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ABSTRACT

Nuclear astrophysics aims to understand how the stars form chemical elements. Elements of mass

greater than 56 are created mainly through the slow and rapid neutron capture processes in neutron

dense environments; however, other formation paths exist. Two such paths are the rapid proton

capture and neutrino proton capture processes. The site of the rapid proton capture process is on

the surface of accreting neutron stars, where light mass material undergoes thermonuclear runaway

resulting in a Type I X-ray burst. The neutrino proton capture process can occur in the neutrino

driven winds of core collapse super novae.

Investigating the paths these processes follow requires information on the reaction cross sections

of a plethora of exotic, radioactive nuclei. As most of these cross sections are unmeasured, modeling

the processes relies on theoretical calculations that have large uncertainties on the isotopes in these

paths. Therefore, it is imperative that measurements are performed at relevant astrophysical

temperatures.

This thesis centers on a common reaction between both the rapid proton and neutrino proton

capture processes: 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛. The cross section of this reaction determines whether the path

moves more material to higher mass isotopes or if the majority of the material enters the NiCu

cycle, near mass 56-60.

The experiment presented here, was performed in 2019 at the National Superconducting Cy-

clotron Laboratory at Michigan State University. A cocktail beam of isotopes near mass 55 was

implanted on a Double Side Silicon Strip Detector positioned in the center of the Summing NaI(Tl)

(SuN) calorimeter. The 60𝑍𝑛 nucleus was populated through 𝛽+-decay of 60𝐺𝑎. The resulting

spectra were analyzed using the Total Absorption Spectroscopy technique. Total absorption spec-

troscopy was used to determine the 𝛽 feeding intensity up to 10 MeV and compared with Shell

Model and Quasi-particle Random Phase Approximation calculations. The experimental data was

also used in the newly developed 𝛽+ Oslo method, an extension of the 𝛽Oslo method for proton-rich

nuclei. This thesis presents a discussion on the first application of the 𝛽+ Oslo method.

Additionally, this thesis describes a Bayesian inference code used to constrain the parameter



space of models used to calculate the relevant cross section. This tool provided a statistically

rigorous uncertainty quantification on the nuclear level density and 𝛾-ray strength function extracted

from the 𝛽+ Oslo method. These uncertainties were incorporated into the final cross section and

reaction rate calculations performed in the TALYS nuclear reaction code. The experimentally

determined 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛 cross section implies that the reaction flow of both astrophysical

processes are dominated by capture to heavier masses with only a small amount entering the NiCu

cycle in the relevant temperature ranges.
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CHAPTER 1

INTRODUCTION

Throughout its history, humanity has striven to answer the question: Where do we come from?

One method to resolve this inquiry, is to understand what we are made of. We began by searching

within ourselves and our surroundings. Through generations of careful study, we realized that

everything within and outwith ourselves is comprised of atoms: oxygen and nitrogen in the air that

fills our lungs, carbon in all creatures that populate the world, the numerous metals in our tools

and architecture. Therefore, to understand our own origin we must comprehend the origin of the

elements that comprise our universe.

In the past century, great strides have been made in our knowledge of atoms and their formation.

The atomic nucleus discovered in 1911 by Rutherford[1], the first proposal that the sun plays a role

in creating elements beyond hydrogen in 1920 by Eddington [2], and Eddington’s student Lema𝑖tre

founding the big bang theory in 1931[3]. In the subsequent decades, researchers in both nuclear

physics and astrophysics continued to make discoveries in their respective fields. In 1957, Margret

and Geoffrey Burbidge, William Fowler, and Fred Hoyle compiled knowledge from both fields in

their review article "Synthesis of the Elements in Stars"[4]. This groundbreaking article not only

explained how stars form heavier elements out of lighter ones through nuclear fusion; but, also

proposed three major processes that form the most heavy elements when stars die. They proposed

that heavy element nucleosynthesis occurs with either the slow (s), rapid (r), or proton (p) processes.

The s and r processes arise in neutron dense environments, with the s-process creating elements up

to lead and bismuth, and the r-process accessing masses from iron and past uranium. The p-process

proposed in this work suggested a proton rich environment, where mass is gained through proton

captures. This view has since been disproven, replaced with a path that moves toward lighter nuclei

through photodisintegration reactions[5]. This publication illustrated that answering the question

"Where do we come from?" required a multidisciplinary field that combines nuclear physics, as-

tronomy, and astrophysics, now known as Nuclear Astrophysics.
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Since this publication, many more nucleosynthesis processes have been discovered beyond those

initial three. This work focuses on the rp-process, occurring in Type I X-Ray Bursts, and the 𝜈p

process, found in the proton rich nuetrino driven winds of core collapse supernovae. Both of these

processes have an uncertain step: when the 59𝐶𝑢 nucleus captures a proton to become 60𝑍𝑛, is it

more likely to create heavier isotopes or decay to a lighter mass, entering the NiCu cycle? Answers

to this question, can be found by studying the statistical properties 60𝑍𝑛. Through improving our

understanding of the structure of this isotope, we were able be able to better determine which path

each process takes.

This thesis begins with a discussion on relevant astrophysical topics and nuclear properties.

Afterwards, the experimental setup and procedures are detailed followed by a description of the data

analysis tools used and developed. Next, an examination of the results in comparison to theorectical

predictions and other measurements is given; concluding with the impact of these results on the rp

and 𝜈p processes.
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CHAPTER 2

NUCLEAR BACKGROUND

If one were to zoom in on an atom, they would first encounter a cloud of negatively charged leptons,

typically electrons. After passing through this cloud there would be a large volume of empty space

and at the center one would find the nucleus. The nucleus is the core of the atom, is comprised

of protons and neutrons, has a net positive charge. A nucleus is defined by its mass number A,

its proton number Z, and the number of neutrons N = A - Z. Elements are defined as nuclei with

unique Z values and isotopes are nuclei with the same Z but different N values. While elements

are depicted on the periodic table they are organized only with Z. Representing isotopes requires

a different approach, showing how each Z can be combined with multiple N. This representation

is called the chart of nuclides shown in Fig. 2.1. Z is displayed on the vertical axis and N is on

the horizontal axis. The black squares are the stable isotopes, those that will never decay and are

naturally found in environments like the solar system. This stretch of stable isotopes is also called

the valley of stability and outside of the valley, radioactive nuclei are found. Radioactive nuclei

undergo a decay process, releasing energy and changing form to become an isotope closer to the

center of the valley. Below the valley exist neutron rich isotopes and above the valley are the proton

rich (neutron deficient) isotopes.The columns and rows outlined in black represent values of Z and

N known as magic numbers. These values are special in that nuclei in these spaces are more stable

than their counterparts outside. These values are explored and explained using the Nuclear Shell

Model 2.5.1, a theoretical model based on atomic electron shell model, developed for protons and

neutrons within the nucleus

This chapter will provide a brief overview on reaction basics, 𝛾-ray transition and 𝛽-decays.

In addition to discussing the Shell Model, there is a description of the Quasi-particle Random

Phase Approximation. Both of these models were compared to the experimental results of the

present thesis. There are also several mentions of the TALYS [6] nuclear reaction code that uses

Hauser-Fesback(Sec. 2.5.3) calculations to predict reaction cross sections(Sec. 2.2.2).
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Figure 2.1 The Chart of Nuclides. The various colors correspond to the primary decay mode the
isotope undergoes to reach stability.

2.1 Binding Energy and Separation Energies

The mass of the nucleus 𝑚𝑖 more than the sum of Z and N but also includes the energy of the

strong force holding it together known as the binding energy B. The binding energy is a function

of both Z and N and can be thought of as a competition between the strong force holding all of

the baryons together and the electromagnetic force attempting to push the protons apart. Thus the

binding energy can also be described as the amount of energy needed to separate all of the nucleons

that make up the nucleus. The binding energy is written as 𝐵(𝑍, 𝑁) = Δ𝑚𝑐2 = (𝑍𝑚𝑝+𝑁𝑚𝑛−𝑚𝑖)𝑐2

, where Δ𝑚 is the difference between 𝑚𝑖 and A, known as the mass excess. Using this concept, it

is also possible to describe the energy needed to separate only one nucleon from the nucleus with

a term called separation energy. The proton separation energy 𝑆𝑝 is the binding energy difference

between 𝐴
𝑍
𝑋 and 𝐴−1

𝑍−1𝑋:

𝑆𝑝 = 𝐵(𝑍, 𝑁) − 𝐵(𝑍 − 1, 𝑁)

and the neutron separation energy 𝑆𝑛 is the difference between 𝐴
𝑍
𝑋𝑁 and 𝐴−1

𝑍
𝑋𝑁−1:

𝑆𝑛 = 𝐵(𝑍, 𝑁) − 𝐵(𝑍, 𝑁 − 1)

2.2 Reactions

Nuclei can change into different isotopes or elements by emitting or capturing another particle.

An isotope can be represented as 𝐴
𝑍
𝑋𝑁 or simplified as 𝐴𝑋 , where X is the symbol for the element
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corresponding to Z. A two body nuclear reaction can be described as

𝐴𝑋 + 𝑎 = 𝐵𝑌 + 𝑏

or 𝑋 (𝑎, 𝑏)𝑌 with a and b as absorbed and emitted particles (baryons or nuclei) respectively and Y

as the resultant isotope. The left hand side represents the entrance channel and the right hand side

shows the exit channel. In calculations, a channel needs to conserve the set of quantum numbers

(spin,orbital angular momentum, total spin,etc.) that correspond to the particles in question. Every

nuclear transmutation must follow a set of conservation laws:

• Energy - all the energy 𝑚𝑥𝑐2 + 𝑚𝑎𝑐2 + 𝐸𝑥 + 𝐸𝑎 must be distributed among the reaction

products as 𝑚𝑌𝑐2 + 𝑚𝑏𝑐
2 + 𝐸𝑌 + 𝐸𝑏

• Linear Momentum - determines the angles at which the reaction products are emitted.

• Angular Momentum - the total angular momentum of all reactants must be the same as that

of all products.

• Parity - the behavior under one spacial reflection must be the same before and after the

reaction

• Charge - total charge must remain the same before and after the reaction

• Baryon Number - the total number of protons and neutrons must be the same on both sides

• Lepton Number - for every lepton (e.g. 𝑒±, 𝜈𝑒, 𝜈̃𝑒) involved in the reaction an equal number

must exists as a product. Matter gives a value of +1 and antimatter counts as -1.

This thesis focuses on a particular type of reaction, known as radiative capture. In these processes

the isotope X captures a baryon and the new Y isotope emits 𝛾-rays.

2.2.1 Q Value

The Q value describes the amount of energy a system has available for a reaction to occur. It

is defined as the difference in rest mass energy before and after the reaction [7]. In the case of the
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two body example:

𝑄 = (𝑚𝑖 − 𝑚 𝑓 )𝑐2 = 𝑚𝑋𝑐
2 + 𝑚𝑎𝑐2 − 𝑚𝑌𝑐2 − 𝑚𝑏𝑐

2

A process with a positive Q value releases energy when it occurs and a negative Q values requires

energy to occur.

2.2.2 Cross Section

A reaction cross section, is the probability that a reaction will occur and can be simply described

as number of successes over opportunities. Assume there is a beam of particles of type 𝑎 at a rate

of 𝑅𝑎 incident on a target of material X that has 𝑁𝑋 particles per unit area. A nearby detector at

angle 𝜙 with respect to the beam axis covers a solid angle of 𝑑Ω and measures products at a rate of

𝑅𝑝. The cross section 𝜎 of this reaction can then be described as [7]:

𝜎 =
(𝑟𝑎𝑡𝑒 𝑜 𝑓 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑑𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛)

(𝑟𝑎𝑡𝑒 𝑜 𝑓 𝑏𝑒𝑎𝑚 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠) (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜 𝑓 𝑋 𝑛𝑢𝑐𝑙𝑒𝑖 𝑖𝑛 𝑎𝑟𝑒𝑎) =
𝑅𝑝

𝑅𝑎 𝑁𝑋

Since the detector can only measure within its 𝑑Ω coverage angle, it is reasonable to say that not

all products b were detected. Therefore, the description above is a partial cross section. The total

cross section would be the partial cross section integrated over a spherical shell around the reaction

location:

𝜎𝑡𝑜𝑡 =

∫
𝑑𝜎

𝑑Ω
𝑑Ω =

∫ 𝜋

0
𝑠𝑖𝑛𝜃𝑑𝜃

∫ 2𝜋

0

𝑑𝜎

𝑑Ω
𝑑𝜙

To know the cross section for a specific reaction (e.g X(a,b)Y), one would calculate the detection

rate of b type particles 𝑅𝑏 and substitute that for 𝑅𝑝. With this information, the cross section of the

reverse reaction Y(b,a)X can also be calculated with the reciprocity theorem:
𝜎

𝑌→𝑋
𝜎
𝑋→𝑌

=
(2 𝑗𝑋 + 1) (2 𝑗𝑎 + 1)𝑘2

𝑋𝑎
(1 + 𝛿𝑌𝑏)

(2 𝑗𝑌 + 1) (2 𝑗𝑏 + 1)𝑘2
𝑌𝑏
(1 + 𝛿𝑋𝑎)

where k is the wave number, j is spin, and the factor (1+ 𝛿𝑖 𝑗 ) doubles the cross section for identical

reactants.

Now consider a situation where some particle 𝑎 impinges on a single nucleus of element X. The

particle can interact elastically (scattering), where the interaction conserves kinetic energy and the
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particle leaves just as it came, or inelastically (reaction), where the particle and target change due

to their interaction (e.g. energy transfer (p,p’), capture (p,𝛾),etc.). The total cross sections for these

conditions are given by:

𝜎𝑠𝑐𝑎𝑡𝑡𝑒𝑟 =
4𝜋
𝑘2 (2𝑙 + 1)𝑠𝑖𝑛2𝛿𝑙

𝜎𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 =
𝜋

𝑘2 (2𝑙 + 1) (1 − |𝑒2𝑖𝛿𝑙 |2)

where 𝑙 is the orbital angular momentum and 𝛿𝑙 is the corresponding phase shift. The phase shift is

an energy dependent factor, and certain energies can cause sharp oscillations in the cross section.

These oscillations, called resonances, signify a maximum likelihood for the incident particle to

exist within the volume of the target nucleus. In the resonant view, the reaction cross section can

be described with the Bright-Wigner formula [7]:

𝜎𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛 (𝐸) =
(2𝑙 + 1)𝜋

𝑘2
Γ𝜆𝑒Γ𝜆𝑟

(𝐸 − 𝐸𝜆)2 + Γ2
𝜆
/4

where Γ𝜆 is the total resonance width, which is the full width at half maximum of the resonance

peak 𝜆. Γ𝜆𝑒 and Γ𝜆𝑟 are the partial widths of the entrance and reaction channels respectively.

2.3 𝛾-ray Transitions

𝛾-ray transitions occur when a nucleus in an excited state, emits 𝛾-rays to access its ground state

or when a nucleus is energized to an excited state by a 𝛾-ray. The transition mode is categorized

into two groups; electric (E) and magnetic (M) transitions. These groups are further separated

by their multipolarity, which corresponds to the angular momentum L the 𝛾-ray has when it is

emitted during the transition. EL and ML transitions differ in that EL follow the rule (−1)𝐿 and

ML transitions use (−1)𝐿+1. E transitions are always more likely to occur than M for the same L

and higher values of L are less probable than lower values.

2.4 𝛽-Decay

Another nuclear transmutation process is 𝛽-decay, which changes a radioactive isotope into

another more stable isotope. This process conserves mass number A but, shifts proton number Z
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Table 2.1 Table of 𝛽-decay selection rules.

Transition L Δ𝐽 Δ𝜋

Fermi 0 0 0
Gamow-Teller 0 0,1 0
1𝑠𝑡 Forbidden 1 0,1,2 1
2𝑛𝑑 Forbidden 2 1,2,3 0
3𝑟𝑑 Forbidden 3 2,3,4 1

and neutron number N by 1. In a 𝛽-decay a nucleon (p/n) transforms into the other type by emitting

a positron/electron and a neutrino/anti-neutrino. For a neutron the decay process is: 𝑛→ 𝑝+𝑒−+ 𝜈̄𝑒

which occurs in ≈ 10.2 minutes [7]. A proton’s 𝛽+-decay process is: 𝑝 → 𝑛+𝑒++𝜈𝑒 A proton does

not decay naturally in isolation like single neutrons do. However, in sufficiently neutron deficient

isotopes (e.g. 60𝐺𝑎), it is an allowed method to achieve a more stable configuration. Protons can

also capture electrons to become neutrons in the electron capture process as: 𝑝 + 𝑒− → 𝑛 + 𝜈𝑒.

