr(Y,0);

6: end if

. Z=AlY;

8: if mod((2j-1),s) ==0 then

9: [Z,-] =qr(Z,0);
10: end if
11: Y =AZ
12: end for
13: Orthonormalize the columns of Y in [@Q,-] = qr(Y,0);
14: Compute the smaller matrix Bt = ATQ;
15: Obtain the small [ x [ matrix R using a compact QR factorization [Q, R] = qr(Bt,0);
16: Take the SVD of the I x I matrix R, [U, X, V] =svd(R);
17: Form the approximate low rank SVD components of A using the results of the SVD of

R U,.=QV, V. =QU;

18: Extract component corresponding to the k largest by magnitude singular values

Up=Up(1:k) Zp=5p(1:k1:k); Vip=Vi(1:k);

larger matrix A, might still pose challenges for multiplication due to its size. In scenarios
where this hold true, a customized adaptation of Algorithm 1 prove useful. This involves
assessing the matrix-matrix product BBT column-wise, utilizing standard basis vectors like
BBTej, particularly when matrix B becomes excessively large. This methodology can also
be extended to the computation of V;, through the application of the matrix-matrix product

BiUx-1,
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Chapter 5

SVD-SRG evolution in Two-Nucleon

Interactions

Ab initio nuclear many—body theory faces challenges in the coming decade due to the
increase in computational and storage costs required for calculations of heavy, neutron-
rich, and structurally complex nuclei. This chapter! explores the factorization of nuclear
interactions as a first step towards solving this issue. SVDs of nucleon—nucleon interactions
are performed in partial wave representation, and the dependence of the singular value
spectrum on interaction characteristics is studied. Next, an SRG evolution is developed
and implemented directly in terms of the relevant singular vectors. Results show that low—
resolution interactions allow for the truncation of the SVD at low rank, and a small number
of relevant components are sufficient to capture the nuclear interaction and perform an
accurate SRG evolution. Importantly, the rank is uniform across all partial waves and
almost independent of the basis choice. This chapter also discusses strategies for mitigating
the growth of the rank that is caused by the subsequent transformation of the interaction
between the center—of-mass and laboratory frames. The low rank approximation to the
SRG-evolved interactions is tested in many-body calculations using the in-medium SRG,

and the implementation of the SRG using the singular vectors of the interaction is shown

Lhis chapter is adapted from my publication [112].
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to not affect the evolution of other observables, which is verified by analyzing nuclear mean-

square radii.

5.1 Free-Space SRG

Throughout this chapter, we will be studying SRG evolutions in a momentum-space
partial-wave representation, as introduced in chapter 2. We will use the standard generator

for performing momentum decoupling (also see [10, 35, 95])

n(s) = [T, H(s)] (5.1)

where T is the relative (or intrinsic) kinetic energy — we drop the label for the sake of brevity.
We keep the kinetic energy constant during the flow, hence all s-dependent contributions

from evolving T" are absorbed into the interaction V(s):
H(s)=T+06T(s)+V(s)=T +V(s) (5.2)

with

§T(0) =0, V(0) =V (0) (5.3)

This partitioning will be important later. Substituting Eq. (5.1) and Eq. (5.2) into Eq. (2.6)

and setting ‘Cil—f =0 yields the following equation for V'(s) (cf. Eq. (2.24)):

di‘/(s) = [U(S),T] + [7](8), V(S)]
- (5.4)

=[[T,V(s)], TT+[[T,V(s)],V(s)] -
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This evolution can be conveniently implemented in momentum space, where T will be rep-
resented by a diagonal matrix.
As discussed in previous chapters, general observables can in principle be calculated by

co-evolving them with the Hamiltonian according to

L0(s) = In(s). O(s)] 5

but each additional observable increases the size of the ODE system by the full dimension
of the momentum basis and may affect its overall stiffness. Because we are dealing with
matrix-based SRG evolutions here, several methods exist to address this issue. One such
method is to obtain the eigenvalue solutions of the initial and final Hamiltonian matrices

and construct U(s) in Eq. (2.1) directly as [2, 26, 87].
U(s) = Z [¥n(s)) (¥n(0)] - (5.6)
n
Another way to obtain U(s) is by directly solving the ODE
d
UGB =n(s)U(s),  U(s=0)=I, (5.7)
s

and a third option is to employ the Magnus expansion (see Section 3.5), but this approach

was found to be susceptible to convergence problems [95].
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5.2 SRG evolution of SVD factors

Let us assume that we have successfully performed an SVD decomposition of the initial

Hamiltonian H(0),

H(0) = 3 |u;(0)) 0; {v; (0)] (5-8)

7

and consider its SRG evolution. The evolved Hamiltonian can be written as

H(s) = Y, U(s)[ui(0)) 0 (v (0)| UT(s)
2
= Y lui(s)) oi (vi(s)]
1
where we have used the invariance of singular values under unitary transformations and

defined evolved singular vectors as |u;(s)) and |v;(s)). Inserting Eq. (5.9) into the flow

equation (2.6),

| =

) S(|ui(3)>‘7i (vi(s)]) = [n(s), H(s)]
' (5.10)

=2 (1(8) [ui($)) 0 (vi ()] = [ui(5)) o (vi () 1(s)) -

=8

The LHS of this equation can be rewritten using

d

(i (o)) = (52 o) )i () + (oo (- i)l ) . B

By comparing Eq. (5.10) and Eq. (5.11), we can then easily derive flow equations for the

singular vectors:

() = () i (5)) (512
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Figure 5.1: Singular value spectra of H and V in the proton—proton (solid curves) and
neutron-proton 1Sy partial waves (dashed curves), for a chiral N3LO two-nucleon interaction
(EM, cutoff A = 500 MeV/¢, see text and Ref. [22]). The units of the singular vectors
result from adopting scattering units hc/mc? = 1 as well as momentum-space discretization
discussed in Sec. 2.3.

L lus(s)) = n(s) ui(s) - (5.120)

When attempting to apply the SRG flow to the SVD of the Hamiltonian, a significant
obstacle arises due to the unbounded nature of the kinetic energy term. This prevents us
from identifying a natural low-rank truncation for the components of H(0), as illustrated in
Figure 5.1. Fortunately, Eq. (5.4) suggests that we should consider the SVD of the evolving
part of the Hamiltonian anyway, which is V(s) as defined above.

At s =0, the SVD of the interaction is given by

V(0) = X ui(0) o5 (v (0)], 045 = 03035 - (5.13)
ij
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As an example, Figure 5.1 also displays the singular value spectrum of the proton—proton
(pp) and neutron-proton (np) 1Sy partial waves of a realistic chiral N3LO interaction [22].
This spectrum shows that the interaction possesses a low-rank structure. We note that
the inclusion of the Coulomb interaction can increase the rank of the interaction in the
pp channels, but not to an extent where truncations would be impractical. We also note
that the singular values of the interaction decay exponentially, while the kinetic term in
the Hamiltonian grows only quadratically. As a result, the singular value spectrum of the
generator (5.1) will also decay exponentially. Therefore, the SRG evolution via Eq. (5.4) will
not alter the low—rank structure of the interaction, except for potential truncation artifacts.

For s >0, we have

V(s) =2, ui(s)) (035 +d035(s)) {v; ()| (5.14)
ij

where the set of singular values pertaining to the initial interaction is invariant during unitary
evolution but a do;;(s) arises from the incorporation of induced contributions from the
evolution of the kinetic energy. By examining the expressions on both sides of Eq. (5.4),
we can formulate a flow equation for §o;;(s). Substituting Eq. (5.14) into the equation, we

obtain

7V =IOV O1 ) (9746 o) (5.15)

Using the orthogonality of the singular vectors, we obtain

d

75001(8) = (ui(s)l [n(s), T]lv;(s)) (5.16)

In principle, it is necessary to solve this flow equation alongside Eq. (5.12), but it turns

out that it can be solved analytically. By expanding the right—hand side and substituting

81



Eq. (5.12) to convert to derivatives of the singular vectors, we can obtain a closed solution:

L s1(5) = (i ()] [0(). T oy ()

ds
= (i ()T = T1(9) 5 ()
= T I (9) - (I Ta() oy ()
= (i )T log(9) = () T () oy ()
= (4 M) Thog ) = s T (S o) (5.17

where we recognize that the last line is merely the derivative of (u;(s)| T |[v;(s)). Integrating

both sides, we obtain the closed solution

605(5) = (u; (0)| T'|v;(0)) = (u; ()| T'[vj(s)) , (5.18)

i.e., it is necessary to calculate the matrix elements of the kinetic energy within the repre-
sentation defined by the initial and final singular vectors. However, we can rewrite the first

term in Eq. (5.18) as follows:

(wi(OIT1vi(0)) = (u; (0)| UT(s)U (s)TUT (5)U (s) 03 (0))
= (ui(5)| U(s)TUT () [0y (s))

= (u;i(s)| T +0T(s)|vj(s)) - (5.19)
Plugging this back into Eq. (5.18), the contributions from 7" cancel and we see that

00j(s) = {ui(s)| 6T (s) [v;(s)) , (5.20)
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i.e., we only need to evaluate the s—dependent portion of the kinetic energy within the
(truncated) basis of evolved singular vectors.

We remark that while the evolved SVD representation of V' (s) will have a non-diagonal
singular value matrix o + do(s) in the end, we can readily diagonalize it to obtain a “final”
set of singular vectors if we so desire, since its dimensions match the rank of the truncated
SVD and are therefore small.

The construction SRG transformation U(s) can be readily constructed from the initial

and final singular vectors |u;(s)) and |v;(s)):

U (s) = 3 Jui(s)) (u; (0))] (5.21a)

1

U (s) = ¥ lei()) (wi0)] (5.21D)

In principle, we need to differentiate between left and right unitary transformations, depend-
ing on whether we construct U(s) from the |u;(s)) or |v;(s)). Since we are usually interested
in the evolution of Hermitian operators, the difference between the left and right singular
vectors is merely an irrelevant phase factor. By means of the U(s) constructed from the

singular vectors, it is feasible to transform any arbitrary observables O according to

O(s) =U(s)O0)UT(s). (5.22)

5.3 Applications in the Two-Nucleon System

We are now ready to study the interplay of the SVD and SRG in the two-nucleon system.

We will first perform SVDs of interactions that have been evolved using the SRG before
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applying the SVD-based SRG formalism developed in the previous section.

5.3.1 Momentum Discretization and Conventions

Throughout this section, we will work with the discretized momentum-space partial-wave
representation introduced in Section 2.3. In particular, we absorb the weights and q? factors
from the integration measure into the interaction matrices (see Eq. (2.29)), so that they
do not appear explicitly in Eq. (5.12). This has the added benefit that it simplifies the
comparison of truncated SVDs among different mesh and basis choices, and it may facilitate
the interpretation of the singular components as mere representations of particular basis
operators for the interaction in the future. When comparing with the existing literature on
the SRG transformation of matrix elements (e.g., [10, 35, 95]), we will simply revert back to
the original basis.

Figure 5.2 presents our findings regarding the independence of the singular values on
the selected mesh for the proton—proton (pp) and neutron—proton (np) partial waves of
the NN interaction, using the chiral N3LO interaction with A = 500 MeV/c by Entem
and Machleidt as an example. We refer to this interaction as the EM interaction in the
subsequent discussion. We found that the singular value spectra for two equidistant meshes
with the same maximum momentum but different spacings are practically identical for o; >
10710 fm =2,

The precision with which the input matrix elements are stored affects the singular value
spectrum’s extension. Specifically, reducing the number of decimal digits from 10 to 6 leads
to an elongated tail of unphysical singular values of the order of o; ~ 1076 fm™2. These
contributions to the interaction would not be considered in practical applications anyway

— based on the computed spectra, a natural threshold o » 1073 fm 2 emerges that should
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Figure 5.2: Singular value spectra of V in the proton-proton and neutron-proton 1.5y partial
waves, for the EM interaction. The solid and dashed curves are obtained on equidistant
meshes with the same g =7 fm~!, but different spacings Aq. The dotted curve illustrates
that the tail of the singular value spectrum is related to the precision of the input data, which
is reduced from 10 digits for the other data sets to 6 digits after the decimal. All conventions
are the same as in Fig. 5.1.

ensure high accuracy in the pp and np 1.5y partial waves. This threshold is discussed further

in next subsection.

5.3.2 Singular Value Spectra of Nucleon-Nucleon Interaction

With the technical discussion out of the way, we can proceed to analyze the SVDs of NN
interactions, such as the EM [22] and AV18 [109] potentials. As mentioned before, these
interactions are accurate representations of nucleon-nucleon scattering data, but they have
different characteristics. The EM potential is derived using chiral Effective Field Theory
(EFT) and has a moderate initial cutoff. The interaction is non-local due to the adopted

regularization scheme and is best represented in momentum space. On the other hand,
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the AV18 potential is designed for use in coordinate—space Quantum Monte Carlo (QMC)
calculations and is constructed to be as local as possible. Consequently, it has a strong,
repulsive core in the interaction, which makes its use problematic in many-body methods
that rely on basis expansions. Although newer versions of these interactions have been
developed, EM and AV18 are still relevant for analysis because they contain all the essential
features found in more recently developed interactions, as indicated in recent reviews [23,
79, 82].

As shown in Figures 5.1 and 5.2, the 1.5 partial waves of the EM interaction exhibit a low
rank structure, as evident from the singular value spectra. In the proton-proton (pp) channel,
a "kink” is observed, indicating a natural threshold value of oy = 1073 fm~2 for truncating
the SVD. This threshold value is approximately three to four orders of magnitude smaller
than the largest singular values in the pp and neutron-neutron (np) channels for all partial
waves up to j = 9, which are omax(pp) * omax(np) ~ 3 fm=2.

The number of components of the interaction in the pp channel that have singular values
above the threshold is approximately 35, while in the np channel, only about 10 components
are above the threshold. The reason for this difference is due to the inclusion of the Coulomb
interaction in the initial matrix elements, which is long-ranged and lacks an inherent scale.
In the absence of a cutoff or regulator, the matrix representation of (Vz);; ~ (qi—q;.)_2 would
diverge on the diagonal, making it impossible to truncate the SVD in the pp channels. In this
study, a hard cutoff is imposed at R = 15 fm, which serves two purposes: in phase—shift
calculations, it provides the matching scale between the momentum-space wave function
obtained from the matrix elements of the nuclear and cutoff Coulomb potentials Vi + Vo
and the asymptotic Coulomb wave function [64, 96]. In nuclear structure calculations, the

impact of imposing this cutoff on Hartree-Fock and IM-SRG ground-state energies is below
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Figure 5.3: Truncated SVD rank r of partial waves up to j = 9 for the EM interac-

tion, using a singular value threshold oy = 1073 fm~!. Points for partial waves with dif-

ferent [ and s can overlap. The maximal singular values for the interaction channels
are{omax (1), omax (Mp), omax(pp) } = {3.00 fm=1,2.97 fm™, 3.06 fm~1}, respectively.

1 keV.

It is evident that changing the value of R will affect the number of components that
exceed a pre-selected singular value threshold. If we are willing to accept a small impact on
ground—state energies, which remains negligible compared to other sources of uncertainty,
we can reduce the cutoff to Ro » 10 fm. Doing so would lower the rank of the truncated
interactions studied to approximately 20 in the pp partial waves. However, any further
decrease in R would cause a rapid deterioration in the energies and phase shifts.

