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ABSTRACT

Theorists appeal to a number of different models for describing a nucleus, depending on the
phenomenology that they intend to investigate. This work focuses investigating the low-energy
nuclear structure of semi-magic isotones with 50 neutrons, in particular their binding energies and
excitation energies up to roughly 10 MeV. To this end, we implement the nuclear Shell Model, which
utilizes a theory of configuration interactions (CI’s) used to generate realistic wavefunctions. With
these wavefunctions, one can calculate the observable properties of nuclei by considering overlaps
with various operators. Our CI’s are first constructed using valence-space in-medium similarity
renormalization group (VS-IMSRG) methods by S.R. Stroberg’s group at Notre Dame. These
VS-IMSRG methods are used to generate one-, two-, and three-body interactions that are based
on nucleon-nucleon potentials. These many-body interactions are renormalized to zero-, one-,
and two-body interactions for a shell model valence space relevant to the nuclei considered in this
thesis. The predictions of binding energies and excitation energies made with these renormalized
ab initio interactions have a root-mean squared deviation (RMSD) of nearly one MeV compared to
the experimental energy spectra.

When one has access to well-determined experimental data, one can leverage this to fit the two-
body matrix elements (TBME’s) and produce a more realistic Hamiltonian. These TBME’s are
highly correlated; one can make use of the singular value decomposition (SVD) method to produce
linear combinations of parameters which are uncorrelated, and fit the most well-determined linear
combinations of parameters to experiment. One can go further by sampling random batches of
experimental data for fitting, and testing the RMSD for data that was not included in the fitting
procedure to more rigorously determine the sweet spot in the bias-variance trade-off of the fit.

The SVD fitting method has been used successfully to create gold standard "universal" Hamil-
tonians in many model spaces, such as the sd model space orbitals {0ds/,0d3/2, 1512}, the fp
model space {0f7/2,0f5/2, 1p3/2, 1p1/2}, and the jj44 model space {0f5/2, 1p3/2, 1p1/2,089/,2}
(for protons and neutrons). This work focuses on the isotones of N = 50 in a model space that we

call j4 - denoting that we are dealing with an interaction applying to proton configurations in the
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J4 set of orbits {0f5/2, 1p3/2, 1p1/2,089/2}. We applied this method to different starting interac-
tions, each obtained from different ab initio methods, and were able to diagnose how realistic the
interactions produced from these different ab initio methods are. To this end, this thesis demon-
strates the results of the first use of batch data sampling in an SVD fit of such Hamiltonians. The
implemented sampling method is known as Monte Carlo Cross Validation (MCCV). The effective
interaction produced from these methods, called p35-i3 [1], was able to reproduce the data from
the known experimental energy spectra data to within a root-mean squared deviation of 150 keV.
This interaction makes predictions for many unobserved states in all nuclei within the model space,
including a prediction of the single-hole excited states of *°In and the binding energy of the doubly
magic '°Sn.

In addition, the wavefunctions produced have allowed us to predict the electromagnetic proper-
ties of all nuclei in the 7 j4 model space. Here we present predictions of magnetic dipole moments
and B(M1) from the O(M1) operator, as well as electric quadrupole moments and B(E2) from
the O(E?2) operator. We adopt an effective proton charge of e, = 1.8 to account for the fact that
our model space is truncated. We observe excellent agreement between the experiment and the
p35-13 theory for magnetic dipole moments and for electric quadrupole moments. In addition, we
predict electromagnetic moments and transitions that have yet to be observed in experiment for each
nucleus in our model space. These predictions serve as motivation for several new experiments,
both on the neutron-rich side of the landscape toward "8Ni and on the proton-rich side toward '°°Sn

for which electromagnetic data are even more scarce than the energy spectra.
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CHAPTER 1

FOUNDATIONAL INTRODUCTION
This chapter is meant to briefly introduce the context of this work, both historically and contempo-
raneously. Depending on the reader’s familiarity with each section of this chapter, one may feel free
to move on to the next sections as the context narrows. The first section describes the largest scope
of known nuclei and gives a very brief history of the conception of the nucleus and its components.
The second section gives examples of early models used to describe and predict various observables
relevant to nuclear physics, and describes how these models systematically break down in a way
that motivates a need for a new model. The third section narrows this discussion to the formalism
of the nuclear shell model, its beginnings, its development as a model, and its domain of validity as
an effective theory. This section explains how, within this shell model formalism, we describe the
interactions and their configurations, and that realistic wavefunctions from these interactions are

constructed to predict observable quantities, such as energy spectra and electromagnetic structure.

1.1 The Nuclear Landscape

The origins of nuclear physics are set in the last four years of the 19th to the early 20th century.
Henri Becquerel discovered radioactivity while investigating phosphorescence in uranium salts in
1896. With the efforts of physicists such as Marie and Pierre Curie, Ernest Rutherford, and J. J.
Thompson, it was soon discovered that there were three types of radioactivity, called a-, 8-, and
y-radiation. In 1911 Ernest Rutherford carried out the famous gold foil experiment, in which he
discovered that the center of each atom is a dense collection of charges responsible for the deflection
of a-particles. He carried out a similar experiment in 1917, only this time he bombarded '*N gas
with a-particles and observed that hydrogen nuclei were emitted. He concluded that the emitted
Hydrogen nucleus was from the nitrogen and that this Hydrogen nucleus was a part of every atom,
marking the discovery of the (later named) proton as a building block of the nucleus. Following
inconsistencies with the hypothesis that the nucleus consists of only protons and nuclear electrons,
James Chadwick carried out a series of experiments in 1932 wherein he discovered that a new type

of uncharged particle with a mass similar to that of a proton was also contained in nuclei - a particle
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Figure 1.1 Half-Lives of all observed nuclei as a function of proton and neutron number, with a
scale given in seconds. [2]
that would be named the neutron for its lack of charge.

Within months of the discovery of the neutron, physicists Werner Heisenberg and Dmitri
Ivanenko proposed proton—neutron models for the nucleus, replacing the proton-electron model.
With the proton-neutron model in hand, physicists have been able to explain many of the structural
properties and reactions between the nuclei in our universe. Shown in Figure 1.1 is the nuclide
diagram, given by the NNDC [2]. This chart shows all of the discovered nuclei as a function of
proton and neutron number; in particular, it shows the half-lives of the known nuclei, which is
related to the stability of each nucleus. The most stable nuclei are shown in black, lying in what
is referred to as the "valley of stability", and it is clear from the bend in the landscape that Nature
grants stability to nuclei that are rich in neutrons as opposed to protons.

1.2 An Early Empirical Model

One of the earlier models of a nucleus is the Liquid Drop Model (LDM) proposed by George

Gamow in 1930 [3]. The LDM is motivated by several general observations about nuclear physics:
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Coulomb Asymmetry Pairing

Figure 1.2 The various components of the binding energy in the liquid drop model. [4]

the strong interaction is incredibly short-ranged - only really occurring over a span of femtometers,
and primarily between neighboring nucleons (or those with a large degree of spatial overlap in their
wavefunctions) - and the density of nucleons in a nucleus saturates to a nearly constant value of
po = 0.16 nucleons/fm>. In this way, a nucleus is similar to a liquid drop composed of droplets
ordinarily held together by electrostatic forces. In this model, the binding energy of a nucleus is
described by contributions from several sources:

For a nucleus with N neutrons, and Z protons, and a total nucleon number A = N + Z, the

binding energy is described by the semi-empirical mass formula (SEMF):
BE(N,Z) = ayA —asA*? —acZ(Z - DA™Y —as(N = 2)’A ' +aps(N, 2) A% (1.1)

where each of the terms in the equation is related in order to the series of figures in Figure 1.2,
and the coefficients a; are obtained from fits of the experimental data.

For some of the most stable nuclei, this model is fairly successful in reproducing the binding
energies per nucleon, as shown in Figure 1.3. A broader inspection of the nuclear landscape reveals
systematic discrepancies between the SEMF predictions and the experimental results, as can be
seen in Figure 1.4. This discrepancy is a strong motivation towards a model that can reproduce the
binding energy enhancements of nuclei with a particular combination of (N, Z), toward the nuclear

shell model.