The 𝛽-decay half life is given by

𝑡1/2 =
𝜅

𝑓0(𝐵𝐹 + 𝐵𝐺𝑇 )

where 𝜅 is a constant equal to 6147 s, 𝑓0 is a phase space integral (Fermi Integral) describing lepton

kinematics, and 𝐵𝐹 and 𝐵𝐺𝑇 are reduced transition probabilities of the Fermi and Gamow-Teller

(Sec. 2.4.2) transition types.

𝛽-decays obey the transition rules, Δ𝐽 = |𝐽 𝑓 − 𝐽𝑖 | [8]; 𝜋 = (−1)𝐿 which determine the excited

states that the compound nucleus is likely to occupy. The most probable decay types are known as

allowed transitions of which there are two: Fermi and Gamow-Teller. A Fermi transition does not

change spin or parity when transmuting to the compound nucleus. This includes transitions from

isobaric analogue states, where the ground state of the parent nucleus has the same 𝐽𝜋 and similar

structure as an excited state in the child. The first five transition types are tabulated in Table.2.1.

The transition probabilities can also be described by their 𝑙𝑜𝑔( 𝑓 𝑡) value. Rearranging the half-life

equation above

𝑓 𝑡1/2 =
𝜅

𝐵𝐹 + 𝐵𝐺𝑇
gives the ft value that is purely based on the structure of the nuclei. Due to their typically large
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values, the log of ft is used. Transitions with lower log(ft) are more probable with values between

2.9 - 3.3 considered as allowed transitions [8].

2.4.1 Weak force

The weak force manages 𝛽-decays through the 𝑊± and Z bosons. These bosons have a large

mass of 𝑚𝑊± ≈ 80.37𝑀𝑒𝑉/𝑐2 𝑚𝑍 ≈ 91.12𝑀𝑒𝑉/𝑐2 leading to their incredibly short lifetime

𝜏𝑊±,𝑍 ≈ 10−24 [9]. The weak force has two coupling constants: the axial-vector constant 𝑔𝐴 and

the vector constant 𝑔𝑉 . 𝑔𝐴 is related to nuclear spin [10]. These constants are typically quoted as

the ratio 𝑔𝐴/𝑔𝑉 = 𝑔𝐴 ≈ −1.27+0:00409
−0:00445 [10] and 𝑔𝑉 = 1 under the assumption of conserved vector

current [11]. This ratio represents the strength of the weak interaction and these constants appear in

the calculation of the Gamow-Teller reduced transition probability ( Sec. 2.4.2) from the 𝛽-decay

Feeding Intensity (𝐼𝛽 Sec. 2.4.3) as well as the operators for Fermi and Gamow-Teller.

2.4.2 Fermi and Gamow-Teller Reduced Transition Probability ( 𝐵𝐹 & 𝐵𝐺𝑇 )

The reduced Fermi transition probability 𝐵𝐹 is defined as:

𝐵𝐹 ≡
𝑔2
𝑉

2𝐽𝑖 + 1
|𝑀𝐹 |2

with 𝑀𝐹 is the Fermi nuclear matrix element [8].

The Gamow-Teller Reduced Transition Probability 𝐵𝐺𝑇 is defined [8] as:

𝐵𝐺𝑇 ≡
𝑔2
𝐴

2𝐽𝑖 + 1
|𝑀𝐺𝑇 |2

where 𝑀𝐺𝑇 is the Gamow-Teller nuclear matrix element calculated from the Gamow-Teller operator

𝑂̂, a combination of the Pauli spin operator 𝜎𝑝 and the isospin operator 𝜏 which handles weak

interactions [12]

𝑀𝐺𝑇 = ⟨ 𝑓 | |𝑂̂ | |0⟩ = ⟨ 𝑓 | |𝜎𝑝𝜏 | |0⟩

𝐵𝐺𝑇 represents the Gamow-Teller transition probability from the ground state of the parent nucleus

to an excited state in the child nucleus with the same parity and a spin difference no greater than 1.

2.4.3 𝛽-decay Feeding Intensity (𝐼𝛽)

𝛽-decay Feeding Intensity (𝐼𝛽) describes the probability a specific state is populated through

𝛽-decay. It is the ratio of the 𝛽-decay rate to one state 𝜆 𝑓 over the total 𝛽-decay rate 𝜆. The total
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decay rate 𝜆 is

𝜆 =
1

𝜏1/2,𝐺𝑇
=

1
𝜅
Σ
𝑓
[𝑔2
𝑣𝐵𝐹, 𝑓 + 𝑔2

𝐴𝐵𝐺𝑇, 𝑓 ] 𝑓 (𝑄 𝑓 )

and 𝜆 𝑓 is an individual component of the sum in 𝜆. Therefore the 𝛽 feeding intensity is

𝐼𝛽 =
𝜆 𝑓

𝜆

𝐼𝛽 can be determined experimentally using the Total Absorption Spectroscopy Method detailed in

Sec. 5.2

2.5 Theoretical Frameworks

There exists a plethora of framework used to describe the various properties and behaviors of

nuclei. This section presents a high level discussion on three such methods used for this work:

The Nuclear shell Model which describes structure, the Quasiparticle Random Phase Approximate

that describes nuclear excitation, and the Hauser Feshback formalism for deducing reaction cross

sections.

2.5.1 Nuclear Shell Model

The Nuclear Shell Model aims to describe the structure of the atomic nucleus by defining the

quantum state of each nucleon in a mean field while accounting for the Pauli exclusion principle [13].

In the shell model, the Hamiltonian is separated into two parts, a model component𝐻0 that describes

how the nucleons are organized and a residual interaction component 𝐵 that describes how the

nucleons behave with respect to one another

𝐻 = 𝐻0 + 𝐵

𝐻0 =
𝐴

Σ
𝑖
ℎ0(𝑖) =

𝐴

Σ
𝑖
[𝑡 (𝑖) + 𝑣0(𝑖)]

𝐵 =
𝐴

Σ
𝑖< 𝑗=1

𝑣(𝑖, 𝑗) −
𝐴

Σ
𝑖
𝑣𝑜 (𝑖)

Here, A is the mass number (total number of nucleons), t(i) is the kinetic energy operator on nucleon

i, 𝑣0 is the shell model potential (e.g. Harmonic Oscillator, Woods-Saxon), and v(i,j) represents

the many body potential caused by nucleon interactions [14].
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With this framework, the shell model specifies wavefunctions for each state in a nucleus. It also

finds energy eigenvalues for each nucleon. These eigenvalues are typically close in energy; however,

every so often a large increase occurs from one value to the next. The nucleon number preceding the

energy jump is known as a magic number and signifies a particularly stable configuration, since it

takes a lot of energy to reach the next mass number. Nuclei with a magic number of protons and/or

neutrons have a higher binding energy than their neighbors and longer life time, if radioactive. The

mathematical description above only agrees with experimental measurement up to the third magic

number. In order to improve agreement, the spin-orbit coupling term 𝑣𝑙·𝑠 (𝑖) is added to the potential

𝐻0 =
𝐴

Σ
𝑖
[𝑡 (𝑖) + 𝑣0(𝑖) + 𝑣𝑙·𝑠]

This term represents an assumption that interaction between any two nucleons effectively creates a

spherical potential [15].

The shell model also predicts isobaric analogue states (IAS); states in different nuclei with the

same A and same structure but different composition of nucleons. IAS appear at similar relative

energies. These states are special in that their similarity permits superallowed Fermi transitions.

The IAS wavefunction |IAS> is defined as [12]:

|𝐼 𝐴𝑆 >= 1
2
√
𝑁 − 𝑍

𝐴

Σ
𝑗=1
𝜏−( 𝑗) |Ψ0 >

where |Ψ0 > refers to the ground state and 𝜏+( 𝑗) is the isospin raising operator which changes a

proton into a neutron while conserving its spacial wave function. Shell Model calculations used

in this thesis were performed by Dr. B. Alex Brown and used to compare with the experimental

𝐼𝛽(Sec. 5.4.

2.5.2 Quasi Particle Random Phase Approximation (QRPA)

The Random Phase Approximation (RPA) method correlates the ground and excited nuclear

states. It views nuclear excitation as the creation of a particle hole (p-h) pair, where the particle

exists at some higher energy state v and the hole occupies the original position of the particle . One

derivation operates under the quasi-boson assumption, which treats a pair of fermions (e.g. p-h

pair) as a collective boson (phonon) excitation, neglecting the commutation relationship for boson

11



field operators [16]. RPA also assumes the ground state nucleus is sufficiently described with a

static mean field such as Hartree-Fock-Bogoliubov (HFB) [17]. Extending RPA to Quasi Particle

RPA (QRPA) means the degrees of freedom of two single particles are treated as quasi-bosons.

QRPA uses the ansatz for the phonon creation operator [16] :

𝑄†𝑣 =
1
2
Σ𝑘𝑘 ′ (𝑋𝑣𝑘𝑘 ′𝛼

†
𝑘
𝛼
†
𝑘 ′ − 𝑌

𝑣
𝑘𝑘 ′𝛼𝑘𝛼𝑘 ′)

where 𝛼(†) is the creation (destruction) operator for the quasi-particle pair, k<k’ are all particle

hole pairs, the elements of matrices X and Y are amplitudes of the two quasi-particle component

k,k’. X describes how much each pair contributes to the collective excitation and Y corrects for

correlated components in the ground state. With this ansatz, the QRPA equation is

©­­«
𝐴 𝐵

−𝐵 −𝐴

ª®®¬
©­­«
𝑋

𝑌

ª®®¬ = 𝐸𝑣
©­­«
1 0

0 −1

ª®®¬
©­­«
𝑋

𝑌

ª®®¬
where 𝐸𝑣 is the excitation energy of state v, A and B are matrices related to the matrix elements of pp,

hh, and ph contributions [16]. The solutions of the X and Y matrices are of particular importance

in calculating the Gamow-Teller transition strengths of 𝛽-decays in astrophysical environments.

From a QRPA approach, the matrix element 𝑀𝐺𝑇 can be calculated as:

𝑀𝐺𝑇 = ⟨0| [𝑄𝑣, 𝜎𝑝𝜏] |0⟩

where𝑄𝑣 is the phonon destruction operator, the conjugate transpose of the𝑄†𝑣 ansatz in Sec. 2.5.2.

2.5.3 Hauser Feshback

The Hauser - Feshback (HF) theory aims to calculate differential cross sections over energy by

describing the formation and decay of a compound nucleus. For a two body reaction:

𝐴𝑋 + 𝑎 → 𝐷𝐶∗ → 𝐵𝑌 + 𝑏

where the left and right sides are the entrance and exit channel as in Sec. ??, and the 𝐷𝐶∗ is the

compound nucleus with mass D. HF theory relies on the assumptions

• The compound nucleus is created at a highly excited energy level Ex, where there are many

(≥ 10 [18]) states in the excitation energy bin
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• The phases of the wave functions for these levels are random; therefore, all interference terms

cancel when averaged

• The exit channels are determined only by the statistical properties of the nucleus, independent

to the formation [19].

The capture cross section is given by

𝜎𝜇𝜈 (𝐸𝑖 𝑗 ) =
𝜋ℎ̄/(2𝜇𝑖 𝑗𝐸𝑖 𝑗 )

(2𝐽𝜇
𝑖
+ 1) (2𝐽𝜇

𝑗
+ 1)

Σ𝐽,𝜋 (2𝐽 + 1) ×
𝑇
𝜇

𝐽
(𝐸, 𝐽, 𝜋, 𝐸 𝜇

𝑖
, 𝐽

𝜇

𝑖
, 𝜋

𝜇

𝑖
)𝑇 𝜈𝑜 (𝐸, 𝐽, 𝜋, 𝐸𝜈𝑚, 𝐽𝜈𝑚, 𝜋𝜈𝑚)

𝑇𝑡𝑜𝑡 (𝐸, 𝐽, 𝜋)

where 𝜎𝜇𝜈 is the cross section of the reaction 𝑖𝜇 ( 𝑗 , 𝑜)𝑚𝜈, 𝐸𝑖 𝑗 the center of mass energy, 𝜇𝑖 𝑗 is

the reduced mass. J, E, and 𝜋 are the spin, excitation energy, and parity of the state respectively.

Without subscripts these variables refer to the compound nucleus, superscripts represent excited

states, and subscripts denote the states of the initial and final nuclei. The total transmission

coefficient 𝑇𝑡𝑜𝑡 = Σ𝜈,𝑜𝑇
𝜈
𝑜 sums over coefficients from all states within the energetically allowed exit

channels [20]. The total transmission coefficient of the exit channel𝑇 𝜈𝑜 in the case of 𝛾-ray emission

is

𝑇𝛾 (𝐸, 𝐽, 𝜋) = Σ
𝜈𝑚
𝜈=0𝑇

𝜈
𝛾 (𝐸, 𝐽, 𝜋, 𝐸𝜈𝑚, 𝐽𝜈𝑚, 𝜋𝜈𝑚) +

∫ 𝐸

𝐸
𝜈𝑚
𝑚

Σ
𝐽𝑚,𝜋𝑚

𝑇𝛾 (𝐸, 𝐽, 𝜋, 𝐸𝑚, 𝐽𝑚, 𝜋𝑚)×

𝜌(𝐸𝑚, 𝐽𝑚, 𝜋𝑚)𝑑𝐸𝑚

The first sum is over the transmission coefficients for the experimentally separable states at lower

energies, also called the discreet region. Despite the assumption that the compound nucleus is

populated in the continuum, it is still important to include the discreet states in the calculation

because there can be 𝛾 transitions from the continuum to discreet levels. Within the integral,

the terms refer to the level density of states (NLD) 𝜌 (Sec. 2.5.3.2) and transmission coefficients

(Sec. 2.5.3.3) at energies where levels are not yet separable, known as the continuum region. The

transmission coefficients of the entrance channel can be calculated with an Optical Model potential

(OMP) (Sec. 2.5.3.1). The NLD and 𝑇𝛾 are extracted in the Oslo Method described in Sec. 6.1.
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2.5.3.1 Optical Model Potentials (OMP)

Optical Model Potentials (OMP) represent nucleon - nucleus interactions in a manner anal-

ogous to light interacting with a medium in optics. They have a real component that describes

scattering or emission of a particle and an imaginary component that explains absorption. The

imaginary absorption component relies on the transmission coefficients of the initial and final

states [20]. The phenomenological OMPs used in the TALYS HF calculations are the local and

global parameterizations by Konning and Delaroche (KD) [21] and a semi-microscopic model can

also be with Juekenne, Lejeune, and Mahaux (JLM) calculations [22]. The KD model is based on

a phenomenological OMP U of the form

𝑈 (𝑟, 𝐸) = −𝑅𝑉 (𝑟, 𝐸) − 𝑖𝐼𝑉 (𝑟, 𝐸) − 𝑖𝐼𝐷 (𝑟, 𝐸) + 𝑅𝑆𝑂 .1.𝜎 + 𝑖𝐼𝑆𝑂 .1.𝜎 + 𝑅𝐶 (𝑟)

where R and I refer to the real and imaginary components. The subscripts V, D, and SO are the

volume, surface, and spin-orbit potentials respectively. E is the energy in the laboratory frame in

MeV. JLM based on the Breukerner-Hartree-Fock approximation [22]. Low energy interactions

between a charged nucleon and the nucleus are largely mediated by the Coulomb interaction,

hindering capture attempts leading to a very low capture cross section at energies under the

Coulomb barrier [23]. Therfore measureing cross sections at low energies is challenging.

2.5.3.2 Nuclear Level Density (NLD)

The Nuclear Level Density (NLD), symbolized as 𝜌, describes how many levels there are

per unit energy. It is the function 𝜌(𝐸, 𝐽, 𝜋) = Δ𝑁 (𝐸,𝐽,𝜋)
Δ𝐸𝑥

, where Δ𝑁 is the number of available

levels, and Δ𝐸𝑥 is the excitation energy bin. The total level density is then 𝜌𝑡𝑜𝑡 = Σ
𝐽,𝜋
𝜌(𝐸, 𝐽, 𝜋).

It is assumed that the spin and parity can be isolated into separate functions as 𝜌(𝐸𝑥, 𝐽, 𝜋) =

𝜌(𝐸𝑥)𝑔(𝐸𝑥, 𝐽)𝐹 (𝐸𝑥, 𝜋), where g and F are the spin and parity distributions respectively.

The many available spin distribution models in the literature (e.g [24]) depend on a spin cutoff

parameter 𝜎. 𝜎 is typically a function of A and 𝐸𝑥; not to be confused with 𝜎𝜇𝜈 the cross section.