The comparatively simple nature of V(o as compared to nuclear interactions could facil-
itate its efficient inclusion through means other than a truncated SVD in a chosen configu-
ration space. However, in the context of the present study, it is important to note that V-
cannot be treated completely separately as it couples with the other terms in the Hamilto-

nian during the SRG evolution, even though it evolves weakly. One could try to create an
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Figure 5.4: Singular values of the neutron-proton 1Sg partial wave for the SRG-evolved EM
(panel a) and AV18 interactions (panel b) at different resolution scales A.

SRG evolution from 7" and the nuclear interaction Vjy and apply it to Vo subsequently, as
with other observables. However, when we attempted this, it resulted in effects on the order
of several percent on the ground—state energies of medium—mass nuclei, which is comparable
to or greater than other theoretical uncertainties for these quantities. This topic warrants
further detailed exploration in the future.

As we move to higher partial waves, we see a consistent pattern across the different
channels as shown in Figure 5.3. The number of singular values above the threshold o =
1073 fm~2 is between 5 and 10 for np and nn partial waves up to 7 = 9. On the other
hand, pp partial waves contain about 35 singular values above the threshold, which is due
to the presence of the Coulomb interaction. However, for off-diagonal pp partial waves like
3Py =3[, the number of components is comparable to that in the np and nn channels. This
is because the Coulomb interaction cannot contribute to partial waves with [ + [/, which
further supports that increased number of relevant components in the [ = I’ partial waves is
due to the presence of V. The relative number of components in different partial waves is
similar across different channels.

Next, we consider the impact of a free-space SRG transformation on the singular value
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distribution. Figure 5.4 shows the singular values in the neutron-proton 1Sy partial wave for
the EM and AV18 interactions after they have been evolved to different resolution scales A.
For the EM interaction, we observe that the number of singular values beyond the threshold
ot does not change substantially as we evolve from the initial interaction to A = 1.8 fm~1.
However, if we continue to evolve the interaction to A = 1.5 fm~! and A = 1.2 fm_l, the growth
of the rank accelerates, and its value becomes twice the value of the original interaction.

At low resolution scales, the evolution starts to affect the momentum transfers (cf. Eq. (2.26))
that arise from the dynamics of one—pion exchange. In a projective renormalization group
(RG) approach, we would say that we are “integrating out” the pion [10, 11]. However,
since the SRG is unitary, it cannot eliminate interaction strength, but only redistribute it.
Within the two-body sector, the SRG increasingly diagonalizes the V(s) by redistributing
interaction strength toward the diagonal. As the band’s width becomes narrow enough,
the strength begins to move along the diagonal to higher momenta [10], and previously
insignificant components of the flowing interaction may now become relevant.

It is crucial to consider the observed growth of the rank when we perform the SRG
evolution directly in terms of the SVD factors, as explained in Section 5.3.1. Typically, we
evolve the interaction to resolution scales around A » 2.0 fm_l, which has demonstrated to be
an advantageous value for nuclear many—body calculations, thereby avoiding a substantial
increase in rank. However, based on our present findings, it is recommended to “over—
sample” and include additional components in the process to capture the renormalization
group (RG) flow accuracy and prevent any loss of unitary in the two-body system.

In Figure 5.4b, we show the singular value spectrum of the AV18 interaction. The
unevolved AV 18 has a higher rank than the EM interaction because it has a greater extension

in momentum space (also see Fig. 1.1). This is due to the AV18 interaction’s hard core,
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Figure 5.5: Detail view of the dominant singular values in selected S waves of the EM and
AV18 interactions at different SRG resolution scales .

which allows it to easily connect incoming the outgoing momenta that couple by up to
20 fm™'. When the AV18 interaction undergoes an SRG evolution, there is a significant
change: the dominant singular values become smaller, but the rank rapidly expands. As
a result, the interaction’s spectrum becomes so flat that possible truncation points for the
SVD are between 150 and 200 components, which are substantial portions of the full rank
of the matrix.

Figure 5.5 presents a detailed view of the dominant singular values in the neutron—proton
S waves of our interactions. In particular, for the EM interaction, we observe that only 2-3
singular values are highly dominant before the spectrum drops off rapidly. As we decrease A,
the relative dominance of one of these singular values increases compared to the others, before

the growth of the rank becomes problematic beyond A = 1.8 fm~!. This finding is consistent

90



with the analysis of Bogner et al. [12], who showed that low-rank separable approximations
to the NN interaction become more accurate as the resolution of the interaction is reduced.
This is because the SVD can be considered as a generalization of such techniques.

Interestingly, the analysis presented in Ref. [12] arrived at a similar conclusion for a
low-resolution V},,,_; interaction that was obtained from AV18 through a projective RG
decimation [10, 11]. Although only a few singular values dominate the spectrum at the
beginning of our SRG evolution, the rapid flattening of the spectrum and the concurrent
expansion of the rank seem to contradict the results obtained for Vj,,,_p.

To address this discrepancy, we emphasize that the magnitude of a singular value is not
always enough to determine whether a component of the interaction is significant for the
physics we aim to explain or not. For example, suppose we have a local interaction with

matrix elements in momentum space, which we can write schematically as

Vieg(4,4") =V (q, q’)f(q;q,) (5.23)

where f is a local regulator. In momentum space, the interaction between particles can
be represented by a matrix that has a band diagonal structure. The parameter A\, which
is named suggestively, determines the width of the band. However, both the strength of
f and A do not impose any limit on the total momentum of the particles (represented by
qg+q"). The AV18 potential is an example of a local potential with a strong repulsive core,
and it has significant positive matrix elements at high momenta (see Figure 1.1 or Fig. 2
in Ref. [10]). The eigenvalues of the AV18 potential are dominated by the high-momentum
region and are larger in magnitude than the negative eigenvalues from the attractive region

at low momentum. The singular value spectrum reflects only the absolute value of the two
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Figure 5.6: Matrix representation of the unitary transformation U(Aq, A2) = (u;(A1)]|u;(A2))

between the initial and final resolution scales A1, Ao € {2 fm~t, 4 fm™, oo }. Here, we specifi-
cally focus on the 1Sy (np) partial wave. The basis vectors are ordered by decreasing singular
value. Note the logarithmic color scale.

types of eigenvalues, which get mixed together.

Additional information that may aid in determining the relevance of an interaction com-
ponent is present within the structure of the associated singular vectors. As our primary
focus lies in the behavior of these vectors under component—wise SRG evolution, we exam-
ine the expansion of one set of singular vectors, denoted as |u;(A)) (or |v;(\)), in terms of
another set at different A value. The coefficients of this expansion correspond to the entries
of the unitary evolution matrix (5.12), but with the constraint that neither of the scales is
set to A = oo (or, equivalently, s = 0 fm?).

Figure 5.6 displays matrices for different values of (A1, A2), namely (o0, 4.0 fm_l), (00,2.0 fm_l)
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and (4.0 fm=1,2.0 fm_l). Considering the EM interaction first, we note that the matrices
appear similar , containing a washed out diagonal band in the upper left corner, a large cen-
tral block, and a sharp diagonal in the lower right corner. It is relatively simple to connect
the matrices shown in Figure 5.6 to our findings for the truncated SVD of the interaction.
As depicted in Figure 5.4, the upper left and central blocks of the matrices contain the |u;)
of the singular values o; 2 1076 and o; < 1076, respectively. The separation point between
the blocks is likely determined by the precision settings of the ODE solver, as revealed in our
analysis. Additionally, the lower right block of the matrices comprises the singular vectors
that remain constant, indicating that V' =0 and H =T'. The block structure is the result of
the nonlocal regularization of the interaction. This regularization suppresses the momentum

space matrix elements independently for incoming and outgoing momenta, as indicated by

)2n)exp(—(qX’)2n) (5.24)

wheren =2orn=3and A =25 fm~! [22]. Due to the matrices’ structure, the first r singular

the equation

Vieg =V (q,¢") exp (— (

=

vectors remain nearly unconnected from the rest of the spectrum as we evolve. However,
it should be noted that the central block extends towards lower indices in the U(o0,2.0)
matrix, indicating a slight increase in rank, as also noted in our discussion of Fig. 5.4 and
5.5. This phenomenon is less apparent in U(4.0,2.0) because the two evolved bases are more
alike.

In the case of AV18, the structure of the unitary transformations is considerably more
intricate. The constituents that will have the greatest impact on the low-momentum region
are distributed throughout the basis, making it challenging to identify ahead of the evolution.

As we evolve, the U (oo, ) matrices become less organized, which corresponds to the increase
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Figure 5.7: Momentum-space matrix elements of the EM interaction at A\ = 2.0 fm~! in
selected uncoupled partial waves. The top panels are by SVD-SRG, the bottom panels by
conventional matrix-based SRG evolution. The matrix elements are given in scattering units
(h=c=h%/m=1). Not the logarithmic color scale.

in rank observed in Figure 5.4. The matrices indicate that we can expect to use around 160
to 170 out of 200 interaction components to apply the SRG using the interaction’s factorized
form. However, there is a simplification in the structure of the U(4.0,2.0) matrix. If we
perform the SVD at A = 4.0fm™!, we may be able to enhance the low-rank structure by
safely removing the high-momentum components that are already decoupled, similar to
what is done in V},,,_;. In the next subsection, we will see further evidence of this when we
discuss the deuteron ground-state energy for AV18 (cf. Figure 5.12).

The main conclusion from our analysis is that while the magnitude of the singular values
is an important factor to consider when determining the necessary singular vectors for an
effective low—rank representation of interaction in the low—momentum regime, it alone is
not sufficient. In addition, other criteria that account for the momentum structure of the
singular vectors may need to be taken into consideration. Specifically, when dealing with
chiral interactions that employ nonlocal regulators, the selection process based solely on the
singular values can be effective if the initial cutoff is not set too high, as there are generally

not many strongly positive eigenvalues present in this scenario.
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Figure 5.8: Momentum-space matrix elements of the EM interaction at A\ = 2.0 fm~! in
selected uncoupled partial waves. The top panels are obtained with SVD-SRG, the bottom
panels with conventional matrix-based SRG evolution. The matrix elements are given in
scattering units (h = c = h2/m =1). Note the logarithmic color scale.

The situation is more complex when dealing with local interactions, as the potential’s
behavior and regularization at both short and long distances impact the interaction’s rank.
Although the Coulomb interaction is singular in S waves as the distance between particles
approaches zero, its rank is predominantly influenced by the regularization of its long-range
behavior, thus allowing for an accurate low-rank expansion. In contrast, the AV18 inter-
action cannot undergo significant rank reduction because it strong short-range coordinate-
space potentials that parameterize (multi)meson exchange interactions, and we are sensitive
to their effects because of AV18’s high resolution scale. Comparable issues are likely to arise
with local or semi-local chiral interactions, as noted in previous studies [23, 79], although

their lower resolution scale could help mitigate these concerns.
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5.3.3 SVD-Based SRG Evolution

In this section, we implement the SRG evolution of an SVD-factorized interaction, ab-
breviated as SVD-SRG, using the framework developed in Section 5.2. As an example, we
perform the SVD-SRG evolution of the EM interaction at A = 2.0 fm~1, Figure 5.7 depicts
the momentum space matrix elements in the deuteron channel for various SVD ranks. Using
only 15 components per partial wave, some distortion is still observed. However, with 30
components, the SVD-SRG evolution reproduces the results from evolving with the complete
matrix accurately, with absolute deviations of roughly 10~4 that are only visible upon close
examination. It is worth noting that we did not attempt to fine—tune the rank r using the
information from the previous section (e.g., Figure 5.3). Instead, the decision to employ the
same rank for all partial waves was solely made for the sake of convenience.

In Figure 5.8, we investigate the efficacy of the SVD-SRG approach in other selected
partial waves. The matrix elements for the neutron—neutron and neutron—proton partial
waves were obtained using 30 components, while 40 components were necessary for the 1Sy
proton—proton partial wave due to the presence of the Coulomb interaction, as evidenced
by the Coulomb tail along the diagonal, which is absent in other isospin channels. Weak
oscillations and “fraying” can be observed around the edges of the primary structures, but
the deviations’ absolute values are again at or below 1074

Given the efficacy of the SVD-SRG on the matrix element level, we have utilized the
factorized interactions to calculate nucleon—nucleon observables, such as scattering phase
shifts and the binding energy of the deuteron. In Figure 5.9, we present the np phase shifts
and mixing parameter of the SVD-SRG evolved EM interaction in the deuteron channel, as

well as selected partial waves. The results indicate that about 5 to 10 interaction components
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Figure 5.9: Selected neutron—proton phase shifts and mixing angles of the EM interaction
resolution A = 2.0 fm™!. The SVD-SRG evolution for different ranks is compared to the
matrix—based evolution, which exactly preserves the phase shifts of the unevolved EM inter-

action by construction.
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are sufficient to achieve agreement with conventional matrix—based evolution, with only the
351 - 3Dy mixing angle ¢; requiring a few additional components. These findings align with
our expectations based on the SVD of the initial interaction (cf. Figure 5.3), and the need
to accommodate a slight increase in rank via “over-sampling” as we evolve to A = 2.0 fm~1.

When dealing with the Coulomb interaction in the proton—proton channel, we have found
it necessary to increase the number of components to 30—-35, as indicated by the partial wave
and mixing angle results in Figure 5.10. Initially, the convergence of the phase shift with the
rank r may appear irregular. However, this is a result of gradually including components
based on the size of the associated singular value alone, regardless of whether they are
dominated by the Coulomb or the nuclear interaction. As we increase the rank from 25 to
30, we add components that are primarily influenced by Vi, which significantly affects the
phase shifts at low energy or long distances. While this effect is somewhat obscured by the
overall size of 6 in the 1.5y phase shift plot, it is quit clear in higher partial waves. Increasing
the rank from 30 — 35 adds components that are dominated by nuclear interactions, which
have a substantial impact on the Ej,}, = 100-250 MeV region, and for r > 35, the phase shift
is essentially converged.

Next, we investigate the SVD-SRG evolution of the deuteron ground-state energy Fj,
as a function of resolution scale and rank per partial wave in Figure 5.11. The energy Fj,
should be unaffected by unitary transformations in the two—body system, and therefore,
the curves for different resolution scales (A) should collapse once sufficient components have
been included. At r = 12, the deviations from the exact outcome are in the few—keV range,
consistent with the slower convergence of the mixing angle ¢; with rank r than with other
np scattering quantities discussed earlier. At lower ranks r, we observed that the artifacts

due to the violation of the unitarity of the evolution get more pronounced as A decreases.
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Figure 5.11: Ground-state energy of the deuteron for the SVD-SRG-evolved EM interaction
at different resolution scales A\. Here, r refers to the number of components per partial wave.

This is because the rank of the interaction starts to grow more rapidly once the SRG begins
to reshuffle the long-range pion physics, as explained in Section 5.3.2.

In general, the outcomes of SVD-SRG evolution for the EM interaction indicate that
the method is effective for chiral NN interactions, especially for those that adopt nonlocal
regularization schemes. However, for a hard interaction such as AV18, the story is quite
different. When we apply the SVD method based on the singular values of AV18, almost all
components must be kept to reproduce observables in the two—nucleon system. We present
the AV18 deuteron ground-state energy in Figure 5.12 as an example, where approximately
170 singular components are required to maintain the invariance of the energy. At lower
resolution A, there are plateaus, indicating that many interaction components no longer
contribute to the energy due to the decoupling of momentum scales. As A decreases, these
plateaus become more prominent, indicating that low—rank approximations to the evolved
AV18 interaction are more accurate, as observed in the Vj,,,_;. approach by Bogner [12] et

al., and in line with our discussion in Section 5.3.2. Unfortunately, the structure of unitary
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Figure 5.12: Ground-state energy of the deuteron for the SRG—evolved rank—r approximation
of AV18 at different resolution scales .

transformation (5.12) (cf. Figure 5.6) is too complex to allow us to restrict the evolution

only to these components early in the flow.