1.3 The Nuclear Shell Model
The previous discussion focused on discrepancies between the experimental binding energies

and those predicted by the empirical LDM encapsulated by the SEMF. These discrepancies highlight
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experiment. The top panel shows the contribution of the volume term (A), plus the surface term
(B), plus the Coulumb term (C), all summed to the full LDM (D). [5]
the need for a new model, and one class of experimental observables that motivate what that model
should entail are the nucleon separation energies. Figure 1.5 shows the single nucleon separation
energies S, , for a selection of nuclei compared to the calculation using a Hartree-Fock-Bogoliubov
(HFB) model. The one-neutron separation energy S, and one-proton separation energy S, are

defined as the difference between binding energy between a given nucleus and the binding energy
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the magic numbers. Figure sourced in [6].

of a nucleus with one less corresponding nucleon:

S,=BE(N,Z) - BE(N - 1,2)
(1.2)
S, =BE(N,Z) - BE(N,Z — 1)

One can see that for a given nucleon number N or Z, the corresponding S, , oscillates as the
independent nucleon variable increases, which is a consequence of the pairing component of the
strong interaction. Additionally, one can see that there is a precipitous drop in the separation
energy as the independent nucleon variable moves past certain values; these values correspond to
the previously mentioned magic numbers, which were the source of the largest deviation between
the experiment and the LDM.

As one can see in Figure 1.6, the change in binding energy at the magic numbers can be

highlighted by taking the second derivative of the binding energy with respect to nucleon number
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Figure 1.5 Single nucleon separation energy S, , as a function of Nucleon number (N, Z). The
left figure considers 1-neutron separation energies, while the right figure considers 1-proton
separation energies. The top panel shows the S, , values for a a set of isotopes (isotones) of a
given proton (neutron) number. The middle panel gives S, , values for the isotopes (isotones) of
several even-even nuclei, and shows the corresponding curves from the top panel in red. The
bottom panel gives predictions from a given Hartree-Fock-Bogoliubov (HFB) model for many of
the same even-even nuclei. [5]

for both protons and neutrons:

D, =2BE(N,Z)-BE(N-1,Z)-BE(N+1,Z) 3
D,=2BE(N,Z)-BE(N,Z-1)-BE(N,Z+1) -

The existence of nuclei with particular nucleon numbers that are exceptionally bound relative to
nearby nuclei hearkens back to the observation that some atoms have electrons with exceptionally
high ionization energies. These atoms are noble gasses and their large ionization energies are

explained in the atomic shell model by filling electron orbital shells separated by large energy gaps.

Maria Goppert Mayer developed the nuclear shell model in 1949 and published the work in 1950
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[7], and in this formalism the magic numbers of nuclei

neutron orbits separated by large gaps in energy.

correspond to the filling of proton and
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Figure 1.6 Second derivative of single nucleon separation energy D, , as a function of Nucleon
number (N, Z). The left and right figures are organized in a fashion analogous to Figure 1.5. [5]

Since its inception, the nuclear shell model has made steps toward increasing complexity and

realism. One of the simplest versions of the shell model treats the strong interaction as a harmonic

oscillator problem; the issue with this model is that it treats the shell gap spacings as equal when

we can observe the magic numbers are not evenly spaced in energy. A more complex model is the

Woods-Saxon potential, which does approach the spacing seen in the magic numbers. Adding in

spin-orbit coupling provides level splitting for a given orbital angular momentum quantum number.

An account of these potentials is shown in Figure 1.7. Modern day shell model interactions involve

a basis of occupational configuration states in some truncated model space of orbits relevant to the

nuclei under investigation, and an effective interaction is tuned specifically to each model space.
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Figure 1.7 The single-particle energies of neutrons in three different potentials: the harmonic
oscillator on the left, the Woods-Saxon in the middle, and a Woods-Saxon with spin-coupling
added on the right. [5]
1.3.1 Model Spaces

A model space is a selected set of single-particle orbits for protons or neutrons inclusively, and
by its nature excludes all orbits outside of the model space. This truncation is necessary to reduce
the complexity of the calculations to a feasible computational time-frame; in principle, there are
an infinite number of single-particle orbits that would need to be included in any calculation, and
in practice no computer has infinite memory. An example of a model space relevant to this work
is shown in Figure 1.8, where one can see the four orbits used in our model contained in a dashed
black box. Given the truncated nature of these model spaces, one must take care when selecting
data to incorporate into a fit of an interaction because some experimental data contain information

from configurations involving orbits outside of the model space. We refer to such states as intruder
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Figure 1.8 The single-particle orbits for the ground state of "®Ni. The left and right columns
correspond to proton and neutron single-particle orbits, respectively. The circles show the
occupations of protons and neutrons in the ground state, and the orbits contained in the dashed
box show the 7 j4 model space orbits. This calculation was performed with an SKX Skyrme
interaction using the DENS program contained in NuShellX.

states and they will be the subject of discussion later on.

Model spaces tend to span the range of orbits contained within a major shell because these orbits
tend to be clustered together in energy, and interactions between nucleons in their configurations
influence a wide array of nuclear spectra, while the major shells themselves are separated by com-
paratively larger amounts of energy. Provided one is interested in low-lying spectra, this truncation
tends to produce very accurate reproductions of known data and predictions for unobserved data.

Figure 1.9 shows the comparison in proton separation energy between experiment and theory

for the nuclei considered in this thesis. From the top panel, we see that there is an abrupt drop
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Figure 1.9 Top panel: Single-proton separation energy as a function of proton number (Z). Bottom
Pane: Second derivative of top panel using equation 1.3. The oscillation is a hallmark of the

9 pairing interaction, with the even-even nuclei having a larger single-proton separation energy than
the odd-even nuclei. For the nuclei with odd Z, the ground-state spin from the unpaired proton is
color-coded.
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in binding separation energy going from 8Ni to Cu, and we observe the odd-even oscillations
that are hallmark of the pairing interaction that enhances the binding energy of even-even nuclei.
The bottom panel illustrates the second derivative of the proton separation energy with respect to
the proton number, as described by Equation 1.3, and serves to illustrate shell gaps within the 7 j4
model space. Focusing only on the odd-even nuclei in the figure (colored points), one can see three
distinct regions of the D, values: the 89Y nucleus with Z = 39, and the collections of nuclei with
Z <39 and Z > 39. As discussed in [8], the relatively low value of D, centered on Y is a
consequence of the fully occupied valence orbit 1p; in the ground state that has a sizable shell gap
between the {0 f5/2, 1p3/2} orbits below and the 0gy/, orbit above. The relatively constant value of

D, for nuclei with Z < 39 indicates a relatively small shell gap between the orbits 0 f5/, and 1p3/.

1.3.2 Effective Interactions
In the context of the nuclear shell model, effective interactions are interactions that are effective
in a given model space. Modern effective interactions are expressed in the second quantization

formalism, and in a simplified form can be expressed as the sum:
H=Hy+H+H (14)

where H is the binding energy of the closed shell of occupied orbits outside the model space - the
ground state configuration of 78Ni in this thesis - H; are the single-particle energies of the orbits
defining the model space, and H; are two-body matrix elements describing the interaction between
the orbital configuration states in each nucleus. A more in-depth description of the formalism of

these effective interactions will be given in the following chapters.
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CHAPTER 2

FORMALISM

2.1 Many-body Wavefunctions

The nucleus is a system of many interacting particles, therefore investigations in nuclear physics
are inherently many-body problems in nature. To this end, we employ many-body wavefunctions
to represent the nuclear system, and our operators are many-body expansions at the zero-body, one-
body, and two-body levels. The wavefunctions and operators are constructed in second-quantization
in terms of creation and annihilation operators. In this thesis, we are concerned with the following
quantum numbers: the principal quantum number 7, the orbital angular momentum ¢, the coupled
angular momentum j = ¢ + s, the projections of the coupled angular momentum m, and the
projection of the isospin quantum number 7,. Since we are dealing with only proton wavefunctions,
we know that 1, = —1/2, and because protons are fermions, we also know that the spin quantum
number is s = 1/2. The many-body wavefunctions are constructed as product states, for example

the n-body wavefunction where each particle has quantum numbers a; = (n,¢, j,m,t;); has the

form:
¥} = laaag...an) = | |la) =] | 4]10) 2.1)
=w i=w
where |0) denotes the vacuum state with O particles. Similarly he complex conjugate states are:
a a
(¥| = (au ... apaol = | [(ail = Ol | (2.2)

Because the particles involved in our system are fermions, the usual anti-commutation relations are
applied to the creation and annihilation operators to establish anti-symmetry in the wavefunctions

describing the system:

{aq,ag} = agag +aga, =0 (2.3)
{al.ap} = alap + apal, = 6ap
We will see in the following section that expressing an operator in second-quantization requires

the specification of some single-particle basis, as the creation and annihilation operators contained
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within the expression are scaled by a matrix element of the given operator.