There is often a𝜎2 term in the denominator of these equations that can be understood as the moment

of inertia that comes from the spin distribution [24]. Several theoretical spin cutoff models are
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described in [25]. The rigid sphere model used in the present analysis is:

𝜎2 = 0.0145𝐴5/3√︁𝐸𝑥/𝑎
where 𝑎 is a parameter related to orbital energy spacing. More information on derivation of this

equation can be found in [26].

Parity distributions often assume there are an equal number of positive and negative states [24]. For

nuclei with few available levels, such as those near the drip lines, parity asymmetry can be a relevant

factor [18]. There are models that include asymmetric parity such as [27] with a phenomenological

approach as well as microscopic and semi-microscopic methods by Goriely et al. [28] used in

TALYS [6] calculations. The most commonly used NLD models are the Constant Temperature

Model (CT) and the Back Shifted Fermi Gas Model (BSFG) which are described in Sec. 5.2.1. The

semi-microscopic models can be adjusted with the parameters𝑎 and 𝛿. 𝑎 adjusts the slope and can

be thought of as the level density parameter discussed in Sec. 6.1.4. 𝛿 controls the energy offset.

These parameters are applied to the semi-microscopic models with the equation [29]:

𝜌(𝐸𝑥 , 𝐽, 𝜋) = 𝑒𝑥𝑝(𝑎
√︁
𝐸𝑥 − 𝛿) 𝜌𝑚𝑖𝑐𝑟𝑜 (𝐸𝑥 − 𝛿, 𝐽, 𝜋)

Table 2.2 Available NLD models in TALYS[6].

Keyword Model Ref.
ldmodel 1 Constant Temperature & Fermi Gas Model [30]
ldmodel 2 Back-shifted Fermi Gas Model [31]
ldmodel 3 Generalised Superfluid Model [32, 33]
ldmodel 4 Skyrme-Hartree-Fock-Bogolyubov level densities from nu-

merical tables
[34]

ldmodel 5 Skyrme-Hartree-Fock-Bogolyubov combinatorial level
densities from numerical tables

[35]

ldmodel 6 Temperature-dependent Gogny-Hartree-Fock-Bogolyubov
combinatorial level densities from numerical tables

[36]

2.5.3.3 𝛾-ray Strength Function (𝛾SF)

The 𝛾-ray Strength Function (𝛾SF) describes the average probability of a 𝛾-ray of a particular

energy to emitted or absorbed from a nucleus as a function of 𝛾-ray energy. The 𝛾SF can be discussed

15



Figure 2.2 The 𝛾SF as it relates to energy from 𝛾-ray de-excitation [18]. Transitions from states close
in energy correspond with upbend and scissor features while those with large energy differences
relate to the pygmy and GDR (not shown).

as having separate upward (excitation)
→
𝑓𝑋𝐿 and downward (de-excitation)

←
𝑓𝑋𝐿functions. However,

under the Brink-Axel hypothesis, the upward and downward functions are said to be approximately

equal 𝑓𝑋𝐿 =
→
𝑓𝑋𝐿 =

←
𝑓𝑋𝐿 . The hypothesis also states that the function 𝑓𝑋𝐿 only depends on the

𝛾-ray’s energy, not the energies, spins or parities of the initial and final states [37, 38].

The 𝛾SF is directly related to the 𝛾-ray transmission coefficient 𝑇𝛾 by:

𝑇𝑋𝐿 (𝐸𝛾) = 2𝜋𝐸2𝐿+1
𝛾 𝑓𝑋𝐿 (𝐸𝛾)

𝑓𝑋𝐿 (𝐸𝛾) = 𝐸−(2𝐿+1
𝛾 ⟨Γ𝑋𝐿 (𝐸𝛾)⟩/𝐷

where 𝑇𝑋𝐿 is the transmission coefficient of E or M type transition with multipolarity L, 𝑓𝑋𝐿 (𝐸𝛾)

is the 𝛾SF, ⟨Γ𝑋𝐿⟩ is the average radiative width, D is the resonance spacing and 𝐸𝛾 is the energy

of the 𝛾-ray [39]. In the context of cross section calculations in astrophysical environments, the

most important XL are the dipole (E1 & M1) components of the 𝛾SF. There are several models to

describe these, some of which are described in Tab. 2.3.

E1 models are typically Lorentzian based with energy dependent widths and finite values at

zero energy to accurately describe the shape of the giant dipole resonance (GDR), which appears

at 𝐸𝛾 ≈ 10 − 15 MeV [39]. The GDR is said to result from the collective oscillation of protons

within the nucleus and appears as a wide peak of high probability . E1 can also have a double
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Table 2.3 The available models for the 𝛾SF in TALYS [6].

Keyword Transition Model Ref.
strength 1 𝐸1 Kopecky-Uhl Generalized Lorentzian [40]
strength 2 𝐸1 Brink-Axel Standard Lorentzian [41, 42]
strength 3 𝐸1 Skyrme-Hartree-Fock BCS model with QRPA [43]
strength 4 𝐸1 Skyrme-Hartree-Fock-Bogoliubov model with

QRPA
[44]

strength 5 𝐸1 Hybrid model (Lorentzian model with energy
and temperature dependent width)

[45]

strength 6 𝐸1 Temperature-dependent Skyrme-Hartree-
Fock-Bogoliubov model with QRPA

[44]

strength 7 𝐸1 Temperature-dependent Relativistic Mean
Field Model

[46]

strength 8 𝐸1 Gogny-Hartree-Fock-Bogoliubov model with
QRPA by based on the D1M version of the
Gogny force

[47]

strength 9 𝐸1 Simplified Modified Lorentzian Model [48]
strength 10 𝐸1 Simplified Modified Lorentzian Model [?]
strengthM1 1 𝑀1 Standard Lorentzian Model as parameterized

in RIPL3 Library
[49]

strengthM1 2 𝑀1 𝑀1 normalized on 𝐸1 as 𝑓𝐸1/(0.0588𝐴0.878)
strengthM1 3 𝑀1 Addition of spin-flip and scissors mode [50, 51, 52]
upbend y/n 𝑀1 Flag to include upbend or not [53, 54, 55, 56]

peak structure in this range, whose max values are related to the nucleus’ deformation away from

a spherical shape. In this case oscillations occur along both a major and minor axis.

The E1 model used in this work is the Skyrme-Hartree-Fock-Bogoliubov with QRPA detailed

in [17].Within TALYS all E1 models can be adjusted with parameters Etable, ftable, wtable.

Etable is the centroid of the GDR, wtable is its FWHM, and ftable applies a non-physical scaling.

These parameters are applied with the equation

𝐹
𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑

𝐸1 (𝐸𝛾) = 𝑓𝑡𝑎𝑏𝑙𝑒𝐹
𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙

𝐸1 (𝐸𝐸1 + 𝑤𝑡𝑎𝑏𝑙𝑒 (𝐸𝛾 − 𝐸𝐸1) + 𝐸𝑡𝑎𝑏𝑙𝑒)

where F is the 𝛾SF and 𝐸𝐸1 is the energy at the middle of the 𝛾SF [29].

M1 models also have a Lorentzian shape but with smaller peak height compared to the GDR.

These models describe the scissors and spin-flip features of the 𝛾SF. The scissors mode is a

collective motion effect of nucleons in a deformed nucleus [57]. For more spherically shaped

nuclei, there is a unique increase in the 𝛾SF at low energies [58]. This is known as the low energy
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enhancement or upbend, and has been shown to result from M1 transitions [59]. The M1 low energy

enhancement is adjusted with updende, upbendc, upbendf, and beta2. upbende is an energy

dependent factor, beta2 describes the deformation of the isotope, while upbendc and upbendf are

normalization terms. These parameters shape the upbend with

𝑀𝑢𝑝 (𝐸) = 𝐶 𝑒𝑥𝑝(−𝐹 ∗ |𝛽2 |) 𝑒𝑥𝑝(−𝜂 ∗ 𝐸)

where C is upbendc, F is upbendf, 𝛽2 is beta2, 𝜂 is upbende, and E is the 𝛾 energy.
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CHAPTER 3

ASTROPHYSICAL BACKGROUND

The previous chapter discussed the structure of nuclei, how they can change (reactions/decays),

and models that describe these transmutations. This chapter will reference these ideas to explain

the formation of nuclei in the universe. It begins by describing how the lightest nuclei were formed

in the Big Bang, then discusses nucleosynthesis during stellar evolution. It finishes with sections

reviewing the multiple nucleosythesis processes for elements more massive than Iron, with a focus

on the rp and 𝜈p processes which contain the 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛 reaction, which is the focus of the

present thesis.

3.1 Big Bang Nucleosynthesis (BBN)

At ≈ 0.1 s after the Big Bang, the average temperature was 3e10 K with a mean photon energy

E ≈ 10𝑀𝑒𝑉 [60]. Since the photon energy was about 10 times higher than the rest energy of

electron positron pairs (1.022 MeV), pair production and annihilation were in equilibrium. There

was also an equilibrium in baryonic matter as neutrinos were still strongly coupled to them through

the weak force, so protons and neutrons could freely convert back and forth [60].

Around 6s after the Big Bang, the temperature was 500 keV, lower than the rest mass of elec-

trons and positrons and annihilation of these anti particles begins [61]. Therefore, the universe

has cooled to a point where the baryon equilibrium no longer holds as the weak force interaction

weakens, reducing the neutrino capture rate for baryons. As time passes, free neutrons decay

into 𝑝 + 𝑒− + 𝜈𝑒, and baryon matter becomes dominated by protons [60]. The ratio of protons to

neutrons is effectively "frozen" until 𝑡𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 ≈ 𝑡𝑛𝑢𝑒𝑡𝑟𝑜𝑛, fixing the ratio to about 1 neutron for every

7 protons [62]. Big Bang nucleosynthesis (BBN) begins with the creation of the first nuclei after

the proton - neutron freeze out, when the average temperature of the universe dropped below ≈ 0.7

MeV [62].

BBN ends ≈ 1000s after the Big Bang at temperature around 3 × 108 K [60]. The majority of
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baryon matter is now either free protons or 4𝐻𝑒 nuclei. This results in initial abundances of ≈ 0.75

H, .245 ± 0.003 4𝐻𝑒, and ≤ 10−9 Li [9]. 7𝐵𝑒 after BBN becomes 7𝐿𝑖 after electron capture.

3.2 Stellar Nucleosynthesis

After BBN and the formation of galactic clouds, the Hydrogen and Helium plasma further

condensed into what are known as protostars. As they contract under their own gravitation, the

temperature and pressure increases. With enough mass, the temperature will exceed 106 K, igniting

the hydrogen fusion process, and turning the protostar into a full main sequence star [63]. Main

sequence stars fuse lighter mass nuclei into heavier mass products through their high temperatures

generated from compression under their gravity. Once the material with the lowest Coulomb

barrier has been used, reactions will slow, reducing the outward pressure that stabilizes the star [7].

Without the added pressure, the star contracts, causing its temperature to increase until it is high

enough for the fuel with the next lowest barrier to begin fusion. The star is again stable against

contraction and this process repeats until there is either no more fuel or an iron core is formed.

Depending on the star’s mass, it can fuse material in some or all of the stages listed in the following

sections. As heavier material is formed in the core, the elemental abundance stratifies into the

onion like formation depicted in Fig. 3.1. These stellar fusion processes are thoroughly investigated

in Nuclear Physics of Stars by Christain Illiadis [7]. Here, an overview is presented.

3.2.1 Hydrogen fusion

Being a main sequence star means that the core temperature is high enough for hydrogen fusion.

Stars spend the majority of their life in this hydrogen burning phase. Hydrogen fusion occurs

one of two ways depending on when the star was formed. The oldest stars formed from nearly

pure Hydrogen clouds and must fuse Hydrogen using the pp-chains, forming Helium from four

Hydrogen atoms. Now, stars can form from clouds with a mixture of pre-existing elements and

fuse through either the pp-chains or the CNO cycle. Both H fusion processes are described below.

3.2.1.1 The pp-chains

The pp-chains are three processes that fuse Hydrogen into 4𝐻𝑒 [7]. These chains all begin with

2 protons fusing into a deuteron. This first step takes an average of 9 × 109 yr. Once the deuteron
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Figure 3.1 Layered structure of a massive star. As a new heavy core forms during burning, lighter
material form shells around it.

is formed, it can react with another proton in the reaction 2𝐷 + 𝑝− >3 𝐻𝑒 + 𝛾. At this point the

reaction chain splits of into the main paths. In the path, pp1, 4𝐻𝑒 is created through the reaction
3𝐻𝑒 +3 𝐻𝑒 →4 𝐻𝑒 + 2𝐻 [7]. The second path, pp2, has a few more steps. The 3𝐻𝑒 first fuses with

an environmental 4𝐻𝑒 creating 7𝐵𝑒 and 𝛾-rays as 3𝐻𝑒 + 4𝐻𝑒 → 7𝐵𝑒 + 𝛾 [7]. Then the 7𝐵𝑒 𝛽−

decays into 7𝐿𝑖 and a neutrino. The 7𝐿𝑖 can then capture a proton to make 8𝐵𝑒, an unstable isotope

that decays into two 4𝐻𝑒 nuclei [7]. The last and longest of the hydrogen fusion chains we will

discuss, pp3, also has the 3𝐻𝑒 + 4𝐻𝑒 → 7𝐵𝑒 + 𝛾 reaction. However, unlike pp2, the created 7𝐵𝑒

then captures a proton making 8𝐵 in the reaction 7𝐵𝑒 + 𝑝 → 8𝐵 + 𝛾. The boron then beta decays

into 8𝐵𝑒 which, as stated before, becomes 2 4𝐻𝑒 nuclei [7].

3.2.1.2 CNO cycle

Younger stars which have formed from the remnants of older stars may have initial isotopic

abundances that are not only from BBN but are also enriched by fusion that occurred in their

parent. If the enriched material is in the C, N, and O mass region, then those nuclei can be in-

volved in creating 4𝐻𝑒 as well. This group of four reaction chains are known as the CNO cycles [7].

Once the hydrogen fuel in the core is fully depleted, the core is now made of Helium, and the star
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leaves the main sequence. Stars with 𝑀𝑠 < 0.23𝑀⊙ are believed to directly become white dwarfs ;

however, since their lifetime is longer than the age of the universe there is no direct observation [64].

In more massive stars with a Helium core, the star has now entered the Red Giant Branch (RGB).

A shell of hydrogen around the core can continue fusing or "burning" which will cause outer layers

to expand. As the hydrogen shell keeps burning, the Helium core grows more massive and heats,

which accelerates the shell burning. The CNO reaction chain can take a different path at higher

temperatures. In this hot CNO (HCNO) path proton and alpha captures can dominate over positron

decays leading to an abundance of proton rich nuclei [65].

3.2.2 Helium fusion

Helium fusion occurs under the triple alpha process (3𝛼) which, as the name suggests, is the

fusion of three helium nuclei. The fusion must occur this way because, while the probability for

only two helium nuclei to collide and fuse is much higher, the reaction product, 8𝐵𝑒, is highly

unstable. In the triple alpha process, all three helium nuclei fuse together in a time shorter than the

half life of 8𝐵𝑒 to create 12𝐶:

3 4𝐻𝑒 → 12𝐶

or
4𝐻𝑒 + 8𝐵𝑒 → 12𝐶

This reaction proceeds through a resonance in 12𝐶 known as the Hoyle state [66]. 12𝐶 is the primary

reaction product; however, some of it can react with 4𝐻𝑒 creating 16𝑂 in the core.

3.2.3 Other Stellar Burning

Stars with mass ≥ 2 solar mass can 3-alpha before degeneracy leading them onto the asymptotic

giant branch (AGB). Fusion to higher mass isotopes occurs in similar fusion processes sequentially

in Carbon, Neon, Oxygen and Silicon burning phases. The most massive stars create 56𝑁𝑖/ 56𝐹𝑒

cores at which point fusion no longer provides any star with enough pressure to resist the force of

its own gravity [7]. Less massive stars may end at any point before if the core temperature is too

low to trigger the next burning phase.
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For stars that can fuse an Iron core, the star’s mass determines its next form. The lightest of these

massive stars undergo core collapse supernovae (CCSN). No longer supported by fusion pressure,

the material above the core rapidly accelerates toward the center. Unable to overcome the electron

degeneracy pressure of the dense core, the material bounces of and ignites in a large explosion.

When stars of even greater mass collapse, the force of the surrounding material overcomes the

electron degeneracy pressure supporting the Iron core and it collapses as well. For massive stars in

the intermediate range this collapse halts once nucleons become degenerate, forming neutron stars.

The most massive stars collapse further still, creating black holes.