5.3.4 Harmonic Oscillator Basis

In the process of preparing the nuclear interaction for many—body methods in config-
uration space, at some point a basis change from relative momentum states to (spherical)
harmonic oscillator (HO) states is performed. The HO basis is commonly used in nuclear
many-body calculations because it allows the exact separation of the center—of-mass and in-
trinsic degrees of freedom in many-body states, especially when working in Fy,q;—complete
Hilbert spaces. In such spaces, the total energy of the oscillator state is characterized by
Enaz = Xi(2n; +1;), as explained in previous works (e.g., [39]). In this study, we have two
options to perform the SRG evolution: either change the basis of the singular vectors from
momentum to HO states through a unitary transformation or directly implement the SVD-

SRG in HO representation. The latter option is more practical when evolving three—nucleon
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forces in an Fy,q;—complete Jacobi-HO representation, because the antisymmetrizer has a
block—diagonal structure that makes it easier to implement [34, 35, 49, 74, 84].

In this study, we have implemented both the momentum-space and harmonic oscillator
(HO) approaches and demonstrated that they produce consistent results for the deuteron
ground-state energy. This is illustrated for the SVD-SRG evolved EM interaction at a reso-
lution scale of A = 2.0 fm™!, as shown in Figure 5.13. Similarly to Figure 5.11, the behavior
of E; should become invariant under SVD-SRG evolution once the rank is sufficiently high.
We observe that this occurs at r » 15, which is independent of the HO energy scale Aw.
For r < 15, the behavior of E; is similar to that of the momentum-space SVD-SRG, which
is also shown for comparison (as seen in Figure 5.11). It should be noted that the magni-
tude of the deviations from the exact value weakly depends on Aw, and deviations from the
momentum-—space curve are more significant for the lowest and highest value of Aw. These
choices correspond to adjusting the effective infrared and ultraviolet cutoffs of the finite HO
basis to the scales of the problem (in this case, the deuteron wave function). This topic has
received significant attention in recent years in the context of large-basis extrapolations [19,
28, 54, 69, 76, 105].

The key point that we can take away from our analysis is that the SVD-SRG method
performs as well in the harmonic oscillator representation as it does in the momentum-space
framework, and the conclusions regarding the rank of nuclear interactions hold true, whether
for the better (EM) or worse (AV18) case. Furthermore, the representations of the nuclear
potential in the momentum and harmonic oscillator bases are quite similar, and although
the kinetic energy operator is tri-diagonal rather than diagonal in the harmonic oscillator
representation, it can only connect basis states that are close in energy. Therefore, the

structure and action of the generator will also be very similar.
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Figure 5.13: Deuteron ground-state energy of the SVD-SRG evolved EM interaction at
A =2fm ! as a function of the rank. The SVD-SRG and subsequent diagonalization are

performed in relative HO bases with different Aw.

5.4 Transformation to the Laboratory Frame

Moving on from investigating the SVD and SVD-SRG in the two—body system, our next
objective is to employ factorized interactions in many-body computations. To that end, we
need to analyze the Talmi-Moshinsky transformation of the interaction from the intrinsic
frame, which is described by center-of-mass and Jacobi HO states, to the laboratory frame

[51]). The singular vectors are coupled to the center—of-mass HO states

Mcmm

where we have defined the collective partial wave index a = (IsTMp) for brevity. The
corresponding right singular vectors can be constructed analogously. All singular vectors

can be transformed individually using the unitary Talmi-Moshinsky transformation matrix.
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Figure 5.14: Matrix elements in the J = 0 and J = 2 channels of the EM interaction at
resolution scale A = 2.0 fm™!, represented in the HO states [Nem Lem, n(ls)j; JTM7p). The
left and center panels are obtained with an Eyax = 16 truncations, while the right panel uses
(Nem, Lem) = (8,16) (see text).

It is evident from Eq. (5.25) that every singular vector and singular value will appear
k times, where k is the number of center—of-mass states. In the extended basis (5.25), the
matrix representation of V' can be obtained by performing the Kronecker product of the
identity matrix in the center—of-mass space with the factorized interaction in the relative
space. For illustration, we present the matrices obtained for the EM interaction at A\ =
2.0 fm™" in the J,T,Mp = (0,1,0) and (2,1,0) channels in Figure 5.14. The size and

structure of the matrices are dependent on the truncation we apply to the oscillator basis:

We can use an Ejax truncation and require

E =2Nem + Lem +2n +1
(5.26)

=2n1 + 11 +2n9 + l9 < Fax

(with single—particle oscillator quantum numbers n;,l; in the laboratory frame), or we can
introduce independent truncations Nem,n < Npmax and Lem, ! € Lipax. In the Eyax trunca-
tion, we decrease the size of the partial-wave copies as Ney grows (as depicted in the left and

center panels of Figure 5.14), leading to a change in the size of the singular values resulting
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Figure 5.15: Singular values of matrices shown in Figure 5.14 (plus the J = 0 channel in
(Nmax, Lmax) = (8,16) truncation). The green curves are obtained by compressing duplicate
singular values from the full (Nmax, Lmax) = (8, 16) sets.

from the projection into a smaller space. In contrast, an (Nmax, Lmax) truncation yields
exact replicas of the partial waves (as shown in the right panel).

Figure 5.15 illustrates the singular value spectra of the aforementioned matrices. It is
not surprising that the factorized matrix with truncation (Nmax, Lmax) has more significant
singular vectors than the Eyax truncation. However, the former is easier to compress because
we would only need to store one representative for each group of identical copies of a given
partial wave. On the other hand, the factorized matrix in Fyax truncation is not readily

compressible due to the projection of the relative partial wave into smaller bases, and the
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resulting change of the singular values. Although the ranks of the Fiax and (Nmax, Lmax)
matrices are roughly similar overall, a closer examination of the dominant singular vectors
indicates a slight advantage for the latter (see top panel of Fig. 5.15).

In the case of (Nmax, Lmax), the rank of the interaction in each channel is determined by
adding the ranks of the partial waves that meet the selection rules for angular momentum
and parity. For instance, in the (J,T, M) = (0,1,0) channel, the rank is the summation of
the ranks of all T'=1 neutron-proton partial waves, where each relative angular momentum
7 is coupled with the corresponding L¢py, to yield a total angular momentum J = 0. For the
(J, T, M7) =(2,1,0) channel, all partial waves with |Lcy — 2| < j < Lem +2 are permitted, and
the number of allowed couplings will increase with the total J. This observation aligns with
a recent investigation that applied tensor factorizations to nuclear interactions and found
that their rank increases with J [94].

In summary, we observed that the embedding of partial-wave factorized interactions into a
larger space ahead of the Talmi—-Moshinsky transformation to the laboratory frame, creates
duplicates of the singular values that formally increase the rank of the interaction. Our
analysis suggests that the best approach to address this issue in a matrix formulation is to
perform the transformation in (Npax, Lmax) truncation, as this ensures that the duplicates
are identical and eliminates the need for additional storage. A more significant version of this
problem emerges in the SVD-SRG implementation for three-body forces, where embedding
the two—body relative partial waves into the three-body relative partial waves is necessary

to track induced forces [35]. We will come back to this problem in chapter 6.
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Figure 5.16: IMSRG(2) ground-state energies of selected closed—shell nuclei as a function of
the flow parameter s for the EM1.8/2.0 NN +3N interaction (see [33] and text). The SVD—
SRG with different ranks (per partial wave) is used to construct the evolved NN component
of the interaction. The results are obtained for a HO basis with epax = 8, F3max = 14 and
hw =20 MeV, which is sufficiently close to convergence with respect to basis truncations for
the EM1.8/2.0 interaction and these nuclei.

5.5 Many—Body Calculations

The final topic we want to address in this chapter is the application of the factorized
interactions in many—body calculations. Here, we focus on testing the accuracy of rank—r
SVDs by reconstructing the interactions from the factors as we feed them into our many-body
methods. In chapter 7, we will attempt to reformulate the IMSRG approach to leverage the
factorization directly.

In Figure 5.16, we present results of ground-state energy computations for closed—shell
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nuclei in the IMSRG(2) approach [37, 39]. They were obtained using the EM1.8/2.0 inter-
action, which encompasses the EM interaction progressed to A = 1.8 fm~! and an NNLO
3N interaction with cutoff A = 2.0 fm™'. The low—energy constants of this interaction have
been calibrated to the triton binding energy and 4He charge radius [33, 75]. Although this
interaction is not entirely consistent from the chiral EFT perspective, it has been empiri-
cally successful in describing the ground-state energies of a large number of nuclei, albeit
while underestimating radii by a few percent (see [40] and the cited literature, particularly
[91]). Thus, we view calculations with EM1.8/2.0 as a benchmark for the performance of
the factorized interactions under “realistic” conditions. If we solely rely on the SVD-SRG
evolved NN interaction, it is well known that nuclei will be overbound and much too small
(see [39] and the behavior of the N N-only triton energy in Fig. 2.4, for example).

We find that we need 3040 components per partial wave in the SVD-SRG interaction
to recover the results without factorization accurately, with no attempts to fine tune the
decomposition at this stage. This observation is in line with our findings in the two—nucleon
system. This encompasses both the Hartree—Fock calculations used to prepare the reference
states for normal ordering (cf. Section 1.3.7) and the full IMSRG(2) flow of the ground-state
energy concerning as a function of the flow parameter s (cf. Chapter 3 and Refs. [37, 39]).
As in our applications in the two-nucleon system, the need to include 30-40 components
is primarily driven by the SVD of the Coulomb interaction V> between the protons — for
calculations with the strong interaction alone, 5 to 10 components are sufficient for highly
precise reproduction of the full flow, but the results do not describe realistic nuclei.

Looking in more detail, it is evident that the convergence of the studied nuclei is not
completely uniform. For example, the ground-state energy of 4 He remains almost the same

as the rank increases form 7 = 20 to 30, while 160 and 40Cqa experience a significant gain
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of several hundred keV and a few MeV, respectively. Additionally, we note that further in-
creasing the rank to 40 results in more considerable changes in the ground-state energies of
4He and 160, while the change in 40Ca is smaller. As noted in our discussion of the pp phase
shifts in Section 5.3.3, these findings can be attributed to the inclusion of interaction com-
ponents based on the size of their associated singular values alone, leading to an alternation
between components of the nuclear and Coulomb interactions that affects these nuclei dif-
ferently, given the significantly different proton numbers. Furthermore, 4 He, 160 and 40Cq
probe the interaction at increasingly higher (laboratory—frame) angular momenta, hence it
is reasonable to expect that specific interaction components may only become relevant for
heavier masses.

We have confirmed that the ground-state energies of the chosen nuclei reach convergence
by gradually increasing the rank from 40 to the full rank. We have not included the graphs
of these curves in Figure 5.16 to avoid confusion, but we refer the reader to Figure 5.17,
which illustrates that the rank of 40 produces a precise and convergent replication not just
of the ground-state energies but also of the root-mean-square radii of the studied nuclei.

To explore the performance of the SVD-SRG for general observables, we construct the

evolved mean-square radius operator by starting from the initial form
Rzt 4 5 N2 1 &
= Z - Rem)”, Rem=— ) 7. (5.27)
A2 5 AiH

and using Eq. (5.12) to derive the unitary transformation in the two—body system in terms
of the singular vectors of the truncated SVD. The expectation value of the evolved R? is
then computed in IMSRG(2).

Figure 5.17 illustrates the relationship between the rank of the SVD and root-mean-—
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Figure 5.17: Accuracy of the SVD-SRG evolution for the root—-mean—square radius of se-
lected closed—shell nuclei: The curves show the ratio R/R,j as a function of the rank r,
where R,)j is obtained from a conventional matrix-based SRG evolution. The results for the
bare operator are shown for comparison (dash—dotted lines). All calculations were performed
with the EM1.8/2.0 interaction, using the IMSRG(2) truncation, eemax = 8, Egmax = 14 and
hw =20 MeV (cf. Figure 5.16).

square radii R = \/W of *He, 160 and 40Cq in the IMSRG(2). As in the case of the ground-
state energy energy, a rank of 30 to 40 is adequate to achieve an accurate reconstruction
of the unitary transformation. We also include the radii obtained with the unevolved R?2
operator for comparison, which vary by about 5%, 0.5% and 0.1% in 4He,16 O and 49Caq,
respectively. Since the SRG evolution aims for physics at high-momentum or short-range,
its impact on a long-ranged operator like R? is weak and negligible when compared to other

sources of uncertainty at present.
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We conclude our discussion by stating although R? is undoubtedly one of the simplest
observables to examine besides the energy, we anticipate no problems in using the factorized
unitary transformation for more complicated operators, like in applications for electroweak
transitions [26, 78, 110]. The reason is that ultimately, U(s) is entirely determined by the

characteristics of the Hamiltonian.

5.6 Conclusions and Directions for Future Research

In this chapter, we used the SVD to perform principal-component analyses of nucleon-
nucleon interactions, using the chiral N3LO interaction by Entem and Machleidt [22] and
the Argonne V18 interaction [109] as representative examples. Our findings demonstrated
that the EM interaction can be easily represented by a low—rank model that is constructed
by truncating the SVD based on the magnitude of the singular values. Conversely, the AV18
interaction proved to be a much more challenging case because of its local nature and the
resulting structure in momentum space, as well as its high implicit resolution scale.

We have merged the SVD and SRG techniques and demonstrated that the low-rank
representation can be effectively evolved to lower resolution scales. However, the efficiency
of this approach compared to traditional SRG depends on the rank of the original interaction.
While the evolution of two-nucleon interactions using SRG is a well-established process, the
next step is to extend these techniques to three-nucleon forces, where much more substantial
efficiency improvements can be achieved — this will be the subject of Chapter 6.

We have carried the factorized representation of NN interactions through the various
stages of the many-body theory workflows, and identified challenges, in particular when

switching from the intrinsic/center-of-mass frame to the laboratory frame. At the final
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stage, however, we resorted to reconstructing the input matrix elements from the factors,
since formulating many—body methods capable of exploiting thes factorization more directly
is a highly challenging task — we will come back to this issue in Chapter 7.

While our primacy focus lies in the aforementioned developments, there are additional

interesting directions for future research:

1. In light of the adverse impact of the Coulomb interaction on the achievable rank
compression in pp channels, it is worth exploring alternative treatments of V- for

addressing this issue.

2. The consistent ranks we observed across all partial waves of the interaction suggests
that it may be a manifestation of a few essential operators projected into the different
channels. Investigating such a possible connection may offer new ways of constructing

compact operator bases for SRG and IMSRG flows.

3. The implementation of the Talmi-Moshinsky transformation on the SVD factors demon-
strated how embedding an operator in larger product Hilbert spaces artifically increases
the rank of its matrix representations through redundant copies. Given that many-—
body Hilbert spaces themselves possess a product structure, tensor representations
appear to be a particularly suitable candidate for efficiently handling the physical in-

formation encoded in an operator.
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Chapter 6

SVD-SRG for Three-Nucleon

Interactions

Nucleon—Nucleon interactions alone are insufficient to accurately describe low—energy
states in light nuclei, hence we are forced to include at least three-body (3/N) interactions in
our calculations (and in the worst case, even higher many-body forces, although we expect
them to only matter in systems with large A or infinite matter, if at all, as discussed in
Sections 2.4). The computational cost and memory requirements for handling 3N forces are
substantial, we will explore their factorization and the development of an SVD-SRG for 3N

interactions in this chapter.