2.2 Symmetries and Choosing a Basis

As with any quantum mechanical system, one desires a basis that will respect symmetries of
the Hamiltonian and naturally give rise to eigenstates and eigenvalues corresponding to quantities
conserved in the interaction. Decades of observation of the nuclear reactions and decays reveal that
some quantities such as total angular momentum and parity are conserved, while other quantities
such as isospin are partially conserved under the strong interaction. The following sections discuss

the conserved quantities that are used to build a natural basis for representing the nuclear system.

2.2.1 Rotational Symmetry and Angular Momentum

The Hamiltonian used to describe the nuclear system is scalar in spatial coordinates and is
invariant under changes in the orientation of the nuclear system. The consequence of this rotational
symmetry is that the total coupled orbital and spin angular momentum of the system J = L + § is
a conserved quantity, and therefore the Hamiltonian commutes with the total angular momentum
operators:

[H,J?| =[H,J.| =0 (2.4)

This means that the many-body energy eigenstates of the Hamiltonian are also eigenstates of the

total angular momentum J, and have conserved quantum numbers:

JH®) = J(J + 1)|¥P)
(2.5)
L|¥) = M|¥P)

where for a given total J there are (2J + 1) values of the projection M ranging from M =
{-J,-J+1,---,J—1,J} in integer steps. A basis construction which has good J and J, is called
the J-scheme; a basis which has good J, but not good J is called the M-scheme. Our goal is to
construct a basis that has good J and J, therefore, when possible, the J-scheme should be utilized
to represent the nuclear system; If the M-scheme basis is complete with respect to rotations in the

J-space, then the M-scheme basis will also have good J in addition to J..
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2.2.2 Mirror Symmetry and Parity

The strong and electromagnetic interactions are invariant under reflection, and because they
obey this mirror symmetry the parity 7 of the system is a conserved quantity. The eigenstates of
the Hamiltonian can have even parity 7 = +1 or odd parity 7 = —1, and the Hamiltonian does not
mix the parity of a state with known initial parity. The total parity of a nucleus is obtained from the
intrinsic parity of each nucleon 7;,, = +1 and the parities arising from the orbital angular momenta
¢ of each nucleon in the nucleus 7, = (=1)¢. The total parity of a physical system is the product
over all sources of parity in the physical system, and because all nucleons possess even parity,
the total parity is due to the product of all parities due to orbital angular momentum from each
nucleon. This means that the parity of a nucleus with N nucleons represented in the many-body

wavefunction is given by:
N N
. . ¢
r = | mim e = | J-1) (2.6)
i=1 i=1
The conservation of parity under the strong and electromagnetic interactions puts restrictions on

the types of electromagnetic transitions that can occur when a nucleus decays from one state to

another.
2.3 Isospin

The proton mass is 938.27 Mev/c?, the neutron mass is 939.57 MeV/c?, and both particles
are spin s = 1/2. Because their masses are within 0.1% and share the same spin, protons and
neutrons can be thought of as doublets of the same generalized nucleon particle with a quantum
number ¢ = 1/2 called isospin, where the proton and neutron are described as isospin projections of
t, = —1/2andt, = +1/2, respectively. Though isospin is described by an algebraic structure similar
to angular momentum, it is a dimensionless quantity and does not describe physical rotations. For
a nucleus composed of n nucleons, the total isospin (7') and it’s projection (7;) of the nucleus are
simply the sum of the individual respective isospins and projections of the n nucleons:

T = Z tG) and T, = Z t. (i) 2.7)
i=1

i=1
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Isospin is only an approximate symmetry of the strong interaction, an effect that can be seen
by comparing the proton-proton, neutron-neutron, and proton-neutron binding energies, each of
which are progressively more bound in the order listed. One source of isospin symmetry breaking
is the obvious difference in which the proton is charged and the neutron is neutral, manifesting
in a break in symmetry through the Coulomb interaction. Even when the Coulomb effects are
taken into account, isospin is not an exact symmetry of the strong interaction itself and can be
encapsulated in addition of isotensor interactions to the Hamiltonian, as has been demonstrated
in USD-type Hamiltonians [9]. This work is concerned with a model space and Hamiltonian that
involve only interactions between configurations of protons. For our Hamiltonian, all particles
under consideration have ¢, (i) = —1/2, and so the TBME all involve isospins coupled to T = 1 with
a projection 7, = —1.
2.4 Operators

A given operator can be expressed in second-quantization through pairs of creation and anni-
hilation operators multiplied by a matrix element. For example, we can express an operator F in

second-quantization as a one-body operator with:
n
F = (alFIp)alag (2.8)
af

The tensor-coupled form of the one-body transition operator of tensor rank A is given by:

A . J A J .
0L =33 (ka0 k) (=1yema| ? lalag

kokg mampg Mg M Mg
) N (2.9)
[a;{a@)dkﬁ]

= ko |0 kg) ———=

kgkﬁun [ %6) — =

where k,, stands for the single-particle quantum numbers (n, l,, jo ). In practice, one is interested in
calculating an observable property represented by an operator O given some realistic wavefunction
that represents the nuclear system in some initial state |'¥;) and some final state |¥;). This is
accomplished by taking the overlap (Tflélll’i). With this goal in mind, one can calculate the

reduced matrix element for the n-particle wavefunction as the sum over the product of one-body
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transition densities (OBTD) with their corresponding single-particle reduced matrix elements:
(¥ [[0Y|®:) = > OBTD (£, i, ka» kg, A) (ko 0] kp) (2.10)
kaks
where the OBTD is given by:

A

<\Pf o}, @] ‘I’i>
OBTD (f,i, ko, kg, A) = NS a 2.11)

Similarly, we can express a tensor operator T/f of rank A in second-quantization as a two-body

operator with:

N 1
Tﬁ =12 Z (aﬁ |Tﬁ| yd) ala;a(say (2.12)
afyod

In the above equations, the indices in the sums represent sets of quantum numbers, for example
a = (ng,ly, Ja, - . . ), and in principle there are an infinite number of terms in the sum. In practical
applications, finite memory in computers restricts us to use some truncated amount of levels. The
amount of levels required is usually motivated by the nuclei under investigation - for example, one

might truncate to the orbitals within some major shell.
2.5 Configuration Interactions

2.5.1 Formulation of the Hamiltonian
The Hamiltonian for CI can be expressed as the sum of zero-body, one-body, and two-body

operators:

H=Eo+) o+ Y, > Vi(apyo)Ti(ap;yo) (2.13)

asB,y<o JIM

where E|) is the binding energy of the closed shell with O valence nucleons, and €, are single-particle
energies corresponding to a particle in orbital @ and 7, are the number operators for particles in
these orbitals (given by quantum numbers n,, [, jo). Vi(aB;7yd) are the two-body scalar matrix
elements for nucleon pairs in orbital states «, 8,7y, and 6 coupled to total angular momentum

quantum number J.