3.3 Nucleosynthesis Beyond Iron

The stellar burning phases described thus far can only create elements up to Fe; however, many

more than 26 elements exist (e.g gold, copper, lead). This leads to a rather obvious question: Where

did the heavy elements come from? The 𝐵2𝐹𝐻 paper [4] proposed 3 major processes that can

produce isotopes beyond 56𝐹𝑒 are produced: the rapid neutron capture process (r-process), the

slow neutron capture process (s-process), and a proton capture process (p-process) which is now

known to be a series of photodisintegration reactions and is sometimes called the 𝛾-process.

3.3.1 s-process

In the s-process path, when an isotope captures a neutron, a radioactive child nucleus is likely

to 𝛽−-decay before another neutron can be captured. The slow neutron capture rate is due to the

s-processes sites having a low neutron density 𝜌𝑛 ≈ 107−11 𝑐𝑚−3. The starting "seed" nuclei of the

s-process are grouped in what is known as the Iron Peak nuclei (e.g. 56𝐹𝑒, 56𝑁𝑖). Because of the

requirement of iron peak seed nuclei, the s-process in called a secondary process; it cannot occur

without stellar fusion happening first. Since capture is slow, the s-process path remains close to the

stable isotopes. The first confirmed s-process site is in AGB stars; whose spectra show evidence of

the production of radioactive Tc [67]. The s-process is considered to be responsible for ≈50% of

heavy element isotopes.
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3.3.2 r-process

The r-process occurs in explosive events with a neutrons neutron densities 𝜌𝑛 ≈ 1020−22 𝑐𝑚−3.

The high capture rate causes the r-process path to move to neutron-rich nuclei far from stability,

until it reaches equilibrium with the reverse (𝛾, 𝑛) reaction. Once the environment loses sufficient

neutron density to continue the r-process, 𝛽-decays bring the population of exotic isotopes to

heavier stable elements. Potential sites of the r-process has been an open question since the 𝐵2𝐹𝐻

paper. Suggestions include core collapse super novae, neutron star mergers, and even black hole

mergers as candidates. On August 8th 2017, the LIGO collaboration detected gravitational wave

event GW170817 caused by two neutron stars merging. Spectroscopic data collected from this

event showed clear evidence of r-process nuclei forming [68]. While neutron star mergers are a

confirmed r-process site, it is unclear how much they contribute to the overall r-process element

abundance as well as the contribution of other potential sites [69].

3.3.3 𝛾-process

There are a series of stable, neutron deficient nuclei that cannot be produced by either the s or

r processes. The 𝐵2𝐹𝐻 paper identified these 35 nuclei, now known as the p nuclei. In their work,

the process of creating the p nuclei was described as a series of proton capture and neutron emission

events on s and r process seed nuclei. However, further research determined that the conditions

needed for this reaction path were improbable in hydrogen rich areas of most stars [70]. Instead,

an alternative process based on photodisintegration reactions on heavy nuclei was suggested. This

𝛾-process is now considered the main mechanism that creates the p nuclei. As a tertiary process,

it does not use iron peak nuclei as a starting point, but rather nuclei at the end points of the s and

r processes. After either process, the created material will be ejected into the interstellar medium

(ISM). Protostars can form out of this heavy element enriched material and create stars with s and r

process isotopes mixed throughout its volume. These isotopes are the seeds for the 𝛾-process path.

The path is defined by a series of proton, neutron, and 𝛼(4𝐻𝑒) emissions triggered by high energy

𝛾-rays during an explosive event. Early on in the process, neutron emission dominates. As the path

moves to more neutron deficient isotopes, removing a neutron becomes more difficult. Eventually,
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emitting a proton or 𝛼 becomes a more likely next step on the path as the energy to remove another

neutron rises. Through this path, the 𝛾-process creates lighter, stable p nuclei from heavy seeds.

3.4 Other Nucleosynthesis processes

Beyond these original three processes, several more have been discovered, including interme-

diate neutron capture process (i-process) [71], the rapid proton capture process (rp-process) [72],

and the neutrino proton capture process (𝜈p-process) [73]. The focus of this thesis is on proton

rich side of the valley of stability. The investigation is on the reaction 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛, a branching

point (or fork) along the rp and 𝜈p process paths. The reaction rate here determines if the path

continues up toward heavier mass isotopes or if instead the proton knocks out an 𝛼 particle leading

to lighter mass isotopes [74]. This competition is important not only for modeling light curves

from Type-I X-ray bursts but also in determining the composition of neutron stars.

3.4.1 rp-process

The rp-process is the the major fusion and energy production mechanism of Type-I X-ray Bursts.

These events are the most common explosive occurrences in the Milky Way; however, the isotopes

produced contribute very little to isotopic abundances [72, 75]. Type-I X-ray bursts occur in binary

star systems of a neutron star and main sequence partner. When the partner overfills its Roche lobe,

the material outside is no longer gravitationally bound to it and instead accretes onto the neutron

star through Lagrange point L1, the center of mass of the binary system. The material (mostly

Hydrogen and Helium) accelerates under the intense gravitational pull and forms an accretion disk

around the neutron star in the plane of orbit of the binary system. As the material lands on the

surface of the neutron star, it heats to temperatures ranging 𝑇9 = 0.7 − 1.5 [75] and begins fusion

through the HCNO cycle. While this occurs, mass is still being accreted and a degenerate shell

of matter quickly forms and temperatures continue to rise. The triple-𝛼 process then dominates

the reaction, causing a helium flash. While a flash on a main sequence star leads to material

being ejected across the ISM, the intense gravity of the neutron holds the material tight, causing a

thermonuclear runaway. The runaway breaks out from the HCNO cycle through the 𝛼p-process, a

process dominated by 𝛼 capture reactions [74]. From there on the rp-process begins. This process
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Figure 3.2 Reaction flow of rp process. [76]

is dominated by proton capture and 𝛽+ decays beginning at 19𝑁𝑒 at temperatures favorable for
19𝑁𝑒(𝑝, 𝛾)20𝑁𝑎[75] leading to a calculated end point in neutron stars near mass A = 107, where

the path becomes a loop, cycling through Sn, Te, and Sb [77].

3.4.2 𝜈p-process

In the inner ejecta of a core collapse super novae (CCSN) and neutrino winds of a proto neutron

star, an abundance of proton rich matter can form from neutrino captures [78]. As it cools, the

environment is mainly composed of N ≈ Z isotopes (e.g 56𝑁𝑖, 4𝐻𝑒) and protons [73]. The protons

capture antineutrinos becoming neutrons, which are preferentially captured by the proton rich

isotopes in (n,p) reactions [79]. The (n,p) reactions lead to a higher net proton capture rate of the

material, and the process moves toward heavier nuclei [80]. The 𝜈p-process can also form some of

the p nuclei of the 𝛾-process [81].

3.5 NiCu Cycle

Both [79] for the 𝜈p-process and [77] for the rp-process report that the competition between

the 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛 and 59𝐶𝑢(𝑝, 𝛼)56𝑁𝑖 reactions can lead to a NiCu cycle if the (𝑝, 𝛼) reaction

is dominant. The rp process NiCu cycle is illustrated in Fig. 3.3[74]. The 𝜈p-process NiCu cycle

takes the path [79]:

56𝑁𝑖(𝑛, 𝑝)56𝐶𝑜(𝑝, 𝛾)57𝑁𝑖(𝑛, 𝑝)57𝐶𝑜(𝑝, 𝛾)58𝑁𝑖(𝑝, 𝛾)59𝐶𝑢(𝑝, 𝛼)56𝑁𝑖
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Figure 3.3 Reaction Flow of the rp-process around 59𝐶𝑢 [74]

This would significantly limit the abundance of isotopes above A=56 created in both processes.

For Type I X-ray bursts, this has a large impact on the Type I X-ray Burst light curves and the

thermal profile of neutron star crusts [81]. For CCSN, the contribution to the p nuclei abundance

would be limited to the lighter isotopes and would not flow past 59𝐶𝑢 at temperatures ≈ 3 GK [79].

The 59𝐶𝑢(𝑝, 𝛼)56𝑁𝑖 has previously been measured at astrophysical energies [81, 82]; however,

there are no constraints for the 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛. At rp-process temperatures, the cross section is on

the order of 0.1 micro barn, making it challenging to measure directly. The present thesis focuses

on an experiment to constrain this reaction indirectly.
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CHAPTER 4

EXPERIMENTAL DETAILS

The data for this thesis was obtained during National Superconducting Cyclotron Laboratory

(NSCL) experiment e17009, performed in 2019. The facility generated a primary beam of 78𝐾𝑟36+

by accelerating particles from a spallation source with a pair of coupled cyclotrons [83]. The

primary beam then impinged on a 9𝐵𝑒 target to create a secondary beam. This secondary beam

was filtered through the A1900 fragment separator to remove contaminants resulting in a beam of

ions with 𝐴 ≈ 55. Since the desired beam was 60𝐺𝑎, a second filtering step was applied using

the Radio Frequency Fragment Separator (RFFS) to further improve beam purity [83, 84]. This

chapter will provide a description of the NSCL beam line and the detectors used in the experiment.

4.1 Beam Production

4.1.1 Coupled Cyclotrons and Primary Beam

The NSCL had two electron cyclotron resonance (ECR) ion sources, the ECR ion source

(ECRIS) [85] and the Advanced Room-TEMperature Ion Source (ARTEMIS) ECR [86]. Source

ions were injected into the center of the cyclotron. Cyclotrons have three basic parts: two metal

D’s (named for their shape), an azimuthal electric field, and a gap between the Ds. When ions are

injected into the gap, they are accelerated by the field into a D. From Gauss’ Law, we know that

there is no electric field inside a conductor, therefore the ions drift at a constant velocity with respect

to center inside the D. Once they exit, they are once again accelerated and their radius increases to

conserve momentum. The strength of the field filters source ions by momentum and charge (B𝜌);

ions with unwanted ratio will either crash in the wall of the cyclotron or exit at a rate much lower

than the desired ions with the desired ratio.

The NSCL had two cyclotrons (K1200 and K500) coupled together to provide higher intensities

for heavy common and exotic ion beams [84]. This produced the primary beam of the present

work, 78𝐾𝑟36+, at 150 MeV/u with an intensity of 5pnA. The primary beam then impinged on a

705 𝑚𝑔/𝑐𝑚2 9𝐵𝑒 target to produce a secondary "cocktail" beam of various ions 𝐴 ≈ 55.
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Figure 4.1 NSCL beam line. From A1900 paper

4.1.2 Fragment Separators

After the production target there were still many contaminating ions that would make data

collection extraordinarily difficult. Therefore, the beam needed to be purified as much as possible.

To accomplish this, fragment separators were used. The A1900 fragment separator was standard

in almost every NSCL experiment. In addition experiment e17009 also included the RFFS had

capabilities that specifically benefit experiments using neutron deficient beams.

4.1.2.1 A1900

The A1900 fragment separator was installed in the NSCL beam line in 2000 replacing the

A1200 fragment separator. The A1900 was made of 24 quadrupole magnets and 4 dipole magnets

set at 45◦ in the azimuthal direction [84]. The strength of the magnetic field was set to allow only

ions in a range of momentum to pass through. The A1900 has a large momentum acceptance, so

the filtered beam was a cocktail of ions around mass 55 [83].

4.1.2.2 Radio Frequency Fragment Separator [87]

After filtering through the A1900, the cocktail beam comprised of isotopes whose 𝐵𝜌 overlapped

with that of our isotope of interest 60𝐺𝑎. For neutron deficient isotopes the contaminant fraction

increases exponentially as the nucleus of interest approaches the drip line. 60𝐺𝑎 was effectively

obscured, necessitating a second filtering step. Typically, a wedge was used for energy loss filtering;

however, all isotopes in the beam for this experiment would have similar energy losses in matter, so

the wedge was ineffective at purifying the beam. The wedge caused a large velocity dispersion in

the beam components. Therefore, a velocity filtering method was able to further purify the beam.

Other velocity filters (e.g. Wein filter) have been used successfully ; however, they are effective with

beam energies 𝐸𝑏𝑒𝑎𝑚 ≈ 50𝑀𝑒𝑉/𝑢, a third of the beam energy used in this experiment. The Radio

29



Figure 4.2 Top: Radio Frequency Fragment Separator diagram.Bottom: Photo of the RFFS used
in experiment e17009 [87]

Frequency Fragment Separator was able to filter at beam energies in the range that the coupled

cyclotrons produced. The RFFS selected isotopes based on their phases which is directly related

to their velocity [87]. As beam particles leave the cyclotron, they are all initially in phase with the

accelerating RF; but, as progress down the beam line the phase distribution of the isotopes grows

broad due to their different velocities. The effect was exacerbated by the wedge. The RFFS applies

a transverse radio frequency (RF) field synchronized with the cyclotron RF to the beam. The

applied RF field deflects beam particles at an angle based on their phase, filtering out contaminants.

Despite this extra filtering, the beam was not pure; however, the isotope of interest was now clearly

distinguishable from the remaining contaminants from time of flight (ToF) and energy.
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Figure 4.3 PIN detector used in experiment e17009. [88]

4.2 Detectors

As the cocktail beam progresses to the end station, it passes through a number of Si PIN

detectors, which provided energy loss and time information. The end station itself comprised of a

Double Sided Silicon Strip Detector (DSSD) as an implantation surface and the Summing NaI(Tl)

(SuN) Spectrometer measured 𝛾-rays from the de-excitation of the child nucleus.

4.2.1 PINs

PIN detectors are photodiodes with an undoped intrinsic semiconducting region between p

and n type semiconducting regions, that convert ionizing radiation into an electrical signal. In

this experiment, two silicon PINs were used to detect the energy loss of beam particles before

entering the volume of the Summing NaI(Tl) Spectrometer. The PINs had thicknesses of 488𝜇m

and 503𝜇m. The time data from one PIN was used with time data from the focal plane of the A1900

to determine the time of flight of the beam particles. The time of flight was used in conjunction

with the energy loss to identify the various ions in the cocktail beam.

4.2.1.1 Double Sided Silicon Detector

After passing through the PINs, the beam stops on a Double Sided Silicon Detector (DSSD).

The DSSD used was 1 mm thick, comprising of two layers of 16 silicon strips; each strip being 1.2

mm wide. The layers of silicon strips are positioned orthogonally creating a pixel structure that

allows for 2D position tracking. Signals from the DSSD were read into dual gain preamplifiers,
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Figure 4.4 Double Sided Silicon Strip Detector set on flange. The Veto detector behind the DSSD
rejects data from anything it records. Image from [88]

allowing for concurrent detection of implants and decay products. Beam particles implanted in

the detection material depositing their energy into a DSSD pixel. The strips that make up this

pixel read out the implantation energy into low gain data channels. The beam particle then decays

on the DSSD emitting a beta particle and 𝛾-rays from the child nucleus. The 𝛽+ particle and

𝛾-rays enter the NaI crystals in SuN. The energy of the child nucleus was measured in the high

gain channels of the DSSD. The high and low gain DSSD signals are then processed through dual

gain preamplifiers, allowing for concurrent measurement of implant particles and decay product.

Behind the DSSD was a silicon surface barrier detector which functioned as a veto detector. The

veto detector recorded any ions that passed through the DSSD so their contribution to the data

could be removed in the analysis.

4.2.2 Summing NaI(Tl) Spectrometer

The Summing NaI(Tl) (SuN) Spectrometer is a 16𝑖𝑛 × 16𝑖𝑛 cylindrical detector; housing 8

large semi circular NaI(Tl) crystals. SuN has nearly 4𝜋 angular coverage (98% at the center), with

a 1.8 in diameter bore hole along the beam axis for the beam line to pass through [89]. Its large

NaI(Tl) crystals and large angular coverage make SuN ideal for Total Absorption Spectroscopy

(TAS) measurements.

For 𝛾-ray spectroscopy experiments, there are several different options for detection material,
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Figure 4.5 The

depending on the specific needs of each experiment SuN’s NaI crystals have a resolution of ≈ 5.8%

at 1.33 MeV and a full energy summing efficiency of 85(2)% [89]. They can also operate at room

temperature, so they can be easily transported to various beam lines or laboratories and do not

require hours of cooling time before functional.

The NaI crystals in SuN are wrapped in a 0.5 mm layer of aluminum that are covered in 0.25

mm of reflecting material to optically isolate them into 8 independent segments [89]. The reflecting

material serves to decrease the rate of 𝛾-ray escape or incomplete energy deposition. The isolated

top and bottom four segments are then wrapped together in another aluminum layer, creating the

two halves of SuN. Three photo multiplier tubes (PMTs) are placed on each segment at a spacing of

60◦ with respect to the center of the bore hole. Each PMT has a separate high voltage (HV) supply

for gain-matching 5.1.1. The signals from each PMT in a single segment were summed in offline

analysis to remove position dependence.