6.1 Three-Body Basis States

We will begin by focusing on the fundamental basis set, which pertains to the eigenstates
of the harmonic oscillator (HO). These eigenstates are established in relation to the Jacobi
coordinates, which serve the purpose of untangling the motion involving the relative posi-
tioning from that of the overall center-of-mass movement. This disentanglement is povital
as it grants us a direct avenue to explore the inherent structural characteristics of the nu-
cleus under scrutiny. It is worth noting that there exist multiple options for selecting these

coordinates. In the context of this study, we adopt the same definition as employed in pre-
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vious references, namely references [16, 35, 71, 72|, for the spatial Jacobi coordinates. This

particular choice of coordinates has proven to be effective in previous research endeavors.

. 1 )
o = \/;[ﬁ + T+ T4
(6.1)
1

. 1. . .
o =\ ) 5 [P + P2 +74]
(6.2)
~ n 1, . . .
Ttp, = —(P1 + D2+ +Dn) — Pn+1
n+lln

where 7; and p; represent the individual positional coordinates and momenta of the i-
th particle, repectively, within the system. the coordinates &y and 7 are directly related
to the center-of-mass properties of the entire A-body configuration. Meanwile, the Jacobi
coordinates &, and 7y, where n ranges from 1 to (A - 1), capture the relative motion of the
A-body system. These Jacobi coordinates are characterized by their role in describing the
distance of the (n—1)-th particle from the center-of-mass of the first n particles, along with
corresponding analogs from m,

In Section 5.4, we previously encountered the HO basis states for the intrinsic frame in

a two-nucleon system, which are given by

|Nem Lem Mo, ) @ [N1; (L1.51)J1 M g Ty My ) (6.3)

a

Here, the subscript ”cm” identifies the quantum numbers of the center-of-mass state encoding

the collective motion of the system as a whole, rather than the individual particles within it.
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The quantum numbers Ny and Lj refer to the radial and orbital angular momentum, of an
oscillator state in the first Jacobi coordinate. Si, 77 and ]\4T1 denote the spin and isospin
quantum numbers, as usual, and the angular momentum of the relative two-nucleon state
and its projection are denoted as Ji and M Jp> respectively. We use the subscript a in (6.3)
to indicate that the state describing the two-nucleon (sub)system has been antisymmetrized.
This implies that its quantum numbers satisfy the condition (-1)£1+51+71 = 1,
Generalizing (6.3) to the three-body system, we introduce the basis states (see Ref. [16,

35] for a detailed discussion)

1 1
|NcmLcm>®|N1N2§[(L151>J17(L2§)J2]J123(T1§)T12>a : (6.4)
1

Let us unpack the structure of these states in detail:

e Ns and L9 are the radial and orbital angular momentum quantum numbers associated

with the second Jacobi coordinate.

e Based on the radial and orbital angular momentum quantum numbers, we can see
that the total HO energy of (6.4) is given by E = Ecy + E19, where Eem = 2Nem + Lem
represents the center-of-mass contribution and FEj9 corresponds to the relative HO

energy given by Fio = (2N + L1) + (2N + Lo).

e The total relative angular momenta associated with the two coordinates, J1 and Jo, are
coupled to Jio. Since the interactions are rotationally invariant, we drop the angular

momentum projection quantum numbers for brevity.

e The third nucleon adds additional spin and isospin degrees of freedom to (6.4), but it

is clear that we must always have Sy = % and Th = %, and we indicate so explicitly. The
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total isospin of the three-nucleon state is obtained by coupling 77 = 0,1 and 75, which

N[V

means that we can have T'9 = %,

e The subscript a; specifically indicates that this state is only partially antisymmetric,
namely with respect to the exchange of the first two nucleons that are associated with

the first Jacobi coordinate.

The partially antisymmetric three-body basis is introduced because we need to embed
the evolving two-body interaction into the three-body system in order to track the induced
interactions discussed in Section 2.4.

Of course, we eventually must antisymmetrize the three-body states completely if we want
to obtain physical results in few- and many-body calculations. The most practical approach
is to work with the antisymmetrizer A: We can represent A in the partially antisymmetric
Jacobi-HO basis (as given in 6.4) and diagonalize the corresponding matrix to obtain the
eigenstates of this operator [16, 35, 74].

We see that the antisymmetrizer is block-diagonal in the Jacobi-HO basis, as briefly
mentioned in Chapter 5. Specifically, the energy FEjo, angular momentum .Ji9, and isospin
T2 are conserved quantum numbers. As a result, the diagonalization can be performed
separately for each (Eq9J19T12)-block. The fully antisymmetric eigenstates are associated
with the eigenvalue (-1), and these eigenstates can be presented as a linear combination of
the partially antisymmetric states (6.4) in each block.

Since the antisymmetrization does not affect the rotational symmetry of the states 6.4,
the 3NN interaction will be diagonal in the angular momentum .Jy9, and it is also diagonal
in parity (-1)7 = (-1)£1*£2. In many-body calculation, one usually also ignores isospin-

breaking effects in the 3V interaction because they are small compared to the various sources
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uncertainty. Thus, the 3N interaction will also be diagonal in isospin T79. Overall, we can
separate the 3N interaction matrix into antisymmetrized J5T72 blocks.

The introduction of the antisymmetric Jacobi-HO basis also has a practical benefit, be-
cause the number of interaction matrix elements is reduced compared to the partially anti-
symmetric basis. This reduction is about an order of magnitude. As a final remark, we note
that the antisymmetrization procedure discussed here cannot be directly applied in arbitrary
basis sets, because the antisymmetrizer [35] will not be block-diagonal in general and other
approaches for ensuring the proper antisymmetry are needed [34, 35, 74, 104]. A particularly

important example is the 3N partial wave momentum basis [34, 35].

6.2 SRG Evolution in the Three-Nucleon System

Let us now discuss the SRG evolution for a three-nucleon system.

One thing we can use is that what we called the "o basis! is partially antisymmetric
under exchanging particles 1 and 2, but has no symmetry with respect to exchanges involving
particle 3. So, whenever we encounter something like Va3 2, we can always rewrite it in terms

of V12 32

Vag = P13Vi9 P13 = P1aPo3P1oVi9P1oPag Pro (6.5a)

Vi3 = Py3ViaPa3 (6.5b)

Here we used P13 = PioPo3P12, where Pj3 is a permutation operator that permutes two

Lo basis is introduced to represent the second term in Eq. 6.4, where «a19 =
{L1:51: 15 L2, J2, J12, 11, Th 2}
Vo3 designates the potential between the particle 2 and particle 3.
3V12 designates the potential between the particle 1 and particle 2.
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particles indicated (to swap particles 1 and 3 in |abc) is equivalent to swap particle 1 and
2, |bac), then swap 2 and 3, |bca), then 1 and 2 again, |cba)). Note that the permutation
operators commute with their corresponding 2-body potentials, like [ P12, V]2] =0, etc.

Due to antisymmetry, the matrix elements of Vo3 and Vi3 are the same:

(a'| Vagla) = (o/| PlaPa3Via Pag Pra|a) = (-1)% (/| PygVia Pog |a) (6.6)

The same works for the kinetic energy. The Po3 operator is unitary and Hermitian, and thus
P223 = 1. This implies that its only eigenvalues are +1 and —1. The CFPs are the eigenvectors

to eigenvalue -1. so we can write Po3 in spectral representation:

Py3=1-2Y|CFP, E,i) (CFP, E, i| (6.7)
Ei

What we have to do is to find the ODE for the 3-body part (induced + initial). The general
flow equation will also contain 2-body parts with a spectator, which have to be separated

out. The flow equation is now given by [34, 35, 49]

S = Iy H]=[[T.V]. 1]

=[[T12 + T13 + T3, V1o + Vig + Vo3 + V193], T + 113 + Tog + Vg + Vi3 + Vag + Vio3] (6.8)

Using that we keep T' constant, we split the flow equation into four classes of terms:

av._dv, dv, dV. dVy
- = + + +
ds ds ds ds ds

(6.9)
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with

dd_: =[[T12, Vi2], T12 + Vio] + [[T13, Vi3], T13 + Vi3] + [[T23, Va3], To3 + Vo3],  (6.10a)
dvy _
s =UTi2,Vizl T3 + Vil + [[Th2, Viz], Toz + Vas]

+[[T13, Vi3], Taa + Vag] + [[T13, Vi3], T3 + Vas]

+ [[Ta3, Vas], Tia + Vao] + [[T23, Vas]. T13 + Vi3], (6.10b)
dVe

s =[[T12, Vi3 + Vaz], T1o + T13 + T3 + Vig + Vi3 + Vi3]
+[[T13, Via + Va3], T12 + T13 + Tog + Vig + Vi3 + Va3 ]

+ [[T23, V12 + Vi3], T12 + Tig + Thg + Vi + Vi3 + Vag], (6.10c)

and

dv.
d_j =[[T12 + T3 + 123, Vi23], T12 + T13 + To3 + Vig + Vi3 + Vas]

+[[T12 + T13 + Tag, V123], V23]

+ [[T12 + T13 + T3, Vig + Vig + Va3, Vigs] (6.10d)

The first class, %, are merely the evolution of the pairwise two-nucleon interactions
. . . dvy, dvVe .
embedded in the presence of a spectator nucleon. The contributions —2 and 7 £ are given
in terms of two-body operators, but all three nucleons are actively affected by the evolution,
. . . . dv,

hence they generate induced three-body forces from the two-body interactions. Finally, d_sd
is the induced force due to the flowing three-body interaction.

We can simplify the expression: In the end, we are only interested in the antisymmetric

matrix elements (E’, /| % |E, i) = (E’,i’|A% |E,i), where A is the antisymmetrizer. For
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any permutation operator F;;, we have AP;; = P;;A = —A, so whenever we can pull out one
of the permutations, we can replace it by a minus sign.

Applying this idea to the first class of terms, Eq. (6.10a), we get

Vi

Ads

A= A[[T12,V12], T12 + Vi2) A+ APy3[[T12, Vi2], T12 + Vi2] Pz A +
AP13[[T23, V3], To3 + Vo3| P13 A

= 3A[[T12, Vi2], T12 + V12] (6.11)

This is just the two-body derivative embedded into three-body space, which is subtracted
out.

For 27t (Eq. (6.10b)), we obtain

A%A = A[[Th2, Vi2], Thg + Vig] A + A[[T12, Vi2], To3 + Va3 ] A +

Al[T13, Viz], Tia + Via] A+ A[[T13, Vi3], Tz + VagJ A +
Al[Ta3,Va3], Tha + Via] A + A[[To3, Vas], T13 + Vi3] A

= AP12[[T12, Vi2], Tog + Vag | PraA + A[[T12, Vi2], Tog + Vaz| A+
APyo[[Tog, Vaz], Tia + Via| Pio A+ APo3[[ T2, Via], Tz + Vo3| Pag A +
Al[T3, Va3 ], Ti2 + Vi2) A+ APo3[[To3, Vas], Th2 + Vi Paz A +

= 3A[[T12, Via], Tog + Vag] A+ 3A[[Ta3, Va3, Ti2 + Vi2]A

= 3A[[T12, Vi2], To3 + Va3 A + 3AP1a P13 Po3[[ T2, Via], Toz + Vo3| Pag P13 Pia A

=6A[[T12,V12], Toz + Va3] A, (6.12)
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and % (Eq. (6.10c)) can be simplified to

v,

Ads

A= A[[T19, Vi3 + Vo3], Tig + T3 + Tog + Vig + Viz + Vag| A+
Al[T13, Vig + Vo], T1a + T13 + Toz + Vig + Viz + VozJA +
Al[To3, Vig + Vi3], T12 + T13 + Toz + V1o + Vi3 + Vo3 ] A

= [A[T12, V13 + Va3 A, A(Tg + T3 + Tog + Vig + Vig + Vag ) Al +
[A[T13, Vi + Va3] A, A(Tg + Tig + Tog + Vig + Vig + Vag) Al +
[A[T23, V12 + Vi3] A, A(Tio + Ty + Tog + Vig + Vi3 + Va3) A]

= [A[T12, V13 + Va3] A, 3A(T12 + Vi2) A] +
[A[Po3T13Pa3, Pag(Viz + Va3 ) Pag A, BA(Thg + Vig) Al +
[A[P13To3 P13, P13(Viz + Viz) Pi3]A 3A(Thg + Vig) A

= 3[A[T12, Vi3 + Va3 A, 3A(T12 + V12) A]

= 9[A[T12, P12Vi3P1o + Vo3| A, A(T12 + Vi2) Al

= 18[A[T12, Va3] A, A(Th2 + Vi2) A] (6.13)
Here, we have used that for any unitary operator U we can write

[B,C]=BC-CcB=UUBUUTCUUT -vUTcUuUTBUUT

-UUtBU,UTCUUT (6.14)
and for any idempotent operator A2 = A that commutes with C, we have
A[B,C]A= ABCA-ACBA=ABA?CA- ACA’BA
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=[ABA, ACA] (6.15)

Finally, the terms involving the flowing three-body interaction (Eq. (6.10d)) can be rewritten

as

A%A = A[[T12 + T13 + To3, V193], T1o + T13 + Tog + V12 + Vig + Vo A+
A[[T12 + Ti3 + Tg, Vi3], Viaz] A+
Al[T12 + T3 + Thg, Vig + Vi3 + Va3], Vi3] A
=3[[AT12A, V23], 3A(T12 + Vig) A+ Vigs] +

I[[AT12A, AVi2A], V193] (6.16)

Since % is the flowing two-nucleon part, the rest must be the ODE for the genuine three-

body terms. Together, we have

dVi9
ds

dVio3
ds

= [[T12, Vi2], Th2 + V12] (6.17)

= 6A[[T12, Vi2], To3 + Vog A + 18[A[T12, Va3 A, A(T12 + Vi) A +

3[[AT12A, V193], 3A(T12 + Vi2) A + Viag] + 9[[AT12.A, AVi9 A], Vi23] (6.18)

In the initial phase, we solve a set of ODEs within the context of the two-body interaction in
two-body space. Subsequently, these two-body interactions are integrated into the broader
three-body interaction space, and they undergo a joint evolutionary process. Upon the
end of this evolution, we perform a subtraction operation, effectively removing the evolved
two-body interactions from the three-body interaction space. This procedure yields two crit-

ical outcomes: the evolved three-body interactions and the induced three-body interactions
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together, which encapsulate the intricate dynamics of the system under investigation.

The SRG evolution is performed in the antisymmetric Jacobi-HO basis, which is trun-
cated based on the maximum total energy. The symmetries of the Hamiltonian allow for
separate evolution of each J{, T2 block, enabling numerical feasibility for large model spaces.
To begin the evolution, a matrix representation of the initial Hamiltonian is computed, After
the evolution, the matrix elements of the Hamiltonian consist of a combination of two-body
and three-body term, as discussed above. These terms need to be separated as they scale

differently in many-body calculations.

6.3 Singular Value Decomposition of 3N Interactions

In this particular section, we shall undertake an in-depth examination into the singular
value spectrum of interactions involving three-body, as well as two-body interaction in 3B
space.