Tr(aB;yo) = Al (aB)Asm (v6) (2.14)
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is the two-body scalar density operator for nucleon pairs in orbits «, 3,7y, and ¢ coupled to spin
quantum numbers J and M, where AjM(a,B) creates an antisymmetric state of two particles in
orbital states @ and S coupled to the quantum numbers in the subscript. The single particle energies
and two-body matrix elements are the parameters of our effective interaction; if we choose to keep
some of these parameters fixed, we can break the Hamiltonian into a fixed part H 0 and a term H'

that depends on the variable parameters p;:

NP
H=H"+H(p) :H0+Zp,0,- (2.15)
i=1

where p; represents either the single-particle energies €, or the two-body matrix elements V;(af; y90),
N, represents the number of parameters we allow to vary in our fit, and O, represents the associated
number operator or the scalar two-body density operator. If the k’th energy eigenvector of the

Hamiltonian is given by |¢;) then the corresponding energy eigenvalue is:

NP
A = (il Hpe) = (@ulHlgi) + > piBf = EY + e (p) (2.16)
i=1
where ,6’;‘ = (¢x|Oil¢x) and § = (p1,--- ,p n,) is the vector of Hamiltonian parameters defining

the Hamiltonian, E]? is the contribution to the calculated energy of eigenstate |¢x) due to the fixed
portion of the interaction H°, and € (p) is the contribution from the fitted portion of the interaction
H'(P).
2.6 Electromagnetic Operators

Following the conventional definitions and assumptions for electromagnetic operators laid out
in [10], the electric multipole operator O(E, AM) is given by:

O(E, M) = / p(r)rlyYL (6, ¢)dr = Z e(k)rkyk (6, ¢) (2.17)

k

where p(r) is the charge-density operator and e (k) is the charge of the k’th nucleon. Analogous to

the electric multipole operator, the magnetic multipole operator O (M, AM) is given by:

O(M,AM):/pm(r)rﬂy,@(e,(p)dr

28 (k) (2.18)

L; +g,(k)S
To1 Lk gs(k)Sy

= > un [VariYi(6.0)]
k
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where uy is the nuclear magneton and the sum over k includes all particles in the nucleus. The
reduced transition rate B(z A1) for an electromagnetic A’th pole transition from an initial state |J; M)
to a final state |/ M) is defined by:

(1O [19:) 2
(2.], + 1)

B(n) = (2.19)

where 7 is either E for electric transitions or M for magnetic transitions, and A gives the multipolarity
of the transition: A = 1 for dipole transitions, A = 2 for quadrupole, and so on. The double vertibar
indicates that the transition is reduced with respect to angular momentum. The predictions of the
Shell model for electromagnetic transition rates and multipole moments of a nuclear system require
calculations of the reduced matrix elements of the O(x1) operators between the many-body shell
model wave functions. These matrix elements are obtained by expanding the O(n1) operators
in the second-quantized form, using single-particle basis states |k) = a,th) with k£ = (n,¢, )
which define the shell-model basis. With this expansion, the matrix elements are obtained using
Equations 2.10 and 2.11. The single-particle matrix elements (SPME) of the electric transition

operator O(E, AM) can be factorized into a radial and an angular part:
(nlj " Y0, 9)|| 0V j) = (nl|c“|0'1) £.(G, J7) (2.20)

The radial integrals used in the present work are calculated with skyrme wavefunctions [11]. From
Equation 2.10 we see that the matrix elements of the (aj.a J-r)/lM operators between initial/final
shell-model wavefunctions contain the many-body results, independent of the detailed form of the
shell-model wavefunctions |k). These matrix elements are the one-body transition densities given
by equation 2.11, while the remaining factor in equation 2.10 is called the single-particle matrix
element S

Skir = (kIO(@A)|K) (2.21)

Combining the OBTD with the single-particle matrix elements, we arrive at the shell-model

expression for the reduced transition strength:

2
S kasky OBTD(f i, ke kg, ) Sk i
s = 2,1 (2.22)
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Electromagnetic moments M () are defined by the diagonal matrix element of the one-body
electromagnetic operator in a state with M = J:

A7
21+1

ypm 717 (2.23)
=51 (IO |¥..))
-J 0 J

where the term in parentheses is the 3 — j symbol, and (¥, J||O(72)||¥, J) is the reduced matrix

M(na) =

(P, J,M = J|O(x)|¥,J, M = J)

element for this moment.
2.6.1 Magnetic Dipole Moments and M1 Transitions

One of our aims is to investigate the properties of the magnetic dipole moments (4 = 1) and
the M1 transitions in nuclei with 50 neutrons in the 774 model space. Both of these observables
depend on the matrix elements of the O (M 1) operator. The magnetic charge density of the nucleus
arises from both the orbital motion of the nucleons in the nucleus and their individual spin magnetic
moments. The magnetic dipole moment is given by the diagonal matrix element of the O(M1)
operator, this operator is written as:

OM1) = > [21(k)Li + g, (K)Si] (2.24)
k

where g; and g, are the orbital and spin g-factors, respectively, of the k’th nucleon, and L. and S
are the orbital and spin operators, respectively. For a state with total angular momentum J and a

maximum magnetic quantum number M = J, the magnetic dipole moment is:

w={,M=JOM)|J,M=J)

(2.25)

J
- \/ Tinaren Y Iomni)

Following the expansion of Eq. 2.10 the calculation of the matrix elements of the O (M 1) operator
amounts to calculating OBTD’s and single-particle matrix elements. Comparisons between our
predictions and the experimental values of several nuclei are shown and discussed in Chapter 5.
For example, comparisons are shown in FIG. 5.6, and a detailed comparison of these results for

several different interactions is shown in Tables 5.1 and 5.2.
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The B(M1) values are also calculated from the O (M 1) operator; unlike the magnetic dipole
moment, these values correspond to off-diagonal matrix elements connecting different initial and
final states. From Equations 2.21 and 2.22, we can express the reduced transition strength for M1

transitions from state |J;) to state |J) as:

[(IrloMD)|1;) 1P

(2.26)
2Ji +1

B(M1) =

The reduced single-particle matrix element of O(M1) can be separated into orbital (£) and spin
(§) components from Equation 2.24. For single-particle states with k = [nlj], the orbital reduced

matrix element is given by:

3 /.

(ka0 (M1, 0)l1kg) = | 7 (Ja
3 +lg+ . .

=\ T D Rl (€ + 1 (2 + D (2o + 125 + 1) 02

g(l’ le 1
X 6n(,,n56f(,,fﬁg€,uN
jﬂ j(y 1 /2

{

jﬁ> 6na,nﬁg€ﬂN

Similarly, the spin reduced matrix element is given by:

/3
<ka”0(M1a S)”kﬁ> = E <ja I3l ]B) 6na,nﬁgs,uN

Y Ny \/ 305 -

= 471( 1) 2(2]0 +1)(2jg+1) (2.28)
12 12 1

X 6n(,,n[;6€a,fﬁgl’:uN
jﬂ Ja 1/2

where the term in curly braces is the Wigner 6 — j symbol. These results can be added to give the
full reduced single-particle matrix element of the O (M 1) operator and can also be used to evaluate
the SPME for u using k, = kg. An immediate consequence of this is that M1 transitions can only

connect single-particle states with the same principle (n) and orbital (/) quantum numbers.