4.3 Event Correlation

Signals in the various detectors needed to be correlated into a single event in the data. A DSSD

implantation event was defined to have a signal in both PIN detectors and a low gain signal from

each layer of the DSSD and a decay event. In contrast, a DSSD decay event was defined as having

no signal from either PIN and a high gain signal from each DSSD layer. Once a decay event was

recorded it was associated with the nearest implant event within a 400 ms time window. This

time window was large compared to the previously measured 60𝐺𝑎 half-life of 70 ± 15ms [90] and

minimized uncorrelated data [83]. It was possible that the decay event was not actually associated
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with the implant event to which it was correlated but instead to some other ion implant. To account

for this, so called "random" correlations were created as an alternative to a background spectra. To

create the random correlations decay events are matched to implant events that were recorded at a

future time within the 400 ms time window.
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CHAPTER 5

TOTAL ABSORPTION SPECTROSCOPY: ANALYSIS & RESULTS

The first goal of this work was to determine the structural properties 𝐼𝛽 and B(GT) of the beta

decay of 60𝐺𝑎 into 60𝑍𝑛. These features were ascertained with Total Absorption Spectroscopy

(TAS) analysis 5.2. This required simulating 𝑔𝑎𝑚𝑚𝑎-ray cascades and modeling SuN’s response

to these events. The simulation was performed with RAINIER(Sec. ??sec: RAINIER [25] and the

modeling with GEANT4 (Sec. 5.2.2) [91].

5.1 Analysis

5.1.1 Gain Matching and Energy Calibration

Analysis began with standard gain-matching and energy calibration procedures that have been

described in detail in Ref. [88, 92] and are summarized here. 𝛾 energy in a SuN crystal is measured

by its 3 PMTs. While the PMTs are gain matched during the experimental set-up by adjusting high

voltage values, slight discrepancies can still exist. These discrepancies can artificially widen peaks

in the data. To correct this, 𝛾-ray data from background or source runs from the PMTs on each

crystal are aligned by multiplying a scalar to each. In practice, a characteristic peak was identified

in the spectra and a scalar was applied to two of the PMTs, aligning the group to the values of one

PMT. Once gain matched, the data was calibrated onto the energy axis by using known sources.

The sources used in this work were 241𝐴𝑚, 137𝐶𝑠, 60𝐶𝑜, and 207𝐵𝑖. A linear fit was performed on

these values to create mapping to shift all measured energy values into the correct units.

5.1.2 Particle Identification

The cocktail beam that implanted on the DSSD was comprised of several isotopes near A=59.

The particle identification using the time-of-flight on the x axis and the energy loss of the beam

particle through one of the PIN detectors on the y-axis as in Fig.??. The individual clusters

correspond to different isotopes in the beam. In Fig.??, the clusters lesss than 9 000 on the time

of flight axis are long lived stable isotopes, the cluster outlined in black is 60𝐺𝑎. . By using the

graphical cut feature in ROOT to form gates around each region, a gate was formed that isolates

the data of one isotope from the others in the cocktail beam. Isotopes are identified by comparing
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Figure 5.1 Particle Identification plot of the cocktail beam produced in e17009. The time of flight
was determined from signals in the A1900 focal plane and PIN detectors. The vertical axis is the
energy deposited in the PIN by beam particles. The isotope of interest 60𝑍𝑛 is highlighted in the
black box. Isotopes in the bottom left are long lived contaminants.

data with known half-lives and / or characteristic 𝛾-ray measurements listed on NNDC.

5.1.2.1 Half-Life

Plotting the time between implantation of the ion and the correlated decay event with an isotope

gate shows the decay rate of the isotope. After background subtraction, fitting the resulting curve

with a exponential leads to the half life of the isotope. Comparing this value to reported half lives

in NNDC for the mass region verifies the PID. The fit was done in ROOT using the expo and

pol0 terms, which corresponds to an exponential fit to match the shape of the decay with a linear

polynomial that accounts for the shape of the background. This fit was applied over several bin

sizes and regions across the 400 s correlation window. From averaging these fits and accounting

for their respective uncertainties, a half-file of 57.7 ± 9.8 ms was extracted from the data. The

accepted half-life of 60𝐺𝑎 is 69.4 ms [93] and previous measurements determined it was 70± 15
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Figure 5.2 Correlated time plot of 60𝑍𝑛 isotopes. The fit was performed using an exponential fit
for the decay shape plus a linear term to account for the shape of the background. The half-life was
calculated to be 57.7 ± 9.8 ms

ms [90], 69.4 ± 2 ms [94] and 76 ± 3 ms [95].

5.2 Total Absorption Spectroscopy

The TAS technique is a helpful tool that solves the so called Pandemonium Effect [96]. When

studying 𝛽 decay events with high Q values such as 60𝐺𝑎(𝛽+)60𝑍𝑛, an excited child nucleus is

likely to emit many 𝛾-rays at energies outside of the range where High Purity Germanium detectors

are effective [96]. Therefore, calculating the initial excitation energy of the child nucleus becomes

difficult. The incomplete summing that results is the definition of the Pandemonium Effect, and

leads to inaccurate conclusions on aspects of the structure such as the 𝛽 feeding intensity (𝐼𝛽). The

geometry of SuN, along with its large NaI crystals, allows it to absorb the totality of emitted 𝛾-ray

within its volume. Therefore, a more accurate 𝐼𝛽 can be determined by collecting data with SuN

than with detectors of other materials or less angular coverage.

The isotope gate is also used on 𝛾 spectroscopy data from SuN to visualize the isotopes excitation

energy, individual 𝛾-ray energy, and multiplicity. Performing a 𝜒2 fit of GEANT4 simulations to

the gated data determines the 𝐼𝛽 feeding as described in Sec. 5.2.3.
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5.2.1 RAINIER

To model 60𝑍𝑛 continuum levels in GEANT4, it is necessary to simulate how the nucleus de-

excites from these high energies. The Randomizer of Assorted Initial Nuclear Intensities and

Emissions of Radiation (RAINIER) is a Monte Carlo code that simulates cascades of emitted

𝛾-rays from excited states of a given nucleus [97]. To account for the statistical nature of this

process, RAINIER includes parameters that determine how many times a 𝛾-ray cascade should be

simulated and how many times the nucleus should be regenerated, varying structural properties

where they are unknown.

The simulation process has five steps:

1. Build the low-energy (discrete) region from available data,

2. Use NLD models to construct an artificial level scheme in the continuum region,

3. Populate a user-defined excitation energy in the simulated nucleus,

4. Use 𝛾SF models to simulate de-excitation to the ground state,

5. Calculate and record the emitted 𝛾-rays.

The major advantage of RAINIER in this analysis is that it calculates simulated deexcitations

of cascade paths for a large sample of continuum excitation energies of the nucleus of interest. This

information is crucial when simulating the SuN detector response when attempting to reproduce

experimental data.

5.2.1.1 Constructing the Discrete Region

To construct the low-energy region of the level scheme, RAINIER requires information on

the energy, 𝐽𝜋, and decay branches of the discrete states of the nucleus. The Reference Input

Parameter Library (RIPL-3) provides this information and much more for thousands of nuclei

across the nuclear chart [98]. For RAINIER, RIPL-3 can generate a file listing all known and

theorized energy levels of an isotope.
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For full compatibility, the file must be slightly edited. The half-life (𝑇1/2) column is often blank,

but RAINIER requires a value. In this work, 𝑇1/2 = 1 × 10−15 s was used for all levels—long with

respect to emission processes but too short to be metastable.

5.2.1.2 Constructing the Continuum Region

While the discrete region is built from the RIPL-3 file, the continuum must be generated by mod-

eling. RAINIER allows users to select between the Constant Temperature Model (CTM) [97]:

𝜌CTM(𝐸) =
𝑒(𝐸−𝐸0)/𝑇0

𝑇0

where 𝐸0 is the backshift parameter and 𝑇0 is the temperature; and the Back-Shifted Fermi Gas

(BSFG) model [97]:

𝜌BSFG(𝐸) =
𝑒2
√
𝑎𝑈

12
√

2𝜎
𝑎−1/4𝑈−5/4

where𝑈 = 𝐸 − 𝐸1 is the effective excitation energy, 𝐸1 is the backshift, 𝜎 is the spin cutoff, and 𝑎

is a level-density parameter related to single-particle level spacings.

Both 𝑎 and 𝜎 can be user-defined, and 𝜎 has five model options. In addition to CTM and

BSFG, users may import a custom level-density table or define their own function with parameters

𝐸0 and 𝑇0.

The underlying distribution of 𝐽 values is determined by a Fermi-gas model, and the parity is

determined either by parity equipartition (𝜋 = 1/2) or by an energy-dependent function:

𝜋(𝐸, 𝐽,Π) = 1
2

(
1 ± 1

1 + 𝑒𝐶 (𝐸−𝐷)

)
where𝐶 and 𝐷 are free parameters, and the ± sign depends on the sign of Π and if the mass number

is even or odd. With 𝜌(𝐸), Π, and 𝐽 distributions, RAINIER determines the number of levels near

an energy 𝐸 for each 𝐽𝜋. The level density models describe the nuclear structure above the discrete

region. Spin cutoff models determine the width of the spin distribution.

5.2.1.3 Populating Levels

RAINIER offers several options in its input file to populate the compound nucleus. To accu-

rately simulate the experiment, the method should match the formation process. For 𝛽-decay, the
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bEXSelect option is most appropriate, allowing multiple initial excitation energies, 𝐽𝜋 values, and

branching ratios.

5.2.1.4 𝛾SF Models

𝛾SF models determine how continuum states de-excite. RAINIER assumes that the decay of a

level is independent of its population mechanism. The code includes several E1 𝛾SF models such

as the Brink–Axel and Generalized Lorentzian forms; custom models can also be added.

5.2.2 GEANT4

GEANT4 is a simulation toolkit for modeling how materials respond to interactions with

radiation or particles. Materials can be defined with specific geometries to model real detectors [91].

Using GEANT4, a model of SuN can be constructed to simulate how 𝛾-rays interact with the NaI(Tl)

crystals and surrounding materials.

5.2.2.1 Setting Up the Environment

GEANT4 consists of several header and source files that can be modified to represent the

experimental setup. Header files declare classes and functions, while source files define their

implementation.

5.2.2.2 Creating Input Files

An input file is created for each excitation energy in the child nucleus, including all discrete

states and sampled continuum energies simulated by RAINIER. These files list 𝛾-ray cascades and

branching ratios to simulate realistic de-excitations in the detector.

The first line specifies: (1) the total number of cascades, (2) the number of cascades to be read

by GEANT4, and (3) the number of 𝛾 transitions per cascade.

For discrete states, each line begins with the cascade branching ratio followed by 𝛾-ray energies

in emission order. Shorter cascades are zero-padded to match the expected length.

Continuum-level input files are generated by reading RAINIER output and reformatting into

GEANT4 style. The first number in each line represents the reciprocal of the total number of

cascades simulated, rather than a branching ratio, because each RAINIER cascade (including

duplicates) is included.
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5.2.2.3 Output

GEANT4 outputs ROOT files containing histograms of:

• Total energy absorbed (compound nucleus excitation energy),

• Sum of segment energies (individual 𝛾 energies),

• Multiplicity (number of segment that recorded per event).

Separate output files are generated for each population energy, including the ground state. These

served as inputs to the 𝜒2 minimization process.

5.2.3 𝜒2 Minimization

To begin the 𝜒2 minimization, Experimental and simulated data are converted to histograms.

Once histograms are prepared they are fit to the data. TAS, SoS, and multiplicity histograms can be

fit independently or in combination. The normalized weights correspond to the 𝐼𝛽 feeding strength

of each state.

This process is analogous to assembling a puzzle: the experimental data represent the final

image, the simulated states are the pieces, and the fitted weights indicate how many of each piece

are needed.

Poor fits could indicate missing or inaccurate simulations in certain regions; improving these

requires modifying the input set and repeating the 𝜒2 fit.

5.2.3.1 Experimental 𝛾 Spectra

The gated experimental 𝛾 spectra were also used to identify isotopes. The gated total absorption

spectra have large peaks at energies that correspond to the energy levels of the isotope. 𝛾-ray spectra

have some important features arising from the physical conditions occurring within the detector.

The energy spectra from 𝛽 particles recorded by SuN is found across the plot. This feature is

created from 𝑒− or 𝑒+ with energies up to the reaction Q value entering SuN. The annihilation

peak is located in the TAS spectra at 1.022 MeV and in the Sum of Segments spectra at .511 MeV.

These peaks signify the energy detected from an 𝑒+ annihilating with an 𝑒− within the detector

volume and releasing their full mass energy. The Compton region, created by the partial energy
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deposition of 𝛾-rays scattering within the scintillator material. The end of this region, known as

the Compton Edge, represents the full back scatter of photons. The last important feature are the

characteristic 𝛾-rays emitted from nuclear de excitations. At low energies, these peaks are easily

separable; however, as the number of levels increases with energy, the detection system can no

longer resolve individual states.

Comparing the peak energies with known data identifies which isotope was gated. For proton-

rich isotopes like 60𝑍𝑛, it is important to account for the annihilation energy in the peak value

before comparison. The key feature of the 60𝑍𝑛 nucleus is its characteristic 𝛾 peak near 5.8 MeV

in the TAS spectra Fig.??a. This peak is a combination of de excitation from the 4.8 MeV IAS and

annihilation energy.

Previously, data on this 𝛽-decay was limited to the half-life and 𝐼𝛽 feeding to levels up to the

IAS [90, 94, 95].

Figure 5.3 Discrete level scheme of 60𝑍𝑛 used in RAINIER simulations. Generated in NNDC [93].

5.3 Calculation and Recording

Determining the contributions of the various populated states to the experimental spectra

required simulating each level independently. Each energy level was simulated first in RAINIER.

The RAINIER input had 20 realizations of 100 000 events. In this analysis, the excitation was held
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constant for each run, sampled from the continuum region. Three 𝐽 values (1+, 2+, 3+) were chosen

to represent allowed 𝛽 transitions from the parent ground state(2+), each with equal branching ratio

(1/3). The Generalized Lorentzian model described E1 transitions and an M1 model accounting for

an upbend was used for M1 transitions. The CTM model was used for NLD with 𝑇0 = 1.371 MeV

and 𝐸0 = 0.174 MeV. The rigid-sphere model was adopted for 60Zn. In cases where 𝐽𝜋 is uncertain

or unknown, several copies of the RIPL-3 file were made, each with different assignments for these

states and the results were included in the uncertainty estimate. RIPL-3 indicates that the level

scheme of 60Zn is complete up to its 3.972 MeV state; however, this nucleus also has two states at

4.852 MeV and 4.913 MeV with the same 𝐽𝜋 as the ground state of the parent nucleus(Fig.5.3). The

4.852 MeV state was considered isobaric analogue states (IAS) and was expected to be preferentially

populated by 𝛽-decay. Due to this preference, we assume populating these states is non-statistical;

therefore, the level scheme was set to be complete up to (and including) the 4.913 MeV state. The

simulation output was organized first by RIPL3 file version, then by energy level populated. The

crucial output is the gamma ray cascade. This information was used by GEANT4 to simulate how

these 𝛾-rays interact with the SuN detection system.

5.4 𝐼𝛽 and B(GT) Results

The results of the TAS analysis on 60𝑍𝑛 are presented below. GEANT4 simulations of 60𝐺𝑎 𝛽-

decay to 60𝑍𝑛were performed for 39 excitation energies. To account for the non-statistical behavior

of the IAS near 4.85 MeV, all levels with less energy were treated as discreet states. The energy

region above this value was considered as the continuum and simulations were based on energies

sampled in this space up to the decay Q value of 13.6 MeV. Simulations for energies above ≈9.8

MeV were removed due to the poor replication of the data in high energies resulting in a total

of 33 simulations used in the final fit. Continuum energy simulations were based on RAINIER

de-excitation simulations of the 60𝑍𝑛 nucleus. As some 𝐽𝜋 were unknown or uncertain for a subset

of discreet states, 10 trials were done. Each trial used slightly altered RIPL-3 files, varying the

uncertain 𝐽𝜋 by 𝐽 ± 1 and changing the sign of the parity. Each trial had its own RAINIER and

GEANT4 simulation and was included in the uncertainty calculation in Fig.??. Fig.?? shows just
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Figure 5.4 Experimental data with 𝜒2 fits of one set of GEANT4 simulations. The top plot is
the total absorption spectra. The peak near 6 MeV corresponds to the IAS with a boost from the
annihilation energy. The middle plot is the Sum of Segments showing individual 𝛾-ray energies.
The bottom plot is the multiplicity, displaying the number of 𝛾 transitions to reach the ground state.

one trial to illustrate fit quality. The data and uncertainty band are an average over the 10 different

simulation trials. The uncertainty also includes contributions from statistical uncertainty, detector
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Figure 5.5 Plot of the cumulative 𝐼𝛽 transition strength. The data in black and uncertainty in grey,
are averages over 10 separate trials of varying 𝑗𝜋 for unknown or uncertain discreet levels. The
pink and purple dashed lines are predictions from Shell Model calculations. See Sec.5.4 for details.

efficiency, fit uncertainty,and the distance from average to maximum and minimum at each energy

bin. The data (Fig. 5.5) shows a large increase in transition rate at the IAS energy, confirming the

Fermi nature of the transition. 12.8% of the feeding occurs above the proton separation energy of

5.1 MeV [83]. This shows that the 𝛾 decay channels at high energies still competes with the proton

decay channel for 𝐽𝜋 populated through 𝛽-decay.