Initially, we proceed by employing Singular Value Decomposition (SVD) to decompose
pure three-body interactions, By utilizing this technique, we aim to investigate the spectra
associated with these interactions at various resolution scales. The Fig. 6.1 unveils the
singular spectra of a three-body interaction at various differential partial waves, as indicated
in the sub-captions. This interaction is an N2LO (Next-to-Next-to-Leading Order) three-
nucleon interaction with a cutoff value of A = 2.0 fm™1. It has been tailored to complement an
SRG-evolved Entem-Machleidt N3LO nucleon-nucleon interaction, where the SRG cutoff is
also set to A = 2.0 fm™!, corresponding to s = 0.0625 fm4()\ = 3‘1/4). The last three numbers
in the subtitles indicate the specific partial wave, denoted as twoT = 1 (representing 7" = 1/2),

twoJ = 1 (representing J = 1/2), and = = 0 (parity even). The first and second numbers
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indicate T" and .J, respectively, where twoT can only be 1 or 3, and twoJ can take values such
as 1,3,5,7,9,11,13,15, and so on. Within the figure, a red circular dot is employed to denote
that the cumulative sum of singular values accounts for 99% of the total singular values.
Additionally, a red square dot is used to indicate that the cumulative sum of singular values
represents 99.9% of the total singular values.

The plots also provide information regarding the dimensionality of the block that we
are working with corresponding to specific quantum numbers. It is evident from the graphs
that the singular values exhibit a rapid decay, reaching magnitudes below 10710 within
approximately one-fourth of the total dimensions. This observation implies that only a few
hundred singular components are necessary to capture the essential physics of the system.

While we have previously observed a low-rank structure within the realm of pure three-
body interactions, our investigation into the evolutionary dynamics of the combined two-
body and three-body interactions tells a different story. Figure 6.2 vividly illustrate that,
upon evolving these interactions, the resultant induced interaction does not exhibit the
characteristic low-rank structure.

In light of this compelling empirical evidence, we are compelled to draw the conclusions
that the amalgamation of the SVD technique with the SRG approach (SVD-SRG) proves to
be impractical and ineffective when applied within the intricate landscape of the three-body
interaction dynamics. This observation, while challenging, serves as a valuable contribution
to the ongoing discourse in nuclear physics. It underscores the inherent complexities and
nuances associated with three-body interactions, illuminating the limitations of the SVD-
SRG methodology within this specific domain.

In our quest for continued advancement, it becomes evident that an avenue worthy of

exploration lies in the incorporation of tensor factorization methodologies, such as the ap-

124



plication of non-linear Principal Component Analysis (PCA). This direction of investigation
holds the potential to refine our analytical techniques and deepen our comprehension of
intricate nuclear systems, particularly within the context of three-body interactions. By
venturing into the domain of non-linear PCA and assessing its applicability, we aspire to

unearth fresh insights and sophisticated computational tools.

6.4 Randomized SVD on Three-Body Interaction

As previously demonstrated, our research has successfully identified the low-rank struc-
ture inherent in t pure three-body interactions. Building upon this foundation, the current
section delves into a comprehensive exploration of the algorithms associated with Random-
ized SVD (RSVD). Within this framework, we apply these algorithms to the rand-reduce
matrices, thereby offering an in-depth investigation into the efficacy and potential of these
computational techniques. This includes a rigorous examination of their time complexity, as
well as a meticulous analysis of the associated errors.

Figure 6.3 presents a comprehensive analysis of computational running times for the
regular SVD method applied to low-rank matrices of varying dimensions. To establish a
meaningful comparison with RSVD, we adopted a truncation criterion wherein 99.9% of the
total singular values were retained, while maintaining a fixed oversampling parameter of 10.
By systematically varying the oversampling parameter within the RSVD framework, our
observations revealed a striking advantage of RSVD over regular SVD, showcasing 2 orders
of magnitude improvement in computational efficiency. Furthermore, our investigation into
different power schemes (¢q) highlighted that, when appropriately chosen (as depicted in

Fig 6.3a), the choice of ¢ has a negligible impact on running time, further reinforcing the
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computational benefits of RSVD. In Fig 6.3b, we delve deeper into RSVD variants, with
RSVD-3, denoted as Algorithm 2, emerging as the front runner in terms of computational
performance. This nuanced analysis underscores the potential of RSVD methodologies to
significantly enhance computational efficiency numerical simulations and modeling in this
field.

Figure 6.4 presents a comparative analysis between the conventional SVD and a range of
RSVD variants. The primacy focus of this comparison lies in the examination of deviations
within the singular value spectra tails. It is worth noting that all the RSVD variants consis-
tently yield error percentage below the 1% threshold, as evident in Fig. 6.4a. In Fig. 6.4b
we explore results obtained through the application of Algorithm 1, which displays distinct
tail behaviors compared to the previous approach, yet maintains a comparable level of error
percentage. Fig. 6.4c introduces a novel RSVD variant, one that imposes constraints solely
on the symmetry of the matrices. Following QR decomposition, this variant projects the low-
rank matrix into the basis defined by the unitary matrix ) and subsequently conducts SVD
decomposition within this ()-space. Notably, this algorithm exhibits substantial digression
when compared to other RSVD variants. However, Fig. 6.4d demonstrates that with the
implementation of an approximate power scheme, this digression can be further mitigated,

showcasing the potential for enhanced accuracy in our numerical simulations.
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Figure 6.1: Singular value spectra of 3B interaction at differential partial waves indicated in
sub-captions. This is an N2LO three-nucleon interaction with cutoff A = 2.0 fm~! that has
been fit to accompany an SRG-evolved Entem-Machleidt N3LO nucleon-nucleon interaction
(SRG A =2.0 fm™!, so that s = 0.0625 fm*(\ = s71/4). The last three numbers indicated in
the subtitles are the specific partial wave — should be twoT =1 (i.e., T = %), twoJ =1 (i.e.,
J = %), IT = 0 (parity even). The first and second number are T" and J, respectively: twoT
can only be 1 or 3, twoJ can be 1,3,5,7,9,11,13,15,...The red circular dot signifies that the
cumulative sum of singular values constitutes 99% of the total singular values, whereas the
red square dot indicates the cumulative sum of singular values constitutes 99.9%
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Figure 6.2: The Singular spectra of 3B interaction at s = 0 in black and evolved s =
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Part 111

Factorization in Many-Body Systems
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Chapter 7

SVD and IMSRG

We now move from the few-body systems discussed in the previous chapters to many-
body systems, with the goal of applying SVDs to factorize the quantities that appear in the
IMSRG flow equations. In Section 5.4, we saw that it is not straightforward to “transfer” low-
rank structures that were identified in the intrinsic frame to the laboratory frame, because
embeddings of the factors into larger Hilbert spaces and basis transformations can inflate
the rank of the interaction again. However, there are compelling reasons for exploring SVDs
of the normal-ordered Hamiltonian and generator appearing in the IMSRG: As discussed in

Section 3.4, the latter has the structure

1
= nailaha;} + 1 >, nabij{azazaﬂi} -He., (7.1)
ai abij

and the Ng X N}% matrix 7, 1s flat and wide in realistic applications because Nj, << Np.
Thus, its numerical rank should satisfy k& < N2, which is much smaller than the naive rank
N# for normal-ordered two-body operators.

In the present chapter, we reformulate the IMSRG(2) (cf. Section 3) in a way that allows
us exploit a rank reduction, if revealed through SVD. In subsequent chapters, we will apply
this new formulation to a schematic model, as well as infinite nuclear matter. We note that

similar ideas have been explored in Coupled Cluster calculations in quantum chemistry; after
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first attempts in Refs. [44, 53], significant progress has been made in just the last couple of

years, in parallel to the work described here [45, 46, 61, 62, 77].

7.1 The IMSRG(2) in Rank-Reduced Form

To start, we assume that

Foq =D up " ug (7.2)
v

of

where f and I' are the one- and two-body parts of the normal-ordered Hamiltonian, as dis-
cussed in Section 1.3.8. The coefficients u/]j and Upy are the elements of basis transformations
in the one- and two-body spaces — the idea is that these coefficients could be obtained as
singular vectors of a truncated SVD of f, " or other appropriate one- and two-body op-
erators. Denoting the ranges of the transformed one- and two-body bases by d;, and D,

respectively, we ideally would like that
dy <N, Dg<N?, (7.4)

so that there will be a significant compression in comparison to the working basis. While we
have touched upon the tensor structure of our operators and many-body wave functions in
Chapters 1 and 5, we work with matrix representations in the following — the exploration

of tensor representations will be left for future work.
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In analogy to Egs. (7.2) and (7.3), we define the transformed generator as

Mpq = Zu]’.fn””uV7 (7-5)
17%
Npgrs = %qunaﬂUrBs' (7.6)
«

In our first attempt at merging SVD and IMSRG, we take a slightly different approach
than in the SVD-SRG: Instead of evolving both the singular value matrices and left and right
singular vectors, We assume that the transformations ug and Ugy, defined by the singular
vectors remain fixed, and we evolve the (reduced) quantities f# and 'S,

Let us now consider the zero-body flow equation (3.9) and plug in Egs. (7.2)—(7.6). First,

we split the equation into two contributions:

dFE 1 _
=5 = 2w =ng)pgfop+ 5 ) MparsTrspgnrnsiiph - (7.7)
S pqrs
@ @
Defining the transformed density matrix
P = Z ugnpug , (7.8)
p

and assuming that the reduced basis u# is still orthonormalized (which would be true for a

basis of singular vectors),

zp:uguz = oM (7.9)

133



we obtain

/

D=2 (na nb)Z Z bl

ab
I PIRERE SIS A P
,u v/ b a

-y ¥ ( o v _ ! s’ ) g pi'v!
[z

-3 (77““, fu'V'pV'u)_ 3 (pvu' fu'unw/)
pp V! pup v

_ Z (nx\uflw _ f)\un,ul/)py)\

Ay

=Tr(nfp— fnp) . (7.10)

Similarly, we can introduce the two-body particle and hole density matrices

pof = ;Uﬁﬁ]npnq[]gq = Z nznj U£ : (7.11a)
1]

Faﬁzé npanpq Z bnanbU”Bb, (7.11b)

and rewrite the second term as

I 1ol 3!
22 ) Usan™ UL US T P Uy nyngiiyig
Pars af of g

/
> 3 (St ) (S i) o
rs

af a/ﬁ’ bq

= ‘Z D o957 pal 8 e
aga/BI

[\Dlr—\

[\Dlr—t

—_

== Tr(nPI'P) . (7.12)

[\
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Putting the two terms together, we obtain

dE

1 —
oo - (nfp=fup)+ 5T (nPTP) (7.13)

and we see that the flow of the energy can be easily computed in terms of the reduced
quantities. Ultimately, this is not surprising, because the RHS of the flow equation is given
in terms of traces that must be invariant under basis changes.

Next, we consider the one-body flow equation (3.11). First, we note that
Ng — Ny = Ng — N + Nagny — Ngny, = Na(1 —ny) —ny(1—ng) = ngny — ngny , (7.14)

hence we can rewrite the flow equation as

df, L
_d];q = Z(l + qu)ﬁprfrq + Z(nrns - nrns)(nrsrsprq - frsnsprq)
T rs
1 o
to > (nrnsiiy + tipisng) (1 + Pog)NprsTrstq - (7.15)
rst

Applying the transformation to the reduced representation and summing, we obtain

afFrv o
pq r pq rs
) @)
1
pq rst
®

= (nf - f)™ + (YT = TT0 = YT fn+ TY f7)""

1, — _
+2 (PEnr - P20 + PE'yr - P2'r) (7.16)
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where we have defined
Vo _ vrra ,UVOC
TH Zup Ugphq » Zup ug Ugpiig ,
and

HaB/u/ — @ =afuv _ a
ZU Uqup an, = ZU Uqup an.
bgr bgr

In detail,

® =3 ul' ¥ (niafaj + Mjafai)
1] a

711 // / .11 //
—ZZZ Y ou (u n‘“’u”u” f“” j +u n“”u ull f“” uy )uz’
'L] a /,L,V//,L/,V,,

.17 /I .1 ll
_ZZ Z (u nuv(gvu fuv j +u nuv(svu ful/ ul )u}/

i

iy v uy
/

:Z Z f(u U”nyl/ 1(’ o nNIV,fV,V”u’./")uV.
— Y J v J
ij uvu

/ / 1o

:Z Z uf(uf( )/“/ uj +u§t (mHFY uy )ug

ij !

Z 5“”,(nf)“’””§””V . 5’/'“,(77]”)“/””(5VHM

r,,07

wv
=M+ (nf)™"
= (nf = )"

where in the last equality, we used the symmetry of f and antisymmetry of n,

ab

@ = Zuf (Z(na nb)(nabrbzaj fabnbzaj))
ij
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rr.r I oo I Il !
5 3 (0~ (s g OB sl g g )
ij ab

Z Z (TVM/BTMVIQ _ TVM,BT,L”/,O[) nﬂlylraﬁ_
p'v! aB
Z (Tyullﬁ/lellal ~ TVMIIBITW//O/) f”ﬂy,,na,ﬁ,

M//l/// O/B/

< 5 (el (s )
T af

wv
= (0TnD)" — (YD) = (YT )™ + (T ) (7.20)
and

1 _
@ = Z Uf (5 Z (nanpiic + nanpne) (1 + Pij)nciabrabcj) u;/
)

abe

1 = L= = - 1t
=3 Z Zb:(nanbnc + Nafpne) (UggUfb a Ucﬁj ufu;’) (1+ Pij)naﬂra B
1 abc

1 B 1o T Brra - - B
:5(%UabUg‘bnaanUquui ujV-nc—Zl;UabUg‘bnaanUgUCjui u?nc X
Qa 1jc a 1jc

(1 + PZ]) naﬂl—\a,ﬁ’

(pﬁa'zauﬁ’v R S i Fﬁa'Ea”ﬁ'”) peire’s’

1
2
1, _ _
5 (PEnr - P20 + P50 - PE/r) ™ (7.21)

with P and P as defined in 7.11.
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For the two-body flow equation (3.14),

dl';jkl dres s
VLU o § (RN
ds O% Uods K

=3 (1= Pi)Mialajki = fiaajir) = (L= Prt) (MarkLijar = fakMijal)
a
1
to > (1 =ng =1)(1ijad L abk = TijapNabki)
ab

+ > (na =) (1 = Pij) (1 = Pe)ngivkTbjai
ab

dras
e > UG > A= Pip)ialajrt = fianajrr) = (1= Pry) (arLijar - faknijal)}U/fl
ik a

~

@
1
t5 _Zk;l Us Zb:(l = na = 1) (Nijapl abkl — Fijabnabkz)U;fl
1] a
@
+ 2, U Y (na = np)(1 - Pij)(1- Pr)ainkThjatUpy
ijkl " ab
©)
¥ ¥ 5 mre e L= 5 af
= (T =T fn-Y'nC - X' fn) +§(mP—Pﬂt{xP—Pm) +dfadfasfa
(7.22)
where we have
! ! ! nl I nl
@ = Z Z (1 - PZ]) (UZOJ‘UkﬁlufuZUg‘J Ukﬁl ) (nuyra B _ fHVna B ) (723)
ijkl @
!/
_ Z Z (1-Pyp) (U%UZU&UZU%,UC@ ) (nﬂvfa’ﬂ, _ fﬂuna’ﬁ,) (7.24)
ijkl @
:TWWM(Wdeﬂ_fmwdﬂ)_Twﬂﬂ<WmeV_fmwm7) (7.25)
= (TnF—Tfn—T'nF—T’fn)aﬁ (7.26)
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where Y is defined as

:f = Z ZUijuiuaUaj (7.27)
ijkl @

T demonstrates marginal dissimilarity compared to the definition of T or T provided in
equation (7.17), where the former encompasses summation across the entirety of the single-

particle axis. T and Y’ exhibit permutation-induced variation in indices.
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where the final term involves a straightforward matrix multiplication operation.
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where we can choose to retain the indices (i, j, k,1) in the preceding expression at this inter-
mediate stage, opting against further contraction. Subsequent contraction would exacerbate
the computational intricacies involved. It is worth emphasizing that this particular term
holds sifnificant importance in the context of the SVD-IMSRG development, which will be

elaborated upon in the subsequent section. Here, we have formally defined

! — 14 —
o= Y (Tp)PP(T0)P",  Ty= Y Usilajng, — Ty =Y. UsilUsjlia (7.31)
sp! i i

7.2 Computational Scaling

Let’s briefly discuss the computational scaling of the SVD-IMSRG(2) approach compared
with IMSRG(2) before delving into its implementation in the following section. During
a single integration step, the zero-body flow equation (7.13) required O(r%) compared to
O(N%) in IMSRG(2), where N indicates the size of the single particle basis and r scales
as N, r < N in rank-reduced space. The computational effort is dominated by the two-
body flow equation (3.14), which naively required O(N®) operations IMSRG(2). In the
context of SVD-IMSRG(2), a notable achievement is the successful compression of the ladder
term (7.28) from its original complexity of O(N6) to O(r6) using SVD. It is imperative
to recognize that the intricacy in the particle-hole term (7.29) remains unaltered, thereby
necessitating a comprehensive exploration of alternative contraction methodologies or diverse
decomposition techniques to effectively tackle this aspect. Moreover, there arises a demand
for the retention of specific matrices or tensors, essential for matrices/tensors precomputed
and stored before the flow equations. Notably, the tonsorial representation of these flow

equations introduces auxiliary tensors, thereby requiring their temporary storage to ensure
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seamless implementation.
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Chapter 8

SVD-IMSRG for Schematic Models

In the following section, we will explore the application of the SVD-IMSRG in a family of
schematic models based on pairing and pair-breaking interactions. We will see that the en-
hanced computational scheme can lead to significant speedups compared to the conventional

IMSRG approach, provided the pair-breaking interaction is weak.