2.6.2 Electric Quadrupole Moments and E2 Transitions
Another aim of this work was to investigate the properties of the electric quadrupole moment

(4 = 2) and the E2 transitions in the 774 model space. Both of these observables depend on the
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matrix elements of the O(E?2) operator. The electric quadrupole moment is the diagonal matrix

element of the O (E2) operator for the state with |/, M = J), given by:

0= w/mTﬂ(J,M =J|O(E2)|J,M =J)

~ 167J(2J — 1)
- \/5(21+ D(J+1)(2J +3) VIOED (2.29)

B 16nJ(2J - 1) ‘ ~
) \/5(2] ¥ D+ D(2J+3) Zk: OBTD(f.7, k, 4 = 2)(K[O(E2)]Ik)

As in the case of magnetic dipole calculations, calculations of the O (E2) matrix elements amount
to calculating OBTD’s and single-particle matrix elements.
The B(E?2) values are also calculated from the O (E2) operator, and are the off-diagonal matrix

elements connecting different initial and final states. The B(E?2) is calculated from Equation 2.22:

(I I0(E)|IJ;) 17

B(E2) = 27 +1

2 (2.30)

> OBTD(f,i, ko kg, 2 = 2){kallO(E2)IKp)
ko k

1
_2Jl'+1

With single-particle orbitals k = [nlj], the reduced single-particle matrix elements for the O (E?2)
operator are given by:

[1 + (_l)la+lﬁ+2]
2

><\/5(2]'a+1)(2]'ﬁ+1) Jo A=2 g
an 12 0 -1)2

(ko||O(E2)||kg) = (—1)/a*1/2

(2.31)

<kw |r2| kﬁ) €q€

The final step is to evaluate the overlap of r> between the initial and final single-particle states.
This is accomplished by choosing a single-particle potential for expressing these states in position

representation. This result can also be used to evaluate the SPME for Q using k, = kg.
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CHAPTER 3

HAMILTONIANS IN THE N=50 REGION

3.1 A Brief History of History of Hamiltonians for the 7 j4 Model Space

Configuration mixing effective interactions for isotones with 50 neutrons have a history dating
back over 60 years; the first treatment of N=50 nuclei was given in 1960 by Talmi and Unna [12].
Effective interactions in this period used model spaces consisting only of the 1p1 /> and 0gg > proton
orbits, requiring only 9 TBME to fit to experimental data, and so the nuclei that could be modeled
were typically restricted to have masses at or above 8Sr. Advances in computational capacity and
many-body techniques allowed for the expansion of the model space to include more single-particle
orbits in the calculations, and eventually the ability to construct a model space spanning the range
of nuclei between the doubly magic "Ni and '°°Sn nuclei became possible, as was carried out by
Ji and Wildenthal in 1988 [13], and later by Lisetskiy and collaborators in 2004 [14], the latter of
which allowed for neutron orbits in addition to proton orbits.

In addition to restrictions imposed by computational capacity, these earlier types of effective
interactions were limited by the availability of experimental data. The physical stability of the nuclei
in the vicinity of #Y leads to ease of production and excellent characterization of the observable
properties of these nuclei compared to regions away from stability; for example, all N=50 isotones
between 3°Kr and “>Mo were discovered between 1920 and 1930 (with the exception of *'Nb which
was discovered in 1951 [15]). Away from the valley of stability toward the doubly magic bookends
of the model space, data have been historically sparse to non-existent; for example, *Cu was not
formally discovered until 1991 [16], and PTn (along with 100Sn) was not discovered until 1994
[17]. The experimental energy spectra for these two nuclei are crucial for determining the 4 SPE
parameters for the 74 model space and how those parameters evolve across the model space.

Each iteration of these interactions has been the result of advances in computational capacity,
improvements in fitting methods, and the growing body of experimental data to fit the model

parameters to; the work outlined in this thesis is a natural continuation of this history.
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3.2 Nuclear Data

For the experimental data used as input to our SVD fits, we chose nuclear spectra that have
observed excitation energies with uncertainties generally at or below 2 keV and J” values that are
well determined by various types of experiments. Exceptions were made to the energy uncertainty
criterion: for the binding energy of 7”Cu (100 keV uncertainty), the binding energy and the first
excitation energy of *°In (77 keV and 37 keV uncertainties, respectively), as well as the binding
energy of '°°Sn (240 keV uncertainty). In addition, there are experimentally observed data that are
not included in the SVD fits; those with large uncertainties on the energy or uncertain J* values,
and those that can be considered as intruder states in the 7 j4 model space; a discussion on intruder
states and how they are determined is given in the following subsection. The experimental data
used were obtained from the Evaluated Nuclear Structure Data Files (ENSDF) [18] motivated by a

series of discussions with W. B. Walters of the University of Maryland.

3.2.1 Intruder States

When selecting the experimental data to be used in a fit, one has to consider the scope of the
model space, as well as the configuration space content that may be contained in the experimental
data. As mentioned, our model space consists only of 4 proton orbits on top of the closed "®Ni core,
and any ground state or excited state that we can predict can only be composed of configurations
that lie within this model space. In a real nuclear ground state or excited state, the wavefunction
will generally include contributions from single-particle configurations involving single-particle
orbitals below our model space (particle-hole excitations of the "®Ni core) or above it (particle-hole
excitations above the 0gg > orbit). These particle-hole excitations can occur in experiments from
both protons and neutrons and become an increasingly likely cause of concern as one approaches
nuclear excitations comparable to the shell gap between the lower 0gg, orbit and the Og7/, orbit or
the gap between the lower 0 f7/, orbit and the 0 f5/, orbit - both of these gaps are around 3 to 4 MeV.
For this reason, the bulk of the experimental data used in our fits are ground states and low-lying
excited states with an excitation energy below 3 MeV.

With these precautions being taken into account, it is important to know that the experimental
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Figure 3.1 The energy spectrum of 8*Se. The left panel shows the experimental energies and
spins, while the right panel shows the same content as predicted by our p35-i3 Hamiltonian. The
6 spin of each state is given by the length of each line, and the parity is given by the color (red for
even and blue for odd). The two states marked with an X are believed to be intruder states due to
their enhanced cross-section in a (¢, p) reaction [19]
states that we use in our fits are not devoid of influence beyond our model space by restricting to
low-lying spectra. Consider Figure 3.1 as an example of how one must go beyond the restriction
of low excitation and uncertainty as qualifications to select the appropriate fitting data. Some
nuclear reactions provide excellent probes into the configuration content of a given experimental
nuclear state. Mullins, Watson, and Fortune carried out an experiment in 1987 [19] involving the
82Se(t, p)8*Se reaction as a means of investigating the structure of 34Se. By analyzing the cross-
section strengths into each excited state of 8*Se and comparing to predictions using a Distorted-Wave
Born Approximation (DWBA), they found cross-sectional enhancements for the first two excited

0* states of the nucleus; those two states are shown in Figure 3.1 as the 0" states with black X’s

next to them in the left column (experiment). The low-lying spectrum for 34Se is expected to be
10
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dominated by proton particle-hole excitations; these cross-sectional enhancements are explained
by contributions from 2-neutron excitations across the N=50 shell gap. Details of this comparison
for the first two 0% states are given in Table I of [19]. With this discussion in mind, the existence of
intruder states requires their careful consideration when selecting candidate data appropriate for a
fit. Without such consideration, the fitting procedure would put inappropriate weights on the model
parameters toward configurations beyond the scope of the model, resulting in a Hamiltonian that is

less prescriptive and predictive.

3.3 Ab Initio Interactions

Ab initio is Latin for "from the beginning," and in this context it often means that the interactions
are constructed from a microscopic (particle-based) interaction tuned to some experimental data,
such as nucleon scattering data. The SPE and TBME used to generate wavefunctions for nuclear
structure calculations can be obtained from a realistic nucleon-nucleon (NN) interaction, possibly
including a 3-nucleon (3N) interaction, and then renormalized to the valence space relevant to
investigation through various techniques. Modern techniques for renormalization include: many-
body perturbation theory [20], shell-model coupled-cluster methods [21], valence-space in-medium
similarity renormalization group (VS-IMSRG) methods [22], and others. The results of this work
were obtained with the aid of VS-IMSRG methods.

In the process of producing our final effective interaction, we sampled an array of various ab
initio interactions and ultimately settled on a choice of two for comparative purposes. Both of the
chosen interactions were obtained in collaboration with B.C. He and S. R. Stroberg at the University
of Notre Dame from the EM 1.8/2.0 NN+3N interaction [23] in a harmonic oscillator basis with
frequency hiw = 12 MeV, truncated to 13 major shells (2n + [ < eyqe = 12). He and Stroberg
normal-ordered with respect to the Hartree-Fock ground state of the reference and discarded the
residual 3N interaction. They then decoupled the 7 j4 valence space using the Magnus formulation
of the IMSRG. The results labeled IMSRG(2) are obtained with the standard approximation [22],

truncating all operators at the two-body level throughout the flow, including inside the nested

commutators. This IMSRG(2) served as the first ab initio interaction as input to our data fit
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Figure 3.2 Comparison of the TBME obtained with the two versions of the IMSRG method - the
y-axis involves the two-body truncation and the x-axis involves the factorized approximation. The
TBME are colored according to the type of overlap that they describe.

program.