The experimental 𝐼𝛽 was compared to Shell Model calculations by Alex Brown with the NuShellX

code. The KB3G [99] GXPF1A [100] hamiltonian calculations in Fig.?? were used on the fp model

space and the Δ refers to the number of nucleons excited out of the 0 𝑓7/2 shell. The major difference

between the models and experiment is the location of the Fermi transition. The KB3G hamiltonian

sets it around 3.3 MeV and GXPF1A predicts the transition close to 4.5 MeV. Outside of this, the

GXPF1A calculation agrees quite well with the measurement, especially at low energies, and both

hamiltonians reproduce the shape of the data.

The data and models presented in Fig.?? were converted to B(GT) and compared to QRPA
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calculations with various parameterizations. In the shell model calculations, the value of B(F)was

set to 2 at their respective predicted IAS energies. As fermi transitions are the dominant contribution

to the transition strength for an IAS, the B(GT) contribution at these energies was treated as

negligible for both experiment and models. The QRPA calculations used two parameterizations:

D3C* [101] for meson nucleon interaction in the ph channel, and NL3 [102] using meson exchange

in the ph channel. The NL3 calculation also included a quasiparticle vibrational coupling (QVC)

term that has been shown to improve B(GT) and half-life predictions [103, 104]. Once again the

GXPF1A calculation has the best agreement with data. The QRPA calculations suffer from a lack

of bins, therefore a majority of the contributionwas in a single peak and usually shifted to lower

energies. The half life predictions for GXPF1A and D3C* agree will with measurement with

𝑡𝐺𝑋𝑃𝐹1𝐴 = 64ms and 𝑡𝐷3𝐶∗ = 58.3 ms laying within the experimental uncertainty [83].
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Figure 5.6 Expermental B(GT) compared with various QRPA and Shell model calculations. There
is good agreement between the data and all model from 4.8 - 7.8 MeV. The Shell Model calculation
lie within the error more, with GXPF1A hamiltonian performing the best.
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CHAPTER 6

CONSTRAINT ON THE 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛 REACTION: ANALYSIS & RESULTS

The second objective of this thesis was to constrain the 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛 reaction cross section. The

process begins with the extraction of the NLD and 𝛾SF through the Oslo Method (Sec. 6.1). Total

absorption and sum of segment spectra were input into a modified Oslo method 6.1 for 𝛽+ decays

by unfolding the excitation energy axis. Models supplied by the TALYS reaction code [6] were fit

to the NLD and 𝛾SF. The fitting was performed with a Bayesian inference method summarized in

Sec. 6.2. The parameter distributions from the Bayesian posterior were input into TALYS in order

to calculate the cross section and reaction rate credible intervals.

6.1 Oslo Method

The extraction of nuclear level densities (NLD) and 𝛾-ray strength functions (𝛾SF) using the

Oslo Method involves a series of steps that begin with raw coincidence data from nuclear decay

events. The data are initially organized into a two-dimensional matrix of excitation energy 𝐸𝑥 (TAS

spectra) versus 𝛾-ray energy 𝐸𝛾(Segment Spectra), commonly referred to as an Oslo matrix.

The Oslo Method relies on this matrix as a starting point, but several steps must be performed

before NLD and 𝛾SF can be extracted. These include detector response unfolding, extraction of

the primary 𝛾-ray spectra, and iterative fitting procedures to model the data using known nuclear

physics constraints. In 𝛽+ decay experiments, additional complications arise due to the presence

of annihilation radiation, requiring modifications to the standard method.

This section outlines the methodology used to convert raw detector data into the quantities

of interest. First, we describe the construction of the 𝐸𝑥–𝐸𝛾 matrix (Sec. 6.1.1), followed by a

detailed explanation of the unfolding procedure (Sec. 6.1.2), including corrections for 𝛽+ decay

artifacts which are being introduced for the first time here. The extraction of primary 𝛾-ray spectra

is discussed in Sec. 6.1.3. These steps form the necessary foundation for the extraction of the

functional forms of NLD and 𝛾SF presented in Sec. 6.1.4. In the subsequent sections, methods for

determining the exact solution of NLD and 𝛾SF are discussed.
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Figure 6.1 Raw Oslo Matrix of 60𝑍𝑛 data. The horizontal axis shows individual 𝛾-ray energy per
30 keV. The vertical axis displays the initial excitation (entry state) energy per 30 keV.

6.1.1 Creating the Ex E𝛾 matrix

The TAS and Sum of Segments can be plotted against each other in a two-dimensional histogram

commonly referred to as an Oslo Matrix, with excitation energy on the vertical axis and 𝛾-ray energy

on the horizontal. As no 𝛾-ray in a cascade can have more energy than the total excitation energy

of the nucleus, the matrix naturally forms an upper triangular shape.

This matrix reveals not only the most probable 𝛾-rays for a given excitation energy, seen as

bright bands along horizontal slices indicating strongly populated nuclear levels, but also highlights

strong de-excitation from entry states in to discrete levels which appear as diagonal bands parallel

to the matrix’s hypotenuse. While these features are of general interest, in this work, the Oslo

matrix primarily serves as the starting point for the application of the Oslo Method.

6.1.2 Unfolding

The first step in processing the Oslo matrix is the unfolding procedure, which corrects for the

effects of the detector response. This step assumes that the response of the detector used in the

experiment is well understood and accurately modeled. The detector response is represented by a

function

𝑅(𝑒′, 𝑒, 𝑚, 𝑞) ≡ 𝑅(𝐸′𝑥; 𝐸𝑥 , 𝑀𝛾, 𝑄𝛽),
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where 𝑒′ (or 𝐸′𝑥) is the measured excitation energy, 𝑒 (or 𝐸𝑥) is the true excitation energy, 𝑚 and

𝑀𝛾 represent the average multiplicity of the excitation bin, and 𝑞 and 𝑄𝛽 are the 𝑄-value of the 𝛽

decay[105].

These response functions are generated using GEANT4 simulations of the detection system,

performed at various combinations of excitation energies, multiplicities, and 𝑄𝛽 values [91]. Q-

values were chosen at 1 MeV steps with multiplicities ranging from 1-5 across randomly selected

energies. This provides a comprehensive representation of the detector’s behavior under a wide

range of physical conditions.

The goal of unfolding is to remove the detector response from the data, leaving only the

underlying physics. To achieve this, the response matrices are interpolated to provide a continuous,

response function for each energy bin. For a given response function 𝑅(𝑒′, 𝑒, 𝑚, 𝑞) that lies

between two known response functions 𝑅(𝑒′, 𝑒1, 𝑚1, 𝑞1) and 𝑅(𝑒′, 𝑒2, 𝑚2, 𝑞2); with 𝑒1 < 𝑒 < 𝑒2,

𝑚1 < 𝑚 < 𝑚2, and 𝑞1 < 𝑞 < 𝑞2, a total of 8 response matrices are required for full trilinear

interpolation.

To reduce the number of required simulations, weighting factors are applied to interpolate

between values of multiplicity and 𝑄-value. For multiplicity, weights are defined as:

𝑤𝑚1 =
𝑚2 − 𝑚
𝑚2 − 𝑚1

, 𝑤𝑚2 = 1 − 𝑤𝑚1 ,

so that the interpolated response is:

𝑅(𝑒′, 𝑒1, 𝑚, 𝑞1) = 𝑤𝑚1𝑅(𝑒′, 𝑒1, 𝑚1, 𝑞1) + 𝑤𝑚2𝑅(𝑒′, 𝑒2, 𝑚2, 𝑞2).

A similar process is used to interpolate between 𝑞1 and 𝑞2:

𝑤𝑞1 =
𝑞2 − 𝑞
𝑞2 − 𝑞1

, 𝑤𝑞2 = 1 − 𝑤𝑞1 ,

yielding:

𝑅(𝑒′, 𝑒1, 𝑚, 𝑞) = 𝑤𝑞1𝑅(𝑒′, 𝑒1, 𝑚, 𝑞1) + 𝑤𝑞2𝑅(𝑒′, 𝑒2, 𝑚, 𝑞2).

This two-step interpolation reduces the required response functions to just two: 𝑅(𝑒′, 𝑒1, 𝑚, 𝑞) and

𝑅(𝑒′, 𝑒2, 𝑚, 𝑞), which can then be used to calculate the final interpolated response for the desired

energy bin.
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In the case of a 𝑄𝛽+ decay, the measured excitation energy 𝑒′ includes the contribution from

positron annihilation, and is related to the true excitation energy 𝑒 by:

𝑒′ = 𝑒 + 2𝑚𝑒𝑐2, where 𝑚𝑒𝑐2 ≈ 511 keV.

Therefore, when interpolating between 𝑒1 and 𝑒2, one must consider the shifted sum peaks at

𝑒′1 = 𝑒1 + 1022 keV and 𝑒′2 = 𝑒2 + 1022 keV. A detailed description of this interpolation procedure

can be found in Ref. [106].

6.1.2.1 First Implementation of 𝛽+ Unfolding

Due to the 𝛽+ decay of 60Ga, it was necessary to develop and test an excitation energy-axis

unfolding procedure for 𝛽+ decays. To validate this approach, a pseudo-nucleus was simulated using

GEANT4 ver. 4.9.5. This artificial 𝛽+-decaying nucleus was assigned a 𝑄𝛽+ value of 2.7 MeV and

included excited states at 2.5 MeV and 1.7 MeV. The simulated de-excitation emitted 𝛾-rays with

energies 𝐸𝛾 = 2.5 MeV, 1.7 MeV, and 0.8 MeV. The level scheme is shown in the inset of Fig.6.2.

The Oslo matrix resulting from this simulation can be seen in Fig. 6.2. It displays several

expected features, including bright horizontal bands at 𝐸𝑥 = 2.5 MeV + 1022 keV and 𝐸𝑥 =

1.7 MeV + 1022 keV, corresponding to the excited states shifted by the positron annihilation

energy. Diagonal bands, indicative of strong transitions to discrete levels, are also present, as well

as a bright vertical band at 𝐸𝛾 = 511 keV from annihilation 𝛾-rays.

However, several unexpected features arise due to an energy boost along the 𝐸𝛾 axis. This boost

occurs because the 511 keV annihilation 𝛾-rays can, and often do, deposit energy in the same NaI

crystal coincidentally with de-excitation 𝛾-rays. This results in the apparent energy of individual

𝛾-rays being artificially increased to 𝐸𝛾 + 511 keV.

This effect introduces two main complications: (1) counts appear in the unphysical region of

the Oslo matrix where 𝐸𝛾 > 𝐸𝑥 , and (2) localized clusters of counts arise at energies 𝐸𝛾 < 𝐸𝑥

where no real 𝛾-transitions exist. Both artifacts impact the extraction of the primary 𝛾-ray matrix,

discussed in Sec. 6.1.4.
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Figure 6.2 Raw matrix of pseudo-nucleus. The regions in purple are the true coincidences from
the level scheme. The regions in blue are caused by an annihilation 𝛾-ray entering the same NaI
crystal as a de-excitation 𝛾-ray. The inset shows the level scheme of the pseudo nucleus.

6.1.2.2 Folding Iteration Method

The folding iteration method is detailed here [106]; an overview is provided in this subsection.

Once an appropriate response function has been determined for all energy bins, we can begin to

consider the relationship between the measured spectrum 𝑠′ and the true spectrum 𝑠0. Assuming

there are 𝑁 energy bins, this relationship can be written as:

𝑠′ = 𝑅𝑠0 =



𝑠′1

𝑠′2
...

𝑠′
𝑁


=


𝑅11 · · · 𝑅1𝑁
...

. . .
...

𝑅𝑁1 · · · 𝑅𝑁𝑁





𝑠1

𝑠2
...

𝑠𝑁


.

In principle, the true spectrum 𝑠0 can be obtained by inverting the response matrix:

𝑠0 = 𝑅−1𝑠′.

However, this direct inversion approach presents significant challenges. In particular, for large
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Figure 6.3 𝛾-ray Energy Unfolding of psuedo-nucleus. Unfolding along this axis retains non-
physical structures

𝑁 small fluctuations in 𝑠′ can lead to large, unstable oscillations in the computed 𝑠0. Consequently,

this method is numerically unstable and unreliable for practical applications.

To avoid these issues, an iterative folding method is employed to approximate the true spectrum.

The process begins by assuming the observed spectrum is the initial estimate of the true spectrum:

𝑠0 = 𝑠′.

This initial estimate is folded using the response matrix to produce a simulated spectrum:

𝑓 0 = 𝑅𝑠0.

The goal is to minimize the difference between the measured spectrum 𝑠′ and the folded estimate

𝑓 0. To improve the approximation, a new estimate of the true spectrum is generated by adding the

residual difference to the previous guess:

𝑠1 = 𝑠0 + (𝑠′ − 𝑓 0).

This iterative process continues, with each iteration updating the estimate:

𝑠𝑖+1 = 𝑠𝑖 + (𝑠′ − 𝑓 𝑖),

52



where 𝑓 𝑖 = 𝑅𝑠𝑖 is the folded spectrum at iteration 𝑖. Iterations are repeated until convergence is

achieved, i.e., when 𝑠′ ≈ 𝑓 (𝑖) within a predefined tolerance. In 𝛽+-decay experiments, an additional

preprocessing step is required to reshape the matrix and remove counts from unphysical regions.

Specifically, the matrix is truncated such that only counts satisfying the condition 𝐸𝑥 < 𝐸𝛾 + 𝜎/2

are retained, where 𝜎 is the full width at half maximum (FWHM) of a peak centered at 𝐸𝑥 = 𝐸𝛾.

While some counts may still remain in the unphysical region, preserving the full peak shape is

essential for accurate primary 𝛾-ray extraction.

6.1.3 Extraction of Primary 𝛾-rays

Once the detector response has been unfolded from the data matrix, the next step is to extract

the primary 𝛾-ray matrix.

To isolate the primary 𝛾-ray matrix, an iterative subtraction method is used. For each excitation

energy bin 𝐸𝑥𝑖 , a 𝛾-ray spectrum 𝑓𝑖 is constructed. The first-generation 𝛾-ray spectrum for the

highest excitation bin, 𝑓max, is computed by subtracting a weighted sum of all lower 𝑓𝑖 spectra [107]:

ℎ = 𝑓max −
∑︁
𝑖

𝑛𝑖𝑤𝑖 𝑓𝑖,

where 𝑤𝑖 are the probabilities of decay from the highest bin to bin 𝑖, and 𝑛𝑖 are normalization

coefficients. Since the 𝑤𝑖 values are not known, they must be determined iteratively.

Following the method described in Ref. [107], an initial trial set of weights 𝑤trial is chosen to

calculate a corresponding trial primary spectrum ℎtrial. This spectrum is then unfolded, normalized

to an area of 1, and energy-calibrated to match 𝑤trial. If the resulting set of weights 𝑤new does not

match 𝑤trial within acceptable uncertainty, the process is repeated with 𝑤new until convergence is

achieved. Typically, convergence occurs within three iterations.