8.1 The Schematic Models

8.1.1 The Pairing Model

The so-called pairing model Hamiltonian describes a quantum system of A fermions in a
set of uniformly spaced energy levels, each having a spin degeneracy of two. The Hamiltonian
is given by

1
H=6)(p- 1)a]t0apg—§gz:a;;+a;[)_aq_aq+ . (8.1)
po pq

=Hj =V
Here, p is the energy quantum number of a single-particle state, and ¢ denotes the spin
projection. In the one-body operator Hy, the constant § controls the spacing of the energy
levels. V' is a two-body interaction term with a coupling constant g, which describes the
interactions of pairs of particles with the same energy but opposite spin projection.

As a concrete example, let us consider A = 4 particles in IV = 8 single-particle states. Since
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Figure 8.1: Ilustration of the pairing model configuration with 8 single-particle states and
4 particles, the first two levels with shading represent hole states, while the above two levels
depict particle states. The particles are arranged within their respective states, showcasing
the pairing of particle in this quantum system.

Hy is a diagonal one-body operator, we know that its eigenstates are Slater determinants (cf.
Sec. 1.3.9) that correspond to all the possible ways in which we can distribute 4 particles
into 8 levels — (i) =70 in total. We can then use these states as a basis for our many-body
Hilbert space. In Fig. 8.1, we illustrate the basis configuration corresponding to the ground
state of Hp, with the lowest two energy levels occupied by pairs.

Upon further inspection, we note that H does conserve the total spin projection Mg:
Since Hy) is diagonal, it merely counts whether a given single-particle state |p, o) is occupied
or not, and V' only acts on pairs with spin projection 0, either counting them (for p = ¢) or
scattering them to different energy (p # ¢). Thus, the Hamiltonian matrix consists of blocks
with constant Mg (see Fig. 8.2). From Fig. 8.1 it is apparent that the possible values of Mg
range from -2 (all 4 particles with in states with spin —%) to +2 (all 4 particles in states with
spin +% ). Since V only acts on pairs of nucleons, as explained above, the number of pairs
Np is an additional conserved quantity, so there will be sub-blocks with constant Np within
each Mg block. We can easily find their dimensions: For Mg = +2, all four particles will be
in different energy levels, and there will be no pairs. There is just one possible arrangement
(since the fermions are undistinguishable), hence the dimension of these blocks is just 1. For

Mg = £1, we have need to have three particles with the same spin projection, and one with
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Figure 8.2: Illustration of the structure of the Hamiltonian matrix with Mg blocks in a 4-

particle-8-state system, from -2 to 2. Revealing the Inner Symmetry of Ny-paired blocks.

the opposite projection. Thus, the total dimension of each of these blocks is

(]\17+)x(]\;‘)=4x4=16.

(5)-(7)-

Within these blocks, there are 12 states for which there is one pair, i.e., when one spin-up
and one spin-down fermion have the same energy, and four states in which the single-particle

energies are all distinct. Finally, we need to consider the Mg = 0 block, for which we have

(5)-(5)-»

Among these states, there are three possible numbers of pairs: Np =2,1,0. For Np =2, the
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spin-up and spin-down fermions must occupy the same energy levels, so there are (%) =6
options in total. For Np = 1, we place one pair in one of the energy levels, and the spin-
up and spin-down fermions must be assigned to levels with different energies. There are
four possible choices for the pair, three for the first unpaired fermion, and then two for the
remaining one, which implies that the dimension of the block is 4 x 3 x 2 = 24. Finally, for
Np =0, there are six configurations in which the particles are completely unpaired.

Since the overall dimension of the Hamiltonian matrix in our example is rather small,
we can diagonalize H exactly, which will be very useful for benchmarking in the following.
We can reduce this effort even further by diagonalizing the blocks separately. Moreover, if
we're only interested in comparing ground-state energies, then for an attractive pairing force
(9 >0), we can assume that the ground state will lie in the six-dimensional Mg =0, Np =2

block of the matrix, and we will only need to diagonalize the matrix

25 - 9 -9/2 -g/2 -g/2 -g/2 0
-g/2 46-g -g/2 -g/2 O  -—g/2
-g9/2 -g/2 66-g 0O  -g/2 -g/2
-g/2 -g/2 0 65-g -g/2 -—g/2
-g/2 0 -g/2 -g/2 8-g -g/2

0  -g/2 -g/2 -g/2 -g/2 100-g]

Note that for weak pairing ¢ << 1, the matrix is heavily dominated by the diagonal, and
the diagonal entries are the eigenvalues of the one-body part of H. Thus, the configuration
shown in Fig. 8.1 will be the dominant component of the exact ground state.

Now let us consider performing an IMSRG(2) calculation for the chosen model. Our

first task is to choose a reference state. As argued in previous chapters, it is beneficial
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to use a reference that is a good approximation to the ground state of the system, so the
aforementioned basis configuration will be a suitable choice for |®). Previously, we have
argued for the use of Hartree-Fock optimized Slater determinants as references. In the
present case, it turns out that the HF determinant is identical to |®), and only the single-

particle energies get modified:

epo =0(p—1) + Y (poic’|v|paic’) = §(p - 1) + npe (pop - o|v|pop - o)

io!

=3(p=1) - Inyo. (8.3)

where we have used the properties of the pairing interaction, as well as np, = 1 for hole and 0
for particle states. This is not a surprising result: The optimal determinant produced by the
HF procedure is decoupled from 1p—1h excitations by construction, but as mentioned above,
the interaction term can only excite fermions pairwise. Thus, the Mg = 0, Np = 0 block of
the Hamiltonian matrix is spanned by |®) as well as its 2p — 2h and 4p — 4h excitations.

In Fig. 8.3, we show the IMSRG(2) flow for the pairing model with 4 particles in 8 levels,
using ¢ = 1.0 and a pairing strength g = 0.5. The curves illustrate how correlations that can
be captured by second- and third-order MBPT are absorbed into the flowing Hamiltonian,
since the MBPT corrections to E(s) are practically zero for s > 1. The final final ground-
state energy F(oo) = 1.4133 is slightly lower than the exact ground-state energy value of
1.4168, indicated by the dashed line, which we obtained by exact diagonalization of the

Hamiltonian. This differences is due to the truncation of the IMSRG to two-body operators.
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Figure 8.3: IMSRG(2) ground-state energy E(s) (i.e., the zero-body part of H(s)) for 4
particles in 8 levels described by a pairing Hamiltonian with § = 1.0 and pairing strength
g = 0.5. The White generator (3.21) was used for the calculation. The figure also displays
the impact of the perturbative second (AE(Q)) and third-order energy corrections (AE(3))
as a function of the flow parameter (s). The dashed line in the plot corresponds to the exact
ground-state energy value. Adapted from [41].

8.1.2 The Pairing plus Pair-Breaking Model

As explained in the previous section, the pairing model exhibits symmetries that can be
leveraged to simplify calculations, but which ultimately restrict the types of configurations
that can mix with the ground-state. While spin and angular momentum are usually con-
served by realistic nuclear interactions, the number of pairs is not, although pairing does
play an important role in nuclei. To enhance the complexity of our model, we can add a

pair-breaking interaction of the form

N O
H = Hpgip + Qb Z’: Apsly Ag-Ag+ + H.c. (8.4)
ppq
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where H.c. indicates the Hermitian conjugate of the previous term in the parenthesis —
this term would create a pair out of two fermions with opposite spins and different energy
quantum numbers.

Referring to the Hamiltonian matrix as shown in Fig. 8.2, the pair-breaking interaction

will populate the blocks adjacent to the diagonal, which couple the blocks with Np to blocks

with Np:l:l.

Singular values of I’
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Figure 8.4: Singular Values Spectrum of initial I'g and final I'ss. The solid curve represents
the singular values spectrum of the initial I'j matrix, indicating a rank of 1 and the presence of

a single dominant feature. The dashed red curve corresponds to the singular value spectrum

of evolved I', revealing a higher rank of 20, suggesting a richer set of physical features
compared to the initial I'j matrix.

8.2 SVD-IMSRG(2) for the Pure Pairing Model

Let us now consider the SVD-IMSRG(2) for the pure pairing model. Since the one-body
operator’s dimension, N, is significantly smaller than that of the two-body operator, N2,

our main focus is on decomposing constructing a low-rank approximation of the two-body
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part of the lowing Hamiltonian, I, that retains critical information and characteristics while
allowing us to substantially reduce the computational cost of the IMSRG evolution.

We start by examining the singular values of the initial Gamma (I') and final Gamma
(I'so ) coefficient matrices, which are shown in Fig. 8.4 for our example with N = 8 levels (i.e.,
I" can be represented by a 64 x 64 matrix). Notably, I'y exhibits a rank of one, indicating that
it contains only one dominant feature — this is as expected, because the pairing interaction
(8.1) is characterized by the single constant g. However, when considering the singular values
of I'eo, we see that it has a rank of approximately 20, although most of the singular values
are quite small compared to the dominant ones. Thus, the evolution induces contributions
to I' that effectively increase the rank, analogous to what we found in the momentum-space
SVD-SRG applications discussed in Chapter 5, although the objects we are considering here
are somewhat different.

Clearly, it would be a bad idea to use the one dominant singular vector of I'y as a
projector for the SVD-IMSRG flow equation, and it is impossible to anticipate which of
the other remaining singular vectors that are associated with vanishing singular values may
become important during the evolution. Naturally, we also want to avoid using the singular
vectors of I's as projectors, because this would force us to perform the evolution first, and
defeat the purpose of the SVD-IMSRG.

However, we do have quantities available at s = 0 that may indicate how the system

is going to evolve, namely the generator n and the derivative % 0 matrix. It turns out

S=
that the singular vectors of dI' are capable of capturing all the essential features of the I's,
as illustrated in Figure 8.5b. In panel (a), we show I's in the singular vector basis of T'g.

While the resulting matrix is sparse and structured, non-zero matrix elements appear in its

far off-diagonal sectors. In contrast, panel (b) shows I'e in the basis of singular vectors of
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Figure 8.5: These graphs showcase the transformation of I' matrices into singular spaces
derived from various sources. Panel (a): Representation of I'ss in the singular space of I'g.
Panel (b): Representation of I'os in the singular space of dI'. Panel (¢): Representation of
' in the singular space of dI" with basis permuted.

(a) (b)

Figure 8.6: These graphs shows the transformation of 7 matrices into singular spaces from
dl'. Panel (a): Representation of 7 in the singular space of dI'. Panel (b) Representation of
7 in the permuted singular space of dI’
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dl', and we find that the matrix elements are confined to a 20x20 block in the upper left
corner that suggests that the evolution can be captured in a space of dimension 20 instead
of 64. Moreover, there are only two matrix elements located at the off-diagonal corners of
the matrix in this proposed effective space. The objective in the following is to relocate the
singular vectors associated with these points to the foremost upper left corner, creating a
distinct elongated tail. This rearrangement facilitates a more convenient truncation process,
as illustrated in Figure 8.5c. While some may perceive this step as unnecessary, we emphasize
its significance. Neglecting the basis permutation could lead to challenges in truncation,
particularly when employing only a few singular vectors. This becomes evident when viewing
the matrix representation in the singular space as a covariance matrix. Consequently, the
singular vectors linked to these off-diagonal points exhibit correlation, Disregarding points
during truncations may result in a divergent evolution, rather than convergence. Therefore,
the careful consideration of basis permutation becomes crucial to ensure the stability and
accuracy of the evolution process, especially in scenarios where the matrix representation
involves correlated elements.

Next, we consider the representation of 7 in the singular space of dI'. In the basis selection
process, we project the matrix n at the initial point (s = 0) onto the singular space of dT’,
as depicted in Figure 8.6a. Strikingly, we observe a resemblance between the representation
of n and that of I'ss in Figure 8.5b. To optimize the basis arrangement, our objective is to
reorganize the basis such that the representation of 7 aligns with the 4 by 4 block in the
upper left corner, leading to a representation of ['s resembling that shown in Figure 8.5c.

By achieving this configuration, we can effectively compute the pairing model using only
4 components, which results in a stable and rapid calculation. particularly in scenarios

where the particle-hole term is not considered. Furthermore, the potential for including
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(a) Model with 4 particles and 8 single-particle

states

(b) Model with 4 particles and 20 single-particle
states

Figure 8.7: These figures showcases the ground-state energy ratio, as a function of included
rank in the SVD-IMSRG calculation. The x-axis denotes the rank considered in the SVD-
IMSRG, while the y-aixs represents the ratio of rank-reduced ground-state enregy to the full-
rank ground-state energy. The red points in both subfigures (a) and (b) depict the results
obtained from SVD-IMSRG computations. For comparison, the dashed line represents the
ground-state energy ratio calculated from full-rank IMSRG. Subfigure (a): Model with 4
particles and 8 single-particle states. Subfigure (b): Model with 4 particles and 20 single-
particle states.

more components exists. Since the remaining block is diagonal, we can strategically omit
calculations for the entire 16 by 16 block, and instead focus solely on the diagonal elements
of 16, substantially expediting the computation process.

Next, we consider the ground-state energy of our model system in the SVD-IMSRG(2)
as a function of the rank, i.e., the number of singular vectors of dI' that are used to project
the flow equations, after performing the basis rearrangement and selection (cf. Fig. 8.5).