In the process of analyzing the results of our fit of this starting IMSRG(2) interaction, He
and Stroberg introduced a correction in which intermediate three-body operators arising in nested
commutators are incorporated by rewriting the double commutator in a factorized form while
maintaining the same computational scaling as the IMSRG(2) approximation [24]. As in ref.
[24], He and Stroberg included factorized terms with a one-body intermediate during the flow,
and included terms with a two-body intermediate at the end of the flow. They performed the
procedure for two different references, ®Ni and '°°Sn, corresponding to empty and full valence
spaces, respectively, and we took the average of the two resulting valence space Hamiltonians as our
starting point for the fitting procedure. This interaction called IMSRG(3f2) served as the second

ab initio interaction as input in our data fit program.
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The development of this factorization method served as an opportunity to evaluate several
things at once: the efficacy of the method in producing a more realistic ab initio interaction, an
estimation of the uncertainty of the model parameters used for fitting, and an estimation of the
uncertainty of observables predicted by our Hamiltonian as a function of the ab initio parameter
values. Intuitively, the more realistic the ab initio Hamiltonian is, the less it needs to be modified
to produce results that agree with experimental results. Shown in FIG. 3.2 is a comparison of the
TBME obtained with the IMSRG(2) and IMSRG(3f2) approximations, indicating the magnitude of
the uncertainty due to the many-body truncation. These uncertainties propagate into our effective
Hamiltonians, and ultimately the resulting wavefunctions and calculations made with them. The
main difference between these initial interactions is that the J = 0, T = 1 TBME are about 30

percent weaker for IMSRG(3f2) compared to those of IMSRG(2).

3.4 The p35-i3 Hamiltonian

This thesis is focused on the state-of-the-art effective interaction for the N=50 nuclei, encap-
sulated in a Hamiltonian that we have named p35-i3 for the model space called xj4. This model
space name is a nod to a much larger model space called the jj44 space, which contains the same
single-particle orbits for neutrons in addition to protons, and for which another class of Hamiltoni-
ans has been developed; an early example of such a Hamiltonian is given in [14]. Here, & indicates
that the Hamiltonian is applied to a model space consisting only of proton orbits (not neutrons),
and j4 indicates that these orbits are the four j orbits {0fs/2, 1p3/2,1p1/2,089/2}. The structure
of all nuclei between "8Ni and 1°°Sn is described by filling these orbits with protons, and realistic
wavefunctions for their states are comprised of linear combinations of the various configurations
that these protons can make in these 4 orbits.

Figure 1.8 shows a calculation of single-particle occupations in the ground state of "Ni; the
purpose of this figure is to illustrate the orbits of our model space (contained in the dashed box)
and the occupied and unoccupied orbits that lie outside the model space. There are two columns
of orbits, one for protons and one for neutrons, and the orbits with circles in them are filled orbits

outside of the model space; these filled orbits give us the binding energy of "3Ni and serve as the E
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zero-body scalar term in our Hamiltonian. The four orbits in the dashed box have single-particle
energies €,, which are scalars that multiply the one-body number operator of our Hamiltonian.
Both the filled and unfilled orbits outside of the dashed box are inactive in our model space in
the sense that our model contains no information on configurations involved with these orbits
and no information about interaction between these configurations. In a real nucleus every orbit
outside of the dashed box contributes to the observed properties of the nuclei we discuss here; the
computational cost of including all orbits into a calculation is infeasible, which is why we use a
truncated model space and why our interactions are called "effective." It is the influence of these
orbits outside the model space that leads to the notion of intruder states - their influence intrudes
upon the model space.

The p35-i3 interaction contains 65 scalar TBME V;(a8; y¢d) that multiply the two-body transi-
tion density operators described in Section 2.2.1. Together, the 4 single-particle energies and the
65 TBME comprise the set of parameters that can be fitted to experimental data. These parameters
are first calculated and renormalized to our truncated model space using the ab initio methods
described in the previous section, and these tend to provide wavefunctions that have substantial
deviations with experiment. The starting Hamiltonian ultimately depends on the ab initio methods
used to calculate the TBME, and in this thesis we examine and discuss the results of two different
ab initio methods. The final result of the fitting yields two different Hamiltonians: p35-i2 and p35-
13. The characters i2 and i3 denote which ab initio were used to obtain the starting Hamiltonian,
while p35 denotes how many linear combinations of parameters were varied to obtain the fitted
Hamiltonian. The reasoning and method for varying linear combinations of parameters (and this

many specifically) are discussed in the following chapter.
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1 2 3 4 5 6 7
CHAPTER 4
FITTING METHODS

This chapter outlines the fitting procedure used to update the parameters of our Hamiltonian and
quantify the uncertainty of predictions. The first section outlines the y? fitting procedure for the
parameters of our Hamiltonian, as well as the reformulation of the minimization solution in terms
of the Singular Value Decomposition method (SVD). The second section expands on the first by
describing the process by which we fit linear combinations of parameters to experimental data and
use an inverse transformation to recover the updated Hamiltonian parameters. The third section
introduces the Monte Carlo Cross-Validation method (MCCYV) as a means of model evaluation,
in particular MCCYV is used to indicate the optimal number of VLC’s to fit to experimental data
in our fitting algorithm, and the RMSD between our Hamiltonian predictions and the validation
data gives a measure of the theoretical uncertainty. Historically in fits to nuclear shell model
Hamiltonians such as this, the uncertainty estimates have been quoted as the RMSD between the
fitted Hamiltonian predictions and the full data (including the data used to fit the training set) [14];
this provides a potentially large underestimate of the uncertainty of the Hamiltonian to predict data

that were not part of the training set.
4.1 Singular Value Decomposition (SVD) Method

Initial Procedure: y? Minimization

Our starting Hamiltonian has a set of parameters p* = (p7,-- -, pjvp). This Hamiltonian defines
a starting set of eigenvectors |¢;) that can be used to calculate operator overlaps ,Bf so that each
associated eigenvalue A; can be calculated in Equation 2.16. Then we seek to minimize the £2-
norm of the residual (y) between the N; measured experimental energies and calculated energy

eigenvalues:
Ng

min x> = min Z
peRNP peRNp =

4.1)

S\ 2
E" = (D)
Tk

2 2
where o7 = (o-,fx” ) + (o-,’(h) . We can reorganize the fitting by expanding A; and defining the

exp

expected energy contribution from H'(p) in Equation 2.15 to be GZXP =E " - E,?. Now, our y?
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minimization looks like:

Ng exp >\ 2
. €, —€(p)
min y?> = min Z S~ P 4.2)
peRNp peRNp =l Ok

We further simplify the notation by rewriting our data components z;"” = €,” /oy and then

considering the model components:

- Np k
.. €&(p) B;
w(p) = = > pi—- (4.3)
Tk I 9k
We can arrange the components of the experimental data in a data vector 747 = [sz R zf\ff 17,

and similarly for the model components, we can represent a model vector through matrix-vector

multiplication:

_ Bilon  Byor - ﬂ}vp/0'1
z1(p) P1

= ﬁ%@ ﬁ%@ ﬁ]zv‘”‘/az : (4.4)

v, (P) PN,
| BV Jowna Byt low, o Byt low, |

92k (P)

. B
If we recognize that -~ =
ok “ap; Dj

then the matrix above must by definition be the transposed Jacobian
(JT) of the vector-valued function Z(j) = [z1(p), - -- ,zn,(P)]". This allows us to re-express our
x> minimization as:

rnm)( = min ||Z%7? - JTﬁII2 4.5)
peRNp peRNp

Minimizing this with respect to each parameter p; gives N, equations of the form:

8_)(2_2§ e " —e(p) (_Laek(ﬁ))
op; Ok or Op;

Ny exp nk N, k nk
Ek ﬁj ﬁiﬁj

:_ZZ o2 _Zpi? =0

i=1 k

(4.6)

which leaves us with the condition that:

Ny Gexpﬁk Ng Np ﬁkﬁk

)N DI M @)

k=1
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N, E" Yir o Yip
ej = Z exP and G=| + .. (4.8)
’ypl .« e ’ypp
where
Na ﬁkﬁk ﬁkﬁ’k
yij = Z =vyji€R (4.9)
k=

we can rewrite the N, equations as a s1ngle vector equatlon:
e-Gx=0 — iI=G7le (4.10)

Since the matrix G is real and symmetric, it is diagonalizable. The step of solving for X shown in
equation 4.10 is only possible if G is invertible, meaning that none of the eigenvalues of the matrix
G are 0. This process can be used to find a new X that can be used to calculate new eigenvalues for
the new eigenstates |¢) ), repeating until convergence.