Using the pseudo-nucleus described in Sec. 6.1.2.1, subtracting the 𝐸𝑥 = 1.7 MeV bin from

the 𝐸𝑥 = 2.5 MeV bin leaves behind real primary 𝛾-rays at 2.5 MeV and 0.8 MeV, successfully

removing the 1.7 MeV component of the cascade. However, boosted peaks at 0.8 + 0.511 MeV,

1.7 + 0.511 MeV, and the 2.5 MeV + 0.511 MeV remain. During this subtraction process, the

𝛾-ray spectra associated with each 𝐸𝑥𝑖 bin can exhibit peaks at both 𝐸𝛾 and 𝐸𝛾 + 511 keV. When
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subtracting lower excitation bins from the highest one, boosted peaks may remain. As a result, the

primary matrix for this bin contains four 𝛾-ray peaks: two real and two boosted. In this simple

case, where boosted peaks are clearly identifiable, they can be corrected by selecting the peaks in

the original 𝐸𝛾 histogram and subtracting 0.511 MeV from their energy. However, for real nuclei,

this method becomes invalid due to the presence of continuum states, which are characterized by

a nuclear level density rather than discrete energy levels—one of the very quantities this method

seeks to determine. Thus, it is not currently possible to distinguish whether counts in the continuum

arise from true de-excitation 𝛾-rays or from boosted 𝛾-rays. In cases involving direct ground-state

transitions, this issue can be mitigated by applying a cut to the primary matrix, effectively removing

events with 𝐸𝛾 ≈ 𝐸𝑥+50 keV. This restores the expected triangular shape of the matrix and excludes

the boosted 𝛾-rays from the analysis. The 50 keV value was chosen because it is half of the width

of the Ex=𝐸𝛾 peak.
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Figure 6.4 Primary 𝛾 matrix of 60𝑍𝑛 data after compression. This is the version that will be used
in to determine the forms of the NLD and 𝛾SF.

Final Matrix Preparation Once all parameters have been determined, the primary 𝛾 matrix

can be fully extracted. Often, the resulting matrix contains empty bins or sparse regions with

insufficient statistics. To mitigate this, it is standard practice to rebin the matrix into larger energy
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intervals, with priority given to reducing gaps in the statistical region of the matrix. The extracted

experimental primary 𝛾 spectra was compressed to 420 keV/bin (Fig. 6.4) due to low statistics

6.1.4 Determining the NLD and 𝛾SF

With the primary 𝛾-ray matrix extracted, we can now determine the nuclear level density

(NLD) and 𝛾-ray strength function (𝛾SF). This process involves three tools found in the Oslo

Method software package [108]: RhoSigChi, Counting, and Strength.

The RhoSigChi code is used to define the statistical region of interest in the matrix, input

the final bin size, and select the 𝐸𝛾 and 𝐸𝑥 energy ranges. Using this information, it extracts the

functional forms of both the NLD and transmission coefficients. The Counting code then applies

user-defined constraints to determine the NLD scaling factor 𝐴 and the slope parameter 𝛼, which

is common to both the NLD and the transmission coefficient. Finally, the Strength code uses

the transmission coefficients and 𝛼 to determine the scaling factor 𝐵, yielding the final normalized

form of the 𝛾SF.

6.1.4.1 Extracting the Functional Form of NLD and Transmission coefficients [109]

The RhoSigChi code assumes that the experimental primary 𝛾-ray matrix Γ(𝐸𝑥 , 𝐸𝛾) is nor-

malized such that:

𝐸max
𝑥∑︁

𝐸𝑥=𝐸
min
𝑥

Γ(𝐸𝑥 , 𝐸𝛾) = 1.

Under this normalization, Γ(𝐸𝑥 , 𝐸𝛾) represents the relative transition probability for a 𝛾 decay

from an initial excitation energy 𝐸𝑖 to a final state at 𝐸 𝑓 = 𝐸𝑖 − 𝐸𝛾.

From Fermi’s Golden Rule, the transition rate is given by:

𝜆𝑖→ 𝑓 =
2𝜋
ℏ
|⟨ 𝑓 |𝐻̂ |𝑖⟩|2𝜌 𝑓 ,

where 𝐻̂ is the transition operator and 𝜌 𝑓 is the level density at the final energy. This implies

that the primary 𝛾 matrix can be factorized as:
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Γth(𝐸𝑥 , 𝐸𝛾) ∝ 𝑇 (𝐸𝛾)𝜌(𝐸𝑥 − 𝐸𝛾),

where 𝑇 (𝐸𝛾) is the transmission coefficient and 𝜌 is the level density. The theoretical matrix

must satisfy the same normalization condition as the experimental one:

𝐸𝑥∑︁
𝐸𝛾=𝐸

min
𝛾

Γth(𝐸𝑥 , 𝐸𝛾) = 1,

leading to the final form:

Γth(𝐸𝑥 , 𝐸𝛾) =
𝑇 (𝐸𝛾)𝜌(𝐸𝑥 − 𝐸𝛾)∑𝐸𝑥

𝐸𝛾=𝐸
min
𝛾

𝑇 (𝐸𝛾)𝜌(𝐸𝑥 − 𝐸𝛾)
.

To extract the functional forms of 𝑇 (𝐸𝛾) and 𝜌(𝐸𝑥 − 𝐸𝛾), a 𝜒2 minimization is performed over

many iterations:

𝜒2 =
1
𝑁free

𝐸max
𝑥∑︁

𝐸𝑥=𝐸
min
𝑥

𝐸𝑥∑︁
𝐸𝛾=𝐸

min
𝛾

(
Γth(𝐸𝑥 , 𝐸𝛾) − Γ(𝐸𝑥 , 𝐸𝛾)

ΔΓ(𝐸𝑥 , 𝐸𝛾)

)2
,

where ΔΓ(𝐸𝑥 , 𝐸𝛾) is the uncertainty on each matrix element, and 𝑁free is the number of degrees

of freedom. This value is computed by subtracting the number of data points in both 𝑇 and 𝜌 from

the number of data points in the matrix. Full details of the method can be found in [109].

The functional forms of T and 𝜌 are not unique solution of Γ. Any transformation of slope or

scale can also lead to a valid outcome as well. The leads to the transformation equations:

𝜌̃(𝐸 − 𝐸𝛾) = 𝐴𝑒𝛼(𝐸−𝐸𝛾)𝜌(𝐸 − 𝐸𝛾)

𝑇 (𝐸𝛾) = 𝐵𝑒𝛼(𝐸𝛾)𝑇 (𝐸𝛾)

The parameters A, B, and 𝛼 are determined by fitting the functional forms of 𝜌 and T to data

through processes described in 6.1.4.2 and 6.1.4.3
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6.1.4.2 NLD Normalization

The Counting code uses the unnormalized level density output from RhoSigChi to determine

the transformation parameters 𝐴 and 𝛼. These parameters are used to normalize the level density to

known discrete levels at low excitation energies, and at higher energies to resonance spacing data

near the neutron separation energy if available or theoretical estimates. In this work, we normalize

to a Shell Model calculation presented in [110] at 8 MeV. This energy was chosen because it was

just beyond the end of our data and therefore extrapolation to the point would introduce minimal

uncertainty. First, the extracted level density is scaled to match the functional form of a chosen

Excitation energy E (MeV)
0 1 2 3 4 5 6 7 8

)
-1

 (
E

) 
(M

eV
ρ

L
ev

el
 d

en
si

ty
 

2−10

1−10

1

10

210

310  Oslo data 
 Known levels 
 CT model 

 from neutron res. data ρ 

Zn60

Figure 6.5 NLD output from the Oslo Mehtod

model, such as the Constant Temperature Model (CTM) or the Fermi Gas Model (FGM), by

adjusting 𝐴 and 𝛼. The level density is then further scaled to match the known low-energy discrete

levels and the high-energy normalization point.

6.1.4.3 𝛾SF Normalization

With 𝛼 known from the Counting procedure, the only remaining free parameter for the 𝛾SF

is the scaling factor 𝐵. In general, 𝐵 can be determined using the average total radiative width of
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𝑠-wave neutron resonances. However, in the case of 60Zn, no such data exists at this time.

As an alternative, an initial estimate for 𝐵 is obtained by comparing the extracted 𝛾SF to known

𝛾SF values from neighboring isotopes of similar mass. This provides a reasonable starting point

for the final normalization of the strength function.
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Figure 6.6 Output from the Oslo Method showing the functional form of the 𝛾-ray Strength Function,
before scaling to data in mass region

The data was set in 30 keV bins in the 2D matrix.. A reference point of 273 levels was set

at 8 MeV calculated from a spin reduction on the shell model prediction for work done by Ohio

University [110].

The raw 𝛾SF extracted from the Oslo Method is not normalized, so the data must be scaled

to experimental results of nearby nuclei. The 60𝑍𝑛 𝛾SF was scaled to Oslo method data from
56𝐹𝑒 [111] between 4-9 MeV. After scaling, the experimental 𝛾SF is consistent with 𝛾SF data from

near mass nuclei 6.7.

Once the 𝛾SF and NLD were extracted, the TALYS they were fit to TALYS models using an

Adaptive Multi Chain Monte Carlo (MCMC) Bayesian analysis to extract model parameters.
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Figure 6.7 Comparison of Experimental 𝛾-ray Strength Function to available data in mass region.
Experimental data was scaled to A.C. Larsen (2017) [111] with a factor of 1.8262 × 10−4. The
other datasets are from Nilson [112], Erlandsson [113], and Utsunomiya [114].

6.2 Bayesian Inference Tools for Error Determination

Bayesian inference is a statistical framework for estimating probable parameter values given a

data set and prior knowledge. Formally Bayes’ Theorem is [115]

𝑃(𝜃 |𝐷, 𝑀) = 𝑃(𝐷 |𝜃, 𝑀)𝑃(𝜃 |𝑀)
𝑃(𝐷 |𝑀) =

𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑃𝑟𝑖𝑜𝑟

𝐸𝑣𝑖𝑑𝑒𝑛𝑐𝑒

where D is the experimental data, M is the model used to describe the data, and 𝜃 is the parameter set

used in the model. In this work, Bayesian inference is used in the development of a computational

tool, used to determine parameters of models in TALYS that fit the NLD and 𝛾SF data, within 95%

and 68% (≈ 2𝜎 and 1𝜎 respectively for Gaussian data) credible intervals(CIs).

Prior 𝑃(𝜃 |𝑀) The prior encompasses any additional information beyond the data. It is a prob-

ability density that represents the degree of belief that the parameter lies within a given interval

before the data are observed [116]. The prior assumed a gaussian distribution for the parameters and
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contained information about the parameter limits from the TALYS manual [29]. Parameter limits

must be clearly defined as the code can converge to many different unphysical solutions outside the

bounds of what TALYS allows. Both the NLD and 𝛾SF priors apply a Heaviside function to the

parameters, keeping them within the model bounds.

Likelihood 𝑃(𝐷 |𝜃, 𝑀) The Likelihood is a function proportional to the probability that the data

is observed given the model with the specified parameter values. The likelihood function used

a 𝜒2 minimization for a log likelihood. Log likelihood improves numerical stability because

exponentiating large 𝜒2 values can lead to numerical overflow.

Model evidence 𝑃(𝐷 |𝑀) The model evidence is the probability to observe the data given the

model, averaging over the entire parameter space [116]

𝑃(𝐷 |𝑀) =
∫

𝑃(𝐷 |𝜃, 𝑀)𝑃(𝜃, 𝑀)𝑑𝜃

This variable describes how well a model generally describes the data and is mainly used to compare

models against each other. As model comparisons are beyond the scope of this project, the evidence

acts as a normalization constant and does not need to be computed explicitly.

Posterior 𝑃(𝜃 |𝐷, 𝑀) The posterior is the conditional probability distribution of the model pa-

rameters, given the data [116]. Once sampled, the parameters visited were used in TALYS to infer

the cross section of the 59𝐶𝑢(𝑝, 𝛾)60𝑍𝑛 reaction.

It is important to note that the use of log likelihood implies the use of a log prior and results in a

log posterior. This log posterior is then exponentiated for the true posterior distribution. For more

details see the appendix .

6.2.1 Metropolis-Hastings Algorithm

To implement Bayesian inference on the models and data, a random walk Monte Carlo method

was used with the Metropolis-Hastings (MH) algorithm. This algorithm has been used successfully

since its origin at Los Alamos National Laboratory in the 1940s and 1950 [117]. MH is one of many
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algorithms used for parameter searches. The key inputs of the algorithm are: number of calculation

steps, step size, and initial parameter guesses. The algorithm first calculates the log prior and log

likelihood of the initial parameter guesses. Once the log likelihood and log prior are calculated,

their sum is used to calculate the log posterior distribution log(P(Y|𝛼)). The algorithm will hold

this in a separate variable, called current posterior for the initial guess. For every subsequent step,

new parameters are proposed. These proposed parameter guesses are used to determine a proposed

posterior. To determine whether the proposed step is taken or not, an acceptance probability is

calculated from the the proposed and current log posteriors.

𝑃𝐴𝑐𝑐𝑒𝑝𝑡 = 𝑚𝑖𝑛(1, 𝑒𝑥𝑝(𝑙𝑜𝑔(𝑝) − 𝑙𝑜𝑔(𝑐))

A randomly generated value between (0,1] from a uniform distribution is compared to the acceptance

probability. If the random number is less than 𝑃𝑎𝑐𝑐𝑒𝑝𝑡 , the step is accepted, and the proposed

posterior replaces the current posterior; otherwise, it is rejected, and the current posterior remains.

This process occurs in two phases, burn (thermalization) and calculation. In the burn phase,

the algorithm takes a user defined number of steps to move away from the initial guess without

recording the accepted posterior. While not an explicitly necessary step of the Metropolis-Hastings

algorithm, the burn phase is useful to ensure that the results are not biased by the initial guess.

In the calculation phase, accepted steps are recorded, and the number of acceptances is compared

with the total number of calculation steps to create an acceptance ratio.

6.2.2 Comparison to data

In order to compare the parameter distributions found by the Metropolis-Hastings algorithm to

the data, first the total accepted parameter set is randomly sampled. All of the parameters in the

sample are then used to generate a subset of models. The 50th percentile model is used as the

median prediction of the Bayesian calculation, the 95% CI is determined by the region bounded by

the 2.5 and 97.5 percentile models,and the 68% CI is determined by the region bounded by the 16

and 84 percentile models. The median prediction and CI are plotted on top of the full experimental

data set, as well as the subset of data used for the Bayesian calculation.
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6.3 Nuclear Level Density and 𝛾-ray Strength Function

TALYS level density model 5 [118] was fit to the experimental NLD to account for an uneven

parity distribution. The 𝛾SF was fit to strength model 10, Skryme HFB + QRPA [17] with a low

energy enhancement model found in the TALYS 2.0 manual [29]. The NLD was fit from 3 to 10

MeV using the ctable and ptable parameters. The 𝛾SF was fit from 0 to 10 MeV with the parameters

Etable, ftable, wtable for the E1 component and updende, upbendc, upbendf, and beta2 for the M1

low energy enhancement. The base M1 component was modeled with the default option, spin-flip

with scissors mode.
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Figure 6.8 Fit of Nuclear Level Density data to level density model 5 in TALYS. The median
parameter values are: ctable - -0.076 ; ptable - 2.40 The best fit parameters are : ctable - -0.06 ;
ptable - 2.41

The final fits are presented in Fig.6.8 and 6.9 for the NLD and 𝛾SF respectively. The NLD and

𝛾SF pilot runs had a burn phase of 10 000 steps and recorded 20 000 steps. The production runs
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Figure 6.9 Fit of experimental 𝛾SF to TALYS strength model 10 with M1 model 3 and the low
energy enhancement model. The data and fit are compared to 𝛾SF data from near mass nuclei. The
median parameters the best fit parameters are: wtable- 9.483e-1, Etable - 8.99e-1,ftable - 3.10e-1,
upbendc - 1.20e-06, upbende 1.96, upbendf - 2.29,beta2 - 1.3

used a burn of 20 000 and recorded for 50 000 steps. The resulting posterior parameter distribution

described the combinations of model parameters that best reproduce the experimental NLD and

𝛾SF data. The NLD posterior ESS (Appendix. .2) was »> for ctable and ptable respectively.

The 𝛾SF posterior ESS was . These ESS are all high (> 1000) showing that the model explored

the parameter space effectively. There is excellent agreement for both, especially in the statical

region where these functions are most relevant in Hauser-Feshback calculations. The low energy

enhancement in the 𝛾SF is also reproduced well.

6.4 Extraction of Cross Section and Reaction Rate

The posterior parameters that created the CI bands were sampled and used to create 8000

TALYS input files. Each file randomly pairs the sampled NLD and 𝛾SF parameter sets. The cross
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section and astrophysical reaction rate calculations from TALYS are used to create new CI bands.

These CI bands are compared to a default TALYS band. This default band is constructed from

every combination of level density 2.2 and 𝛾 strength 2.3 models using default parameters for all.