Initially, we compute the ground-state energy of the system using only 4 components
and subsequently increment the number of components in steps of two or four, up to 24
components. Intriguingly, even with just 4 components, the SVD-IMSRG(2) calculation

produces highly accurate results. yielding an error of approximately 0.1%. As we include
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more components, the error diminishes exponentially. Remarkably, when we include 20
components (corresponding to the rank of the system), we effectively capture all the necessary
information, resulting in convergence to the ground-state energy obtained from the general
IMSRG(2) approach. Further inclusion of components does not impact the results since no
additional physics is involved, as shown in Figure 8.7a.

Additionally, we apply the pairing model to a scenario with 4 particles distributed among
20 single-particle states, resulting in a 400-dimensional I" matrix. In this case, the rank of
' is 69. While we do not consider all these components in the calculation, as depicted
in Figure 8.7b, we observe that even with just 4 components (similar to the 4-particle, 8-
state model), the results remain highly accurate, with an error of around 0.3% compared to
the general IMSRG(2) results. As we progressively include more components, the accuracy
improves exponentially, aligning with our previous findings.

These calculations demonstrate the efficacy and efficiency of the SVD-IMSRG(2) method
in accurately computing the ground-state energy of pairing models with varying dimensions.
The results showcase the potential for obtaining precise outcomes with reduced computa-

tional costs, making the approach particularly suitable for larger systems.

8.3 SVD-IMSRG(2) for a Pairing plus Pair-Breaking

Model

Presently, we enhance the model by introducing a particle-hole term to the Hamiltonian.
Let’s analyze the singular values of the I'j and I's, once more. Remarkably, the I'g exhibits
a rank of 2, signifying the presence of only two dominant features: a pairing interaction and

a pair-breaking interaction, respectively. In contrast, upon considering the 'y, we observe a
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Figure 8.8: Singular Values Spectrum of I'g and I'ss. The solid curve represents the singular
values spectrum of the I'g, indicating a rank of 2, signifying the presence of two dominant

features. The dashed red curve corresponds to the singular values spectrum of the I's,

revealing a higher rank of 28, suggesting a richer set of physical features compared to the
I}

higher rank of 28, as depected in Figure 8.8. This finding once again emphasizes the lower-
rank singular space of I'( is inadequate in effectively capturing the physical features present
in the ['s, as shown in Figure 8.9a. As discussed in the previous section, our objective is to
perform truncation in the upper left corner of the singular space to retain the most relevant
and critical features.

Figure 8.9b illustrates the representation of the I's in the singular space derived from
dl', which forms a single 28 by 28 block. However, when we implement the dI' space with
basis selection, as discussed in previous section, the representation of the I'so matrix in the
singular space, as shown in Figure 8.9d, reveals two decoupled blocks. In comparison, the
singular space representation of the I'g matrix derived from dI" with basis selection consists
of a single 10 by 10 block. This observation indicates that the IMSRG calculation drives an

additional block of size 18 by 18, suggesting the emergence of distinct physical phenomena or
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Figure 8.9: The graphs illustrate the SVD of four distinct I" matrices, each represented in
a unified manner. The subgraphs depict the transformation of these I' into their respective
singular spaces, derived from different sources. Subgraph (a): I'ss singular space represen-
tation from ['y. Subgraph (b): I'ss singular space representation from dI'. Subgraph (c): Ty
singular space representation from dI" with basis permutation. Subgraph (d): s singular
space representation from dI' with basis permutation.
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modes in the system. The basis selection plays a crucial role in capturing these features, as
evident from the partitioned structure observed in Figure 8.9d. This analysis highlights the
significance of basis manipulation and its impact on revealing different facets of the system’s
behavior within the IMSRG framework.

In the dI" space, the representation of I's exhibits two decoupled blocks. This suggests
the possibility of independently and simultaneously evolving these two blocks intead of evolv-
ing the entire block, as shown in Figure 8.9b. However, even evolving two smaller blocks
simultaneously remains computationally demanding. Therefore, our primary interest lies in
udnerstanding the contribution form the second block. If this contribution is found to be
relatively small, we can effectively disregard the derived block and proceed with the imple-
mentation of SVD-IMSRG(2) solely using the primary block. By doing so, we significantly
reduce computational complexity and enhance efficiency in our calculations.

Ground-state energy as a function of pair-breaking strength
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Figure 8.10: The left panel illustrates the cumulative sum of singular values for the primary
block, which constitutes 83% of the total. These results were obtained for b =0.1. The right
panel showcases the SVD-IMSRG calculation using the primary block only, represented in
red and is compared to the result from the general IMSRG method shown in blue.
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To pursue this objective, we commence our investigation by examining the singular spec-
trum of each block, as depicted in Figure 8.10a. The cumulative sum of singular values for
the first block contributes significantly, accounting for approximately 83.58% of the total
singular values encompassing the entire block. On the other hand, the second block’s cu-
mulative sum accounts for a relatively smaller portion, approximately 16.42% of the total
singular values. It is important to note that the magnitude of singular values corresponds
to the amount of information contained within.

While the significance of the second block’s contribution cannot be disregarded entirely,
its relatively smaller cumulative sum suggests a potentially lesser impact on the calculation
of ground-state energy. Anticipating an approximate accuracy of 85% in the results ob-
tained from SVD-IMSRG with the primary block is reasonable. Nonetheless, it is vital to
acknowledge that not all singular components play an equal role in the energy calculation.

We then conducted a comprehensive investigation using SVD-IMSRG, focusing on the
primary block to assess the significance of the second block. In this analysis, we deliberately
excluded the evolution of the second block, as shown in Figure 8.10b. Our study involved
varying the strength of the pair-breaking term. We plotted the results obtained from SVD-
IMSRG in red and results from the general IMSRG in blue. The distintictive gaps between
these two sets of result indicate the contribution arising from the second block. Specifically,
for a pair-breaking strength of b = 0.1, the observed error between IMSRG and SVD-IMSRG
amounted to approximately 0.15%. As we increased the pair-breaking strength to b = 0.3,
the discrepancy remained within 1%, which is approximately 0.6%. When applying SVD-
IMSRG to the system, the pair-breaking part can exhibit stronger correlations, which may
not be adequately captured by the low-rank approximation. As the pair-breaking strength,

denoted by parameter ”b”, increases, the impact of this term, or the second block, becomes
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Figure 8.11: The I' Matrix Mosaic. Divided into 16 captivating pieces, 6 essential blocks
are painted in vivid colors encapsulate the heart of essential information. Every hue sig-
nifies distinct physics, while symmetrical copies unveil the dance of hermitian and anti-
symmetrization, where shared colors embrace with a twist of sign change.

more pronounced, leading to challenges in the approximation. Truncationor or omission of
these terms can result in increased error and reduced accuracy in the model.

In summary, the examination of the singular spectrum reveals the contrasting contribu-
tions of the two blocks. While the second block’s cumulative sum indicates its importance,
its role in calculating ground-state energy may not be on par with that of the first block. A
deeper analysis of the specific singular components and their respective significance in the

energy calculation is warranted to draw conclusive insights.
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Chapter 9

SVD-IMSRG for Infinite Matter

9.1 Preliminaries

In this section, we briefly recapitulate the construction of single-particle basis and the

representation of two-nucleon interactions in infinite matter calculations, following Ref. [63].

9.1.1 Single-Particle Basis for Infinite Matter

The description of infinite nuclear matter relies on plane-wave functions that are confined
to a box with volume  and side length L, which quantizes the spectrum. (Eventually, one
needs to take the limit L - oo in computed expectation values.) The wave function is given

by

Vo (r) = exp(ikr)&y (9.1)

1
V20
where k denotes the wave number, and &, are basic spinors for nucleons with either spin up

or spin down:

omt1/2 = ((1)) =1/ = ((1)) : (9.2)

We can think of an infinitely extended system in terms of periodic copies of our “elemen-
tary” box, which implies the use of periodic boundary conditions on the single-particle wave

functions. These conditions impose constraints on the allowed wave numbers, which can be
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represented as

kp,. = ' i=2,Y,2 n;=0,+1,+2 - (9.3)
The kinetic energy operator can then be expressed as

2k .
T= Z apgp apoy (9.4)
Pop

where a;r)ap and a;f,gpapgp are the creation and annihilation operators, respectively, associ-
ated with the momentum state represented by the wave number p. When applying periodic
boundary conditions, the discretization of the single-particle momenta lead to the following
expression for the single-particle energy:

h2 h2 (27
Engnynz = o (k%x + k:%y + k:%z) o ( ) (n% +n2+ n%) ) (9.5)

To avoid singling out specific spatial directions, we impose truncations on the single-
particle basis by restricting the single-particle energy Eng,nynz < Emax (or, equivalently, the
total single-particle momenta or quantum numbers n;). It is clear from Eq. (9.5) that for
each ¢ allowed by the truncation, we may have several energetically degenerate realizations
through different combinations of the quantum numbers n;, ny,n,. Thus, the single-particle
basis will have a structure analogous to a shell model.

In our calculations, we ensure a “closed-shell” structure for both occupied and unoccupied
single-particle states by carefully including all single-particle states with energies below our

predetermined cutoff. Consider, for example, the case

(n2 +n2 +n2)<3. (9.6)
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Table 9.1: Total number of particles Ny for various n2 + n%/ +n2 values for one spin-1/2

fermion species, accounting for a spin degeneracy of 2 for each energy state.

The resulting list of energy levels is presented in Table 7?7, considering one species of identical
fermions and accounting for both spin-up and spin-down solutions.

If we were to consider nZ + n%, +n2 = 4, we obtain 6 additional energy levels (with one
n; = £2 and the others vanishing) and 12 additional states due to spin degeneracy, resulting
in a new magic number of 66. Proceeding in this manner, one obtains the magic numbers
of 2, 14, 38, 54, 66, 114, .... For the study of infinite nuclear matter with both protons and
neutrons, the magic numbers become 4, 28, 76, 108, 132, 228, and so on.

Once the number of particles in the simulation is determined, and a specific density p is
chosen, the Fermi momentum kg of the system is determined by the equation

K

P=952 (9.7)

where g represents the degeneracy. For a system of one type of spin-1/2 particles, the

degeneracy is 2, while for nuclear matter with protons and neutrons, it is 4.
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Since we are typically interested in the energy of neutron or nuclear matter at a fixed
density, we can use p and the particle number A that we choose according to our “closed-shell

criterion” to define the size of the simulation box via

Q=1%=

9.1.2 Two-Nucleon Interaction

In the study of infinite matter properties, a plane wave basis described above is employed.
While a Cartesian basis enables direct matrix element calculations, it has limitations as a
discrete and finite approximation. Instead, we employ a partial wave expansion for the
nucleon-nucleon interaction, which allows us to compute the Hartree-Fock energy of the
ground-state in the thermodynamical limit with a constrained number of partial waves.
By expressing the Hartree-Fock energy in a partial wave basis, we conveniently rewrite
the two-body force in terms of relative and center-of-mass motion momenta, facilitating a
comprehensive comparison between the two approaches.

The direct matrix element is defined in terms of the single-particle three-dimensional

momenta kj, spin op and isospin 7, as follows
(kpopmpkqo 1| U |kporTrksosTs) (9.9)
By introducing the relative momentum and the center-of-mass momentum

k=3 (k- k) (9.10)
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we have

(kpaprkqaqqu |k7‘o-7“7—rk80-37—3> = (kKUprUqTq| /lA] |k,K,O-7‘T7‘O-STS>
- 5 g1 6(K ~K') (KT25: = (00 + )| 0 K'TS. = (0c + o)) (912)

= 07,710 (K - K') (T..S:| o(k. k') [T S)

where the first equality comes from the conservation of the total momentum and charge.
In the second equality, we defined the isospin projections T, = 7, + 74 and T7 = 7 + Ts.
Subsequently, these matrix elements can be expressed in terms of the total two-body quantum

numbers, specifically for the spin S of two spin-1/2 fermions, as

(KT=S: 0k, K) K'TS0) = 3 <1ap%aq|ssz> (lar%as|5'52) (KT,SS,| (k. k') [KT,S"S")

S5 2 2
(9.13)
The coefficient (%ap%aqw&,) are known as Clebsch-Gordan recoupling coefficients. We
will assume that our interactions conserve charge, ans we will refer to T, = 0 as the pn
(proton-neutron) channel, T, = —1 as the pp (proton-proton) channel, and T, = -1 as the nn
(neutron-neutron) channel.
The nucleon-nucleon force is frequently studied and analyzed using a partial wave ex-

pansion. A state with linear momentum k can be expressed in terms of spherical harmonics

Y}, as follow

oo | .
k) =5 > ¥, (klkimy) (9.14)
[=0m=-1

The potential in momentum space is connected to the nonlocal operator V(r,r’) in terms of
k and K as

(K'K/| 6 |K'K) = f drdr’e= %y (¢ )RS (K K (9.15)
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We make the assumption that the interaction is spherically symmetric and utilize the partial
wave expansion of the plane waves in terms of spherical harmonics. As a result, we can
separate the radial part of the wave function from its angular dependence. The wave function

of the relative motion can be described in terms of plane waves as
ek = (r[k) = dr Z L (k)Y (K)Yy, (B) (9.16)

where j; is a spherical Bessel function and Y}, the spherical harmonic. The nucleon-nucleon
interaction can be conveniently described using a partial wave basis, where the operator
exhibits symmetry under rotations, parity, and isospin transformation. This symmetry en-
sures that the interaction is diagonal with respect to the quantum numbers of total angular
momentum (.J), spin (5), and isospin (7"). Utilizing the plane wave expansion and coupling

to final J, S and T states, we obtain the following results

K|VIk)=@r?) S > S Ll Yy (k)Y x)cl'$7 T Mcgfjg A (K'USTIM|V [KIST M)
JM Im ['m/!
(9.17)

where
(K'V'STJIM|V |kISTJM) = f Gy (K'Y (ST IM|V (¢! ) IST I M) gy (kr)r™dr'r2dr (9.18)

The omission of the center-of-mass motion momentum (K) and the corresponding orbital
momentum (L) is justified since the interaction is diagonal with respect to these variables.

This particular task, involving the construction of the Hamiltonian for infinite matter,
falls beyond the scope of my work. This task has already been accomplied by Omokuyani

and Kang, as documented in their research, In their study, the NNLO (Next-to-Next-to-
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Leading Order) interaction is utilized to construct the Hamiltonian for the system under

investigation.

9.2 SVD-IMSRG(2) for Infinite Matter

In this section, our focus lies in investigating the low-rank structure of infinite neutron
matter. The matrix used for this analysis has been obtained from Omokuyani and Kang,
incorporating the NNLO (Next-to-Next-to-Leading Order) interaction. The parameters for
the matrix are as follows: A = 38, representing the number of hole-states, and Ny = 4,
signifying that there are 66 single-particle states, of which 28 are particle-states (66—38 = 28).
Consequently, the dimension of the Hamiltonian(I') matrix is 4356(662).

Incorporating the NNLO interaction results in complex-valued matrix elements. As ex-
plained in earlier sections, the matrix is created along the diagonal, as shown in Figure 9.1a,
with each block corresponding to partial waves with unique total momentum K and total spin
projection S,. Within each block, the basis states are organized based on kj,+k; = K = ky+ks,
where each k; has three components representing ng,ny, and n;, along with certain prefac-
tors. The individual dimensions of each block are visually elucidated, with the largest among
them boasting an approximate dimension of 130, see Figure 9.1b. This organization facil-
itates a structured representation of the states and simplifies the analysis of the system’s
properties.