Note : G~! is referred to as the error matrix because its diagonal entries are the square of parameter

errors and the off-diagonals are related to correlations between parameters.

SVD

The Hamiltonian parameters are often highly correlated, and updated parameters obtained from
Equation 4.10 will not only be dramatically different from their ab initio values, but will result in
a Hamiltonian that generally performs quite poorly on data outside of the training set. In other
words, the solution in Equation 4.10 results in a overfitting of the Hamiltonian, as can be seen on
the right extremes of both graphs in Figure 4.1. One method of ameliorating this situation is to
use the SVD of the G~! matrix, allowing the fit to be re-expressed in terms of an orthonormal

basis of uncorrelated SVD parameters. Since G is real and symmetric, its SVD is identical to an

eigendecomposition; the SVD for G and G~! are
G =ADA" and G'=AD'AT (4.11)
where:
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* D € RP*P is a matrix of diagonal positive elements D;; > 0.

e A € RP*P is a rotation matrix whose columns form an orthonormal basis of our SVD

parameter space.

« D! is a diagonal matrix whose elements are inverses of the elements of D - that is:

D] =di=— (4.12)

With these substitutions in the result of our minimization, we have the following:
¥=AD'ATé — ATx=D7'AT¢ (4.13)
Now we express the rotations of X and €
y=ATY¥ and ¢=AT¢ (4.14)

resulting in

i = D_lg — yi = d,‘C,‘ (415)

Here the uncorrelated SVD parameters y; are expressed as a linear combination of the Hamiltonian

parameters x; with associated errors d; - explicitly:

<l
I
>
P\]
N
I
1=
&

Q
—~
=

I

1=
&

>

=

(4.16)

where JZT is the I’th column of AT. When d; is large, the SVD parameters y; experience a
large change from a correspondingly small change in the data ¢;, meaning that the corresponding
linear combination of Hamiltonian parameters y; is poorly determined by the given data set. We
can establish a cutoff criterion on what is poorly determined linear combination of Hamiltonian

parameters y; based on the magnitude of the corresponding d;

4.2 Fitting Algorithm
1. Starting from the best available Hamiltonian parameters X* we construct and diagonalize the

matrix G to obtain D;; eigenvalues and the orthonormal basis for our parameter space.
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2. The mutually independent SVD parameters y; are determined in the fit of equation 4.15 (and

4.16). Explicitly:

P
yi=dici=d; ) er[AT], (4.17)
=1

Concurrently, linear combinations of the starting Hamiltonian parameters are determined

from the equation (5). Explicitly:

p
P=aTE — yr= > [AT], (4.18)
=1

3. One defines a cut-off criterion §, and updated linear combinations y are defined by only
adopting well-determined values y; with respect to this cut-off and leaving starting values for

the rest:

yi (di <9)
y? = 4.19)

yi (di >9)
The number of well-determined linear combinations is N;. The cutoff criterion is established

through the process of bootstrap sampling of batch data discussed in Section 4.3.

4. With the updated set of model parameters y* one recovers the Hamiltonian parameters by
inverting the rotation:

¥ = (AT 1ye (4.20)

5. This set of Hamiltonian parameters takes the place of X* as input to the first step of this
algorithm and is used to obtain the next set of parameters X¥”. This process is repeated until

convergence.

4.3 Monte Carlo Cross-Validation and Uncertainty Estimation

An essential purpose of these effective Hamiltonians is to achieve some level of predictive
power; this is clearly illustrated in Figure 4.1. To obtain the scatter of points around the central fit
values as well as the green points in this figure, we use the Monte Carlo cross-validation technique

(MCCYV) based on the work of Xu and Liang in 2001 [25]. The underlying objective of MCCV
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Figure 4.1 Results of the SVD fits as a function of the number of varied linear combinations
(VLC) of parameters. The left-hand side shows results used to obtain the p35-i2 Hamiltonian, and
the right-hand side shows results used to obtain the p35-i3 Hamiltonian. The purple points show
the energy-RMSD between theory and experiment as a function of the number of VLC, and the
red points show the TBME-RMSD between the IMSRG and fitted Hamiltonians. The lines are the
results for the pn-i2 and pn-i3 Hamiltonians. We also show points for the 2000 batches of
randomly sampled experimental training data discussed in the text, purple points for the training
energy data set, and green points for the predicted data set.

is to perform calibration of the model hyperparameters (the number of VLC in this case) with the
aim of improving the predictive capacity of the model. If the global data set is sufficiently large,
an ensemble of replacement subsets can be sampled from the global set. The sampling is generally
performed by splitting the global data set into training and validation sets randomly using Monte
Carlo methods. MCCYV differs from the nonparametric bootstrap sampling method in that the
sampling is done without replacement, meaning that within one of training partitions each data is
unique and not repeated, and the training/validation sets are generally smaller than the global set in
MCCV. Unlike k-fold cross-validation, the same data can occur in different partitions of the global

set, and because the training sets are not limited by the number of folds, the number of possible

partitions of the data is greater in MCCV. For a global set with N; data elements and a training set
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with N; training data, the possible number of unique training sets accessible to MCCV is:

N,
Na) _ _ Nat 4.21)
N; N(Ng— N;)!

For a data set of size Ny, Zhang [26] showed that running MCCV over O(Nfl) iterations produces
results close to the result of Equation 4.21.

All known experimental data for this model space were randomly partitioned into training
batches (80%) and testing batches (20%). The sampling method was as follows: All ground states
were included in the training set, and arandom double between 0.0 and 1.0 was drawn from a uniform
probability distribution for each excited state in the complete set of available data. If the random
number was between 0.0 and 0.8, the excited state was included in the training set; otherwise, it
was included in the test set. This method of sampling is a modification of traditional partitioning,
where the splits strictly enforce the ratio of training to validation data. Relaxation of this condition
allows our algorithm to sample a larger set of possible training/validation partitions, since N; is
no longer a fixed number for each cross-validation fold. The purpose of this implementation is
to augment the advantage that MCCV already has over other cross-validation methods: a larger
number of unique training partitions will lead to more robust estimates of model performance.
This is because a larger variety in the training data provides a more accurate indicator of how the
model will generalize to data that weren’t included in the training partition. In situations where the
total available data is small (this work being such a case), the choice of specific data for a training
partition can have a strong impact on model performance, and a different choice of training data
can result in drastically different results. This method results in a distribution of possible training
and testing splits shown in Figure 4.2.

The training batch was used to vary the parameters of our Hamiltonian, and the validation set
was used in the calculation of RMSD - in this way our fitted Hamiltonian is predicting the results
of data that it had not seen in the fitting procedure. The sampling process was repeated 2000 times
to generate a distribution of calculations for each VLC and for each set of starting Hamiltonian
parameters. The ensemble of Hamiltonians generated by this cross-validation method allows for

calibration of the model hyperparameters (the number of VLC in this work) and provides a more
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Figure 4.2 The percentage of excitation energy data used in the training set relative to all known
excitation energy data. One can see that the sampling method results in a distribution of training
sets that is roughly Gaussian with a mean centered on the chosen splitting criterion of 80% with a
standard deviation of o = 2.99%. The occurrences in this plot are added over all VLC iterations,
so the average number of occurrences within a given VLC should be all counts in this graph
divided by 70. This distribution comes from performing 32,000 cross-validations for each VLC.
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robust metric for estimating model uncertainty than a calculation of the RMSD between experiment
and theory for a fit involving the full set of known data.