Although the data was fit only with strength model 10 [17], the results are model independent as

Figure 6.10 Calculated Cross Section from fits compared with default TALYS parameters (gray)
and NONSMOKER [119](red) calculations. The wide default TALYS range is constrained well
by both CI regions. The consistent disagreement with NON-SMOKER suggests underlying model
differences.

the parameters shaped the model to the data. The TALYS cross section uncertainty, Fig.6.10, is

constrained by a factor of approximately 4.6 at 3 MeV and the reaction rate, Fig.6.11 by around

2.5 and 2.5 GK . Interestingly, TALYS suggests the 59𝐶𝑢(𝑝, 𝛾) channel is much stronger than any

other potential exit channel. REACLIB [120] and NON-SMOKER [119] both show a competition

between (𝑝, 𝛾) and (𝑝, 𝛼) channels. The source of this discrepancy is unclear. Taken at face value,

the TALYS cross section and reaction rate derived from experimental data suggest that there is
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no NiCu cycle in the rp-process temperture range of 0.4-1.1 GK. Instead the reaction path flows

upward on the chart of nuclides through the (p,𝛾) channel. The 𝜈p process will see contributions

from NiCu for CCSN temperatures >3GK, where the (𝑝, 𝛼) reaction rate is roughly 10% of the

experimental median (𝑝, 𝛾) rate. Once the ejected material cools past this temperature, shifting the

reaction flow into the 60𝑍𝑛 waiting point.

Figure 6.11 Astrophysical reaction rate from fits compared with default TALYS parameters and
REACLIB [120]. The (p,𝛼) reaction is plotted to show channel competition. No constraint is made
on the (p,𝛼) channel.
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CHAPTER 7

CONCLUSION

This thesis aimed to determine the 𝐼𝛽 of 60𝐺𝑎, as well as the NLD and 𝛾SF of 60𝑍𝑛, a key isotope in

the rapid proton and neutrino proton capture processes, through the total absorption spectroscopy

and 𝛽+Oslo methods. Whereas the TAS technique has been well established in the literature; the

𝛽+ Oslo technique is described for the first time, along with tests of its capabilities. Also, a novel

(to this application) adaptive Bayesian statistical parameter determination tool was developed for

an in depth uncertainty analysis.

The key result of the TAS analysis is the 12.8% feeding above the proton separation en-

ergy, higher than predictions from both the GXPF1A and K3BG shell model hamiltonians. The

GXPF1A hamiltionian agrees well with the experimental 𝐼𝛽 and B(GT); however, the other models

used show significant deviation. The half-life was calculated as 57.7±9.8 ms, in agreement with

previous experimental measurements, the GXPF1A hamiltonian (64 ms), and the DC3* QRPA

parameterization for the meson-nucleon Lagrangian (58.3 ms).

In chapter 6.1, the excitation unfolding method is described for the first time. Testing showed

that, while artifacts remain, the extracted NLD and 𝛾SF are still reasonable. Also for the first time,

the excitation unfolding was included in the full 𝛽 Oslo pipeline to extract NLD and 𝛾SF from a

proton rich isotope. The extracted level density from this work disagrees with the experimental

result in [121], as this result did not produce a reasonable 𝛾SF within the 𝛽+ Oslo method.

The experimental 𝛾SF and NLD from this work were fit to TALYS level density model 5 and

strength model 10 using an adaptive multi chain monte carlo Bayesian statistical tool. This tool

uses a two stage approach to map out the parameter space for more accurate determination of best

fit parameters. 8 000 parameter samples from both the NLD and 𝛾SF fit were randomly paired

and input into TALYS to calculate the (p,𝛾) reaction cross section and astrophysical reaction rate.

The resulting confidence intervals constrain the TALYS cross section uncertainty by roughly a

factor of 4.6 at 3 MeV and the reaction rate is constrained by around 2.5 at 2.5 GK. Comparing the

experimental (p,𝛾) CI with (p,𝛼) predictions from REACLIB and NON-SMOKER shows that the
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two channels do not meaningfully compete until >4 GK, well above the maximum temperatures

for both the rp and 𝜈p processes. The data is also compared to 59𝐶𝑢(𝑝, 𝛼) from Lopez-Saavedra

et al. [122], illustrating an even higher competition temperature. With this evidence in mind, we

conclude that the NiCu cycle is an unlikely path for the rapid proton capture and neutrino proton

capture processes, instead the reaction path flows up the chart of nuclides to heavier mass isotopes.
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APPENDIX

.1 Additional Features Included in the Metroplis-Hastings Algorithm

Beyond the base MH algorithm described in Sec.6.2, several features were included to improve

the quality of the posterior parameter set, leading to a more robust fit. The use of the tool is

meant to be an iterative process, to guide the user’s decision making process to choose reasonable

hyper-parameters that will give sensible and physically justifiable results.

.1.1 Covariance Scaling

In 1997, Roberts, Gelman, and Gilks determined that the variance of the proposal has a strong

impact on both the speed of convergence as well as the overall acceptance [123]. Through formal

proof they conclude that the algorithm can be optimized by scaling the parameter covariance matrix

by a factor of 2.382/𝑑 , where d is the dimensions of the matrix. In practice, the covariance matrix

is first generated from user defined hyper parameters and check is performed to ensure that it is

positive definite. Then the scaling condition from Roberts et al. is applied.

.1.2 Block Proposals

Since some parameters are correlated, the efficiency can be further improved by creating

parameter groups called blocks. This is of particular importance for modeling the 𝛾SF as both

E1 and M1 parameters are fit simultaneously. While parameters can be grouped however the user

wishes, it is recommended to begin by separating them into two blocks:

𝐸 = (𝑤, 𝐸, 𝑓 ), 𝑀 = (𝑢𝑝𝑏𝑒𝑛𝑑𝑐, 𝑢𝑝𝑏𝑒𝑛𝑑𝑒, 𝑢𝑝𝑏𝑒𝑛𝑑𝑓 , 𝑏𝑒𝑡𝑎2),

, in order to understand the general qualities of the E1 and M1 parameters. Borrowing ideas

from Gibbs sampling methods [115], the MH sampler designed for this work updates each block

sequentially, which is helpful when the when the scale of the parameters differs between blocks.

With this in mind, the user is encouraged to further separate the M1 block group into

𝑀1 = (𝑢𝑝𝑏𝑒𝑛𝑑𝑐) 𝑀2 = (𝑢𝑝𝑏𝑒𝑛𝑑𝑒, 𝑢𝑝𝑏𝑒𝑛𝑑𝑓 , 𝑏𝑒𝑡𝑎2)
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as the upbendc parameter range is 5-6 orders of magnitude smaller than the other M1 parameters.

For each block of dimension 𝑑, the proposal is

𝜽′ = 𝜽 + 𝐿𝒛, 𝒛 ∼ N(0, 𝐼𝑑),

where 𝐿 is the Cholesky factor of the proposal covariance:

Σprop = 𝐿𝐿⊤.

and 𝐼𝑑 is the identity matrix with d dimensions. The Cholesky factorization will then improve the

performance of the correlated parameters in each block [124].

.1.3 Adaptive Tuner

Another significant addition is an adaptive step size tuner applied in the burn phase of the MH.

After a user defined interval of steps, the algorithm compares the current acceptance ratio to the

target and approximates a scaling that will guide the steps toward the optimal acceptance ratio.

Referencing the stochastic approximation method developed by Robbins and Monro [125]

𝑥𝑛+1 = 𝑥𝑛 + 𝑏𝑛 (𝐴𝑛 − 𝑎∗)

where, in the context of this problem, 𝑥 is proposed scalings to the Cholesky factor L, 𝐴𝑛 is the

acceptance ratio of the block within the interval, and 𝑎∗ is the target acceptance ratio for the block.

𝑏𝑛 functions as a gain that mediates convergence speed, stability, and sensitivity to noise. In order

to ensure that the proposed multiplicative scale is positive, let

𝑥𝑛 = 𝑙𝑜𝑔(𝛼𝑛)

then exponentiating,

𝛼𝑛+1 = 𝛼𝑛 𝑒𝑥𝑝 [𝑏𝑛 (𝐴𝑛 − 𝑎∗)]

A first order Taylor expansion gives

𝛼𝑛+1 ≈ 𝛼𝑛 [1 + (𝐴𝑛 + 𝑎∗)]

Once the burn phase is complete, the adaptation stops, making the scale constant in the recording

phase. This is done to maintain detailed balance and ergodicity.
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.1.4 Two Phase ....

The last major update to the base MH algorithm is making it calculate the posterior distribution

twice; first in a shorter exploratory pilot run, and later in a longer production run. In the pilot

run, covariance matrices are constructed by guessing the parameter means and covariances. The

MH sampler then explores the parameter space based on that assumption and builds new "evidence

based" covariance matrices for each block, which are calculated from the posterior distribution.

These evidence based covariances are used in the production run, providing improvements in

parameter space exploration, or mixing, and acceptance ratio.

.2 Diagnostic Tools

To check the mixing of the posterior parameters, the code uses the Effective Sample Size (ESS)

diagnostic. This check is derived from the autocorrelation or independence of the posterior for each

parameter. Posterior samples generated by MH are not independent, since new steps are calculated

from the previous. As the step sizes are typically small, the posterior can be autocorrelated, meaning

that the normalized covariance is high. For a parameter chain 𝑥1, 𝑥2, ..., 𝑥𝑁 , the autocorrelation 𝜌

is defined as[126]

𝜌𝑘 =
𝐶𝑜𝑣(𝑥𝑖, 𝑥𝑖+𝑘 )
𝑉𝑎𝑟 (𝑥)

where i is the initial position, k is the lag or number of steps between the initial position and

testing position. Cov is the scalar covariance and Var is the variance of the entire posterior of

the parameter. Autocorrelation can increase as the MH sampler rejects parameter proposals, since

rejection saves the previous step’s accepted parameter set, reducing the ratio of independent samples

to total number of acceptances. The integrated autocorrelation time 𝜏𝑖𝑛𝑡 describes how the entire

posterior is correlated.

𝜏𝑖𝑛𝑡 = 1 + 2
∞
Σ
𝑘=1
𝜌𝑘

𝜏𝑖𝑛𝑡 is can be understood as approximately the number of iterations needed to have an independent

sample. To find the ESS[115]

𝐸𝑆𝑆 =
𝑁

𝜏𝑖𝑛𝑡
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where N is the total number of samples in the posterior. The ESS tells the user how many

independent samples the calculated posterior is equivalent to. Ideally, 𝜏𝑖𝑛𝑡/𝐸𝑆𝑆 << .1. This shows

that there are many independent draws within the posterior, and the parameter is mixing well.

Including the additional features in the MH was for the purpose of improving this ratio.

Figure .1 A plot of ctable and ptable walkers over ≈ 80 000 steps. There are no large fluctuations,
indicating that both parameters converged during the burn phase.

.3 Data Visualization tools

After the algorithm has done its work finding model parameters that describe the data, it is

important to see how the parameter values are distributed, if they converged, and how well the

parameters fit the data. To address these needs, several visualization tools were developed.

Walker The walker [fig.1] shows the value of each parameter at each step of the calculation

phase. This plot is very useful for checking whether the parameters converged at the end of the

algorithm. If a parameter does not converge by the end of the trial, this suggests more calculation

steps are needed It also gives an idea of the variation of the individual parameters and how the

group changes together.

𝜒2 vs Single Parameter plot In these plots a single parameter 𝑎𝑖 is compared with the associated

𝜒2 of its parameter group. From this the range of accepted parameter values can be determined.
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Taking the ratio of the range of 𝑎𝑖 with some other parameter 𝑎 𝑗 can help to determine the relative

step size between the two. Comparing each parameter to 𝑎𝑖 allows the step size of each parameter

to be put in terms of 𝑎𝑖 step size, therefore only the step step size of 𝑎𝑖 needs to be chosen in

subsequent trials. This plot also shows a line at the parameter value of the minimum 𝜒2. In future

runs, this value could be used as an initial guess for the algorithm to better explore that region.

Figure .2 Example distribution of accepted posterior p table value with respect to the 𝜒2 value.

𝜒2 vs Parameter 𝑎𝑖 vs Parameter 𝑎 𝑗 plot This 3D visualization tool compares two parameters

with the 𝜒2 of the full parameter set. This gives a more complete description of the region being

explored and can show other local 𝜒2 minima that can be explored with appropriate initial parameter

choices.

Corner plot The corner plot is a set of two dimensional contour plots that compare parameter

distributions with one another. The shape of the contour ... how the parameters change with respect

to one another. The rings of the plot show areas of greater probability, with the central, darkest

rings being the most probable region in the 2 parameter space. The corner plot also displays the

one parameter distribution.
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Figure .3 Example corner plot of posterior p table and c table parameter distributions. The top and
right histograms project the parameter density of the p table and c table parameters respectively.
The center plot is the 2D representation of the full posterior.

.3.1 Handling Multi-modal Distributions

It is possible for the Metropolis-Hastings algorithm to find multiple sets of parameter posteriors

that fit the data well. This is displayed in the previous visualization tools as multiple peaks in

the 𝜒2 plots and multiple contours in the corner plot. In such case, taking the median of the

full set of parameters can lead to incorrect conclusions on what parameters best represent the

data. Each mode should be handled independently to accurately visualize how well the sets of

parameters represent the data. This can done in many ways including creating parameter gates or

Figure .4 An example of a trimodal distribution. The top right mode has low statistics; but, is still
an independent cluster of solutions.
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using Gaussian Mixture Modeling (GMM) with Bayesian Information Criterion (BIC) to represent

the posterior as a combination of gaussians. For this work, GMM + BIC was used. For plotting, the

GMM+BIC regions are grouped into clusters, which are treated as High Density Intervals (HDI)

to determine the median and CI for each solution group.

.3.1.1 Gaussian Model Mixing (GMM)

GMM is an unsupervised learning method that assumes a dataset is from a finite number of

gaussian distributions with unknown mean, variance, and mixing parameters[127]. The mean and

variance are the usual definitions. The mixing parameter is the probability that a data point d was

generated by gaussian g. In this way, every data point is assigned to a gaussian, creating a cluster

of points. In this work, the gaussians from GMM are used to determine how many modes (solution

groups) exist within the posterior distribution. It important to separate these groups because the

resulting median and CI each can lead to different conclusions about the function (e.g. NLD, 𝛾SF)

being fit. To perform GMM, the sklearn.mixure library was imported and GaussianMixture

objects were constructed [128]. This class estimates how data in multi-dimensional posterior

parameter distributions can be organized into different gaussian shaped regions.

.3.1.2 Bayesian Information Criterion (BIC)

In the context of this work, BIC is used to determine the minimum number of gaussian functions

needed to represent the posterior parameter distribution. Formally

𝐵𝐼𝐶 = 𝑘𝑙𝑛(𝑛) − 2𝑙𝑛( 𝐿̂)

. Contextually, k is the number of gaussians used by GMM, n is the sample size, and 𝐿̂ is the

maximized likelihood of the GMM at k(maybe???). By looping over the GaussianMixture objects

from scikit[129] with various values of k, we calculate the BIC for each and choose the value of

k with the lowest BIC (𝑘𝑚𝑖𝑛) to be the number of gaussian distributions needed to represent the

parameter space. It is important to check that 𝑘𝑚𝑖𝑛 is not equal to the maximum value of k used in

GMM, as the minimum BIC may not have been found.
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Figure .5 Visualization of the minimum number of gaussians needed to represent the the trimodal
posterior distribution in fig..4. Each color is a different cluster of data.

Visualization Once 𝑘𝑚𝑖𝑛 has been determined, a color coded overlay plot of the 𝑘𝑚𝑖𝑛 distributions

on to the data [fig..5] can be made. This is useful for seeing how the posterior samples are clustered

by GMM. It is often the case that multiple gaussian regions are used to represent one posterior

cluster. These regions can be grouped together by the user into a single object that will be used.

Figure .6 The HDI of the NLD for two largest modes are shown here. Peak0 in blue is the bottom
left mode and Peak1 in green is the center mode in [fig..4]. At high energies, the two modes have
upto an order of magnitude of difference. The thrid mode was excluded due to its lack of statistics.
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.3.1.3 Highest Density Intervals (HDI)

Since the clusters are a sum of N gaussian distributions, the usual method of finding a CI

based on percentiles is not valid. That method assumes that the mean value of the distribution is

centered and the width is symmetric about the mean. This is not the case for multi modal posterior

distributions. The posterior distributions are skewed, so the upper and lower 2.5 percentile slices

may remove probable parameter values[130]. The HDI specifies the parameter range where most

(e.g. 68% , 95%) of the probability density is located. For one parameter,∫
𝑥:𝑝(𝑥)>𝑊

𝑑𝑥 𝑝(𝑥) = 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑜 𝑓 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛

where W is some minimum value, p(x) is the parameter distribution function and x is the parameter

value[131]. The parameter sets in multidimensional HDI regions are used in the model to calculate

the CI for the cluster.
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