The singular values spectrum is meticulously depicted in Figure 9.1c, revealing a notable
alignment in rank between 'y and ['s, both possessing an equivalent rank of 2145. This
alignment elegantly satisfies the stipulations set forth in Eq. ??7. Evidently, this congruence

of rank signifies that I'y and ', retain their maximal ranks throughout their evolution.
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Figure 9.1: Visualizing Quantum Insights: (a) Infinite Matter diagonal representation in the
chosen basis. (b) Blocks illuminated. Sizes vary, with the largest around 130, showcasing
their significance. (c) Singular Values Spectrum of I'g, I'oo and dI'. T’y and I's equal in size,
whereas dI''s spectrum takes slight variation.

Remarkably, this congruence implies that the subspace encapsulated by I'g profoundly
captures the essential physics embodied by I, establishing a profound connection between
these two entities. In a fascinating contrast, the rank of dI" emerges slightly diminished in
comparison to ['g. This observation indicates that the subspace represented by dI' remains
a subset within the realm of Gamma, insufficient to encapsulate the entirety of I'Vs complex
physics within its confines. The nuanced interplay between these ranks and subspace affords
profound insights into the dynamics of the underlying physics system.

Turning our attention to the low-rank structures of ', and 2o previously discussed in
Sec. 3.5, we adopt an approach akin to our treatment in the pairing model, akin to Figure
9.2 and Figure 9.2. Building upon our established methodology, we project the dynamic
evolution of I's, onto the singular basis derived from I'y, adhering to the earlier prescribed
basis selection.

Analogous to the paradigm observed in the pairing model, discernible patterns emerge,
featuring two disentangled blocks within both I'es and Qe,. The ensuing exploration extends

to the examination of the respective singular value spectra, adorning Figure 9.2 and Figure
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Figure 9.2: A Visual Journey through (a) to (d). Exploring low-rank structures and singular
value spectra of I'es and (2.0, showcasing decoupled blocks and cumulative singular value
contributions. Unveiling patterns and parallels, forging a pathway to future investigation.
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9.2 for 'ee and (2e0, respectively. Of significant note, the cumulative sum of singular values
exhibited by the first block within I's, contributes to a remarkable 76% of the aggregate sum
of all singular values. In striking contrast, its counterpart within 2o, commands a staggering
99.7% of the cumulative sum. Such nuanced distinctions illuminate the profound disparities
that emerge between these two distinct domains.

Further inquiries are kindled by the parallel conducted study involving the pairing model,
where we employed the general IMSRG and SVD-IMSRG approaches. The utilization of the
first block, boasting a cumulative sum of singular values accounting for 76% of the total,
yielded impressively accurate results, hovering around the 99% precision mark.

Notably, this observation mirrors the findings within the infinite matter context, wherein
an omission of approximately 25% of the singular values yet garners an admirably high
level of accuracy. This intriguing pattern opens the door for comprehensive exploration,

warranting future investigations to unearth the underlying mechanisms at play.
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Chapter 10

Block Structures and Further

Development of SVD-IMSRG

As depicted in Figure 8.11, the I' matrix is strategically segmented into 16 distinct
components, with 6 among them encapsulating the essential physical information. In light
of this configuration , the current section embarks upon an in-depth investigation of the
evolution equations across each of these meticulously defined blocks. Departing from the
conventional approach of propagating the entirety of the matrix, the focus shifts towards the
progressive evolution of these more compact blocks. This insightful strategy serves a dual
purpose: it unveils the underlying low-rank structural attributes inherent to each individual
block while simultaneously delving into the intricate particle-hole interaction contributions
embedded within.

The pursuit of this endeavor is driven by an acknowledgement of the intricate and mul-
tifaceted nature of the challenge at hand. As a measure of prudent resource allocation, we
endeavor to assess the significance of the particle-hole interaction contribution within each
block. By quantifying its magnitude and discerning its relevant impact, we discern the feasi-
bility of its exclusion in certain blocks where its contribution is comparatively marginal. This
judicious exploration is driven by the aspiration to distill complexity and prioritize salient

elements within our investigation.
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Moreover, an inherent advantage of our approach lies in the focused handling of smaller,
intricately defined blocks. This tactical shift not only grants us deeper insights but also
accentuates computational efficiency. The expedited evolution of these confined blocks stands
in stark contrast to the computational overhead entailed by the holistic evolution of the entire
matrix. This operational expediency resonates well with our pursuit of informed efficiency.

In summary, this section illuminates a nuanced investigative methodology, capitalizing on
the segmented structure of the I' matrix. By unraveling the dynamics of individual blocks, we
endeavor to uncover the underlying dynamics and glean valuable insights, thereby harnessing
efficiency and depth in our pursuit of elucidating fundamental phenomena.

Moving forward, we address the practical scenario wherein the number of particle states
far exceeds that of hole states — typically denoted as (N, = 10 ~ 15)Nj,. In the context
of Block-IMSREG, due to manipulation of a reduced set of matrix elements, we anticipate
an acceleration in evolution despite the time complexity remaining at O(N. fQLN;,l), as discuss
in Section 3.2.2, or in Equation 3.14. Notably, our calculations involve the IMSRG and
Block-IMSRG methods applied to a pairing model exhibiting defined randomness,

PR = R exp Uit i TenfiD X2 (10.1)
ijkl = ‘lijkl €XP
where R is random but Hermitized and antisymmetrized, and I'p, a Gaussian randomness,
is introduced to achieve a maximum rank in the presence of a pair-breaking term in Iy,
aligning the model more closely with real-world systems. This pragmatic step enhances the
veracity of our analysis by better simulating complex system behavior.
Within the set of six fundamental blocks, three predominant bases emerge: hh, hp and

pp. As illustrated in Figure 10.1, the entirety of these six blocks undergoes a projection
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Figure 10.1: Representation of the 6 Essential blocks in corresponding singular bases for the
pairing model with 0.5 pairing interaction and 0.1 pair-breaking term. The hole states’ size
is 4 and single-particle states’ size is 10.

onto the hh, hp and pp bases. The selection of bases stems from the decomposition of the
hhhh, hphp and pppp blocks. The hhhh and pppp representations, as previously discussed,
adhere to a rank determined by Equation (??), which asymptotically converges to half the
dimension of the respective blocks. Unsurprisingly, the hphp representation achieves full
rank. The rank of hhpp mirrors that of hhhh, owing to the substantially smaller size of
hh in comparison to pp within the physical context. This size differential places hh at the
forefront of rank determination. However, it remains imperative to uphold the rank of pp
for the sake of preserving its right singular vectors. Regarding hhhp, similarly, although

its rank aligns with that of hhhp or hhpp, a nuanced adaptation becomes necessary for the
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1B-2B | ladder term | ladder(reduce-rank) | p-h term
hhhh | O(NyNp) | O(N/N7) 1/80(N,;Nj) None
hhhp | O(NPNE) | O(NPNJ) 1/4O0(N}N) O(N;Nj)
hhpp | O(NZN}) | O(NZN,) 1/80(NZN,) O(N}NJ)
hphp O(N}%Ng’) None None O(N}?L’Ng’)
hppp | O(N,Ny) | O(NPN}) 1/40(NJNp) O(N:ZNy)
pppp | O(Np) (’)(N}QLN;}) 1/8(’)(]\7}%]\/;}) None

Table 10.1: Time complexity analysis of each term in the evolution of 6 essential blocks. The
table presents the computational time complexities associated with individual terms within
the evolution of each essential block, offering insights into the intricacies of the computational
demands for various components of the studied system. The white generator is used in this
case.

right singular vectors, entailing the inversion of all singular bases. Analogously, for hppp, a
reversal process is applied to the rank of hp in relation to left singular vectors, and a reduced
rank of pp is enacted for the right singular vectors.

Table 10.1 provides an exposition of the time complexities associated with the two-body
evolution (IMSRG) of the six pivotal blocks. As previously demonstrated, the two-body
evolution encompasses three distinct terms: the interplay between one-body and two-body
components, a ladder term and a particle-hole (p-h) term. Notably, the most substantial time
complexity arises during the evolution of hppp within the p-h term and of pppp and hhpp
within the ladder term, both exhibiting a complexity of (’)(N]%Nﬁ), aligning consistently
with prior discussions. Moreover, the ladder term consistently exhibits reducibility in its
SVD form, or SVD-IMSRG in particular.

Consequently, the preeminant factor driving complexity is the particle-hole term within
hppp, warranting further rigorous investigation. Expanding our focus, we endeavor to scru-
tinize the precise contribution of the p-h term within each distinct block. Subsequent part
delve into the comprehensive efforts undertaken to dissect and elucidate these contributions.

Figure 10.2 provides a comparative analysis between the IMSRG and Block-IMSRG ap-
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Figure 10.2: Right Panel: The computational time required for IMSRG and Block-IMSRG
is depicted across a range of single-particle states. Notably, a distinct acceleration in compu-
tational efficiency is observed within the range of 10-15 single-particle states relative to hole
states. Left Panel(Top): Ground-state energies obtained through IMSRG and Block-IMSRG
are presented, along with an assessment of omitted contributions. In the context of hhhp
and hppp blocks, the particle-hole term is omitted, while for pppp, the interplay between
one-body and two-body components is disregarded. Left Panel(Bottom): The error ratio,
reflecting the discrepancy between the calculated and accepted ground-state energies. As
the number of single particle states increases, the impact of omitted contribution becomes
progressively pronounced, underscoring the interplay between accuracy and computational
efficiency.

proaches. The right panel illustrates the computational time required for IMSRG and Block-
IMSRG across varying number of single-particle states, while the number of hole states re-
mains constant at 4. Noteworthy, when the ratio of the number particle states (V) to that
of hole states (N}, falls within the range of 10-15, a nearly tenfold acceleration in computa-
tional efficiency is observed. Remarkably, this acceleration is achieved without truncation;
rather, it arises from the streamlined manipulation of a reduced set of matrix elements.
The left panel presents a juxtaposition of ground-state energies obtained through IMSRG,

Block-IMSRG, and a modified Block-IMSRG approach involving selective contribution omis-
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Figure 10.3: .

sion. This omission aims to significantly reduce complexity while maintaining a high level of
accuracy. At the top panel the left graph, distinguishing the calculated ground state energies
poses a challenge. However, the bottom panel introduces an error ratio that elucidates a
arguably trend: as the number of single-particle states, or the number of particle states,
increases, the influence of the omitted contributions becomes increasingly pronounced. The
phenomenon warrants a more extensive exploration, which will be expounded upon in the
following.

At present, our focus is dedicated to an intricate investigation into the distinctive contri-
butions of particle-hole term within each block. In Figure 10.3, we present a comprehensive

analysis of the error ratios observed in Block-IMSRG calculation, with the selective omission

174



of the particle-hole term in specific blocks. This exploration is conducted under varying con-
ditions of randomness, characterized by distinct scalings (1/20, 1/10 and 1/5) as indicated
in the graph.

The left, middle and right panels of the figure depict calculations performed on a pairing
model with 8, 16 and 30 single-particle states, respectively, while remaining a constant hole
state count of 4. Within each sub-panel, diverse pairing-breaking terms (denoted as ’b’)
are taken into account. Additionally, the axis is represented numerically (1, 2, 3, 4, 5, 6)
corresponding to the blocks with labels (hhhh, hhhp, hhpp, hphp, hppp, pppp).

From the analysis of the graph, intriguing observations emerge. As the strength of
randomness (k), or pair-breaking strength (b), intensifies, the influence of the particle-hole
term becomes more pronounced, reflecting a heightened significance. Furthermore, with
an escalation in the number of single-particle states, the contribution of particle-hole term
experience a proportional augmentation. Particularly noteworthy is the realization that
the particle-hole terms within hhhp and hppp, characterized by scalings of O(N }%Ng) and
O(N }QL Nf,l) respectively, can be safely truncated without compromising accuracy. Of potential
significance is the consideration of omitting the 1B-2B term in pppp. Although marginally
larger than those in hhhp and hppp, the contribution of this term is notably smaller compared
to the others, as evidenced in Figure 10.4.

This approach warrants an extensive exploration within the domain of real nuclear sys-
tems, such as infinite nuclear matter. In scenarios where the ratio of the number of single-
particle states to the number hole states exhibits a larger magnitude, roughly between 10
to 15, the sensitivity of particle-hole term contributions within each block to interaction
strength becomes more pronounced. With regard to computational time complexity, the

most substantial complexities manifest in hhpp and pppp blocks within the ladder term.
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However, employing singular value decomposition allows for an asymptotic complexity re-
duction by a factor of 1/8. This reduction stems from the observation that the ranks of
hh and pp are half of their respective dimensions, as per Eq. 77. Another notable instance
of high complexity arises in the particle-hole term of hppp, which can be safely truncated.
The viability of omitting the 1B-2B term in pppp, scaled at (’)(N]‘;’ ), presents a subject for
consideration, even it is small enough.

Collectively, these advancements culminate in a noteworthy reduction of the original IM-
SRG time complexity by a factor of 1/8. While certain blocks may not exert dominant
influences, their contribution remains vital in expediting calculations. A lingering task in-
volves delving into the calculation of n through the rank-reduced representation of I'. The
present methodology necessitates the repetitive reconstruction of blocks and subsequent 7
derivation in each step, a process characterized by its time-intensive and intricate nature.

Addressing this challenge constitutes a pivotal avenue for future investigation.
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Conclusions and Outlook
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Chapter 11

Conclusion and outlook

In conclusion, this dissertaion presents a comprehensive exploration of factorization tech-
niques applied to nuclear interactions and many-body methods, with a primary objective
of enhancing the computational efficiency and reducing memory demands in contemporary
nuclear many-body calculations. The research journey begins with the utilization of Sin-
gular Value Decomposition (SVD) to construct precise low-rank models for nucleon-nucleon
interactions, followed by the development of an innovative Similarity Renormalization Group
(SRG) variant to evolve these interactions in the SVD-factorized form.

Extending this investigation to encompass three-nucleon interactions, we employ random-
ized SVD algorithms to address the challenges posed by significantly larger basis dimensions.
While evidence of low-rank structures in three-nucleon interactions emerges, we identify im-
pediments to sustained rank reduction, primarily attributed to SRG-induced interactions.

Furthermore, we delve into the application of SVD for factorization and rank reduction
within the framework of the In-Medium SRG (IMSRG). This leads to the development of
rank-reduced IMSRG flow equations, offering promising results despite persisting compu-
tational hurdles linked to the treatment of particle-hole terms. As an initial step towards
resolving this issue, we conduct a comprehensive breakdown of the scaling and significance
of all contributions within the ISMRG flow, exemplified through applications in a schematic

model and infinite neutron matter, utilizing realistic interactions from chiral Effective Field

178



Theory.

As we set our sights on future research endeavors, the utilization of these advanced
algorithms and methodological enhancements holds the potential to extend their applicability
to the realm of infinite matter within the SVD-IMSRG framework, specifically focusing on the
primary block. This extension would enable us to conduct a thorough comparative analysis
with conventional IMSRG outcomes. This comparative assessment serves the crucial purpose
of evaluating the pertinence of truncating the second block, as previously established in the
context of the pairing model.

Furthermore, our research trajectory offers a unique opportunity to delve into novel
decomposition and contraction techniques. These innovative methods have the potential to
streamline and expedite the computation of particle-hole contributions within the IMSRG
formalism. Such investigations hold promise for enhancing the overall efficiency and efficacy
of the IMSRG approach.

In summary, this dissertation advances the understanding and utilization of factorization
techniques to enhance the efficiency of nuclear many-body calculations, offering valuable
insights into low-rank structures in nuclear interactions and paving the way of more com-
putationally tractable methods in the field of nuclear physics. The research herein lays a
solid foundation for further investigations into the optimization of computational resources
in nuclear physics simulations, with potential implications for broader applications in the

study of nuclear systems.
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