The green curve highlights the predictive capacity of each Hamiltonian as the number of VLC’s
is increased. It can be seen that each Hamiltonian approaches an energy-RMSD minimum (a
maximum for the predictive power) at about 35 VLC. In fact, the RMSD is reasonably small
in the range of 15-35 VLC. This is significant because it indicates that we can achieve some
benchmark level of predictive power with fewer modifications to our initial Hamiltonian with the
factorization method given by [24]. This becomes critically significant when one considers effective
Hamiltonians for larger model spaces where producing these effective Hamiltonians and using them
to make predictions becomes computationally intensive, or where data are sparse or redundant in

terms of constrained parameters (as is the case described in this thesis).

4.4 Algorithm Workflow

This section serves to visually show the algorithm for producing our fitted Hamiltonian. The
number of batches for the MCCV algorithm is specified in advance as N, while the maximum
number of singular values and linear combinations of parameters to fit in the SVD is N;. For
the purposes of this diagram, s refers to the number of singular values (VLC’s) involved in the
current loop of the fitting process, while b indicates how many batches of training/validation split
have been used for a given s. The MCCV loop closes when b = Nj, and the larger loop over
singular values closes when s = N;. The total number of SVD fits carried out by this algorithm is
generally (Ng + 1) X Np, and for the work considered here, we have Ny = 69 and N, = 2000. The
stage of identifying the optimal value of s involves collecting the RMSD calculations performed
by all MCCYV splits and identifying the global minimum. The information contained in the RMSD
allows for uncertainty quantification as well: For a given number of VLC, one simply takes the
average of the N, RMSD calculations between the predictions and the validation data set. The
inverse transformation of the SVD allows one to obtain the updated Hamiltonian parameters that
are used to generate new wavefunctions and new overlaps (8). This process is repeated until the

wavefunctions have converged, and the Hamiltonian becomes self-consistent.
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Figure 4.3 The algorithm starts with wavefunctions |¢) generated from an older set of
Hamiltonian parameters p. These are used to generate a set of operator overlaps 8 associated with
p (see Equation 2.16). The end result is a new set of Hamiltonian parameters p’ used to generate a
new set of wavefunctions |¢’), which are used to generate a new set of overlaps 8’ and the
algorithm is run again until convergence. The index s indicates the number of singular values
being fitted, and the index b indicates and the batch iteration for fitting. Ny indicates the total
number of singular values and N}, indicates total number of batches.
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CHAPTER 5

RESULTS AND DISCUSSION OF FITTED HAMILTONIAN

5.1 Energy Spectra

The 65 TBME of our starting IMSRG(3f2) Hamiltonian and 4 SPE parameters were fitted to
the experimental data to produce the p35-i13 Hamiltonian and its corresponding wavefunctions [1].
In particular, the data used were the well-determined binding energies and energy levels (with
corresponding spins) of nuclear states in all nuclei relevant to the 7 j4 model space. Naturally, the
first set of results we want to compare with experiment will be the binding energies and energy
spectra predicted by the p35-i3 Hamiltonian. One of the significant binding energies predicted
in our Hamiltonian is of '°°Sn with a value of —825.120 MeV, which is within the experimental
uncertainty of —825.163 + 0.283 MeV.

Rather than going through and examining each nucleus exhaustively, in this section, we will
show a few examples which highlight interesting results. A complete collection of diagrams
comparing the experimental data and our predictions is given in Appendix A. It should be noted
that all such diagrams only show excitations up to 6 MeV; The predictions of excitations from
the p35-i3 Hamiltonian (and indeed the experimental excitations for some nuclei) extend well
beyond this purely visual limit. It should be noted that every state appearing on the theory side of
these panels must exist experimentally. However, as discussed in Section 3.2.1 there will also be
experimental intruder states that are not contained in the 7 j4 theory.

There is excellent agreement between the experimentally known spectra for all nuclei within
uncertainty across a range of excitation energies. The energy RMSD between the predictions
from p35-i3 wavefunctions and the experimentally well-determined states whose values were not
used in the fitting procedure is roughly 150 keV. In addition to agreeing well with experimentally
well-determined energy states, we predict states whose energies and/or spins are either not well-
determined experimentally, or not known in experiment at all.

Looking at Figure 5.1, we see the comparison between experiment and theory for the spectrum

of ”Cu. There are many states in this nucleus that we do not predict because they are intruder states,

39



10

a4

inch 1 2 3 4 5 6 7
6
9/2+

5 - - —

4 — [} = =

S 3 F m -
Q
L

2 - - -

L —e - —® -

'I — — —

0F ——es/2- - e 5/2- ~

8Cu (Z=29) (N=50)
experiment p35i3

Figure 5.1 A comparison of the energy spectra between experiment and theory for 7°Cu. The
length of each line indicates the spin, the red/blue color indicates positive/negative parity, a large

dot indicates that an experimental state was used in the fit, and a black dot indicates that the

energy of the state is determined but the J-value is not.
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arising from particle-hole excitations of neutrons involving transitions between orbital configura-
tions {1p1/2,089/2} — {0g7/2, 1ds/2} across the N = 50 shell gap, and particle-hole excitations of
protons involving transitions 0 f7/2 — 0 f5/, across the Z = 28 shell gap, as discussed in Sect. 3.2.1.
The spin-parity of the ground state is not measured; we extrapolate the spin value from the lighter
odd-even isotopes of Copper [18]. Additionally, we predict the 9/2* state, which is significant
because it is used to determine the single-particle energy of the 0gg > orbital. This nucleus is the
most sensitive probe of the 0gg/, single-particle energy because the ®Cu contains only one valence
proton in our model space, and as a result the evaluation of Equation 2.16 does not involve any
two-body matrix elements, only single-particle energies with the background binding energy of
78Ni. Additionally, we predict the analogous spectrum of *’In, whose structure is a single-hole in
1008, resulting in an energy spectrum whose excited states have spins ordered opposite to "°Cu.
The spectral comparison of *°In is shown in Figure A21 which is found in Appendix A. The 1/2~
and 3/27 states in 91n are based on the observed states in '3'In [27], which is an analogous semi-
magic Indium nucleus with neutrons filled up to the N = 82 shell gap. Experimental verification
of the extrapolations of these excited states in °Cu and *°In is needed.

Figure 5.2 shows a similar comparison of the structure of the even-even 8Zn nucleus. In our
model, this nucleus is two valence protons, making it the first nucleus in our model space to be
impacted by TBME. Aside from the excellent agreement between experiment and theory, we see
that there are many states predicted that are unobserved or undetermined from experiment. An
interesting observation is the prediction of a second 4+ state nearly coincident with the predicted
second 27" state. The absence of negative parity states in this plot is solely to do with the axis scale.
Negative parity states only begin to appear in this nucleus when pairing between the protons is
broken, allowing for configurations in which one of the protons is excited into the 0gg /> coupled to
the other in the fp shell, and this occurs a little after 6 MeV in energy.

Figure 5.3 shows the spectral comparison between experiment and theory for the odd-even
97 Ag nucleus, which is 19 valence protons in our model. The larger number of active protons in

this nucleus along with a large amount of configuration mixing between the fp shell and 0gg/»
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Figure 5.2 A comparison of the energy spectra between experiment and theory for 8Zn.

orbit leads to a rich low-lying spectrum for this nucleus, with a mingling of positive and negative
parity energy states. The ordering and energy values predicted for this nucleus agree very well
with what has been measured experimentally. Given the orbits in our model space and the number
of protons in *7Ag, the largest spin that we can predict for this nucleus is J™ = 21/2*, the lowest
energy one corresponding to a seniority v = 3 configuration of the 0gg/, orbit on a filled fp shell,
which means that the 23/2* state observed in the experiment must be an intruder state involving

transitions between orbital configurations {1p1/2,0g9/2} — {0g7/2, 1ds/2} across the N = 50 shell

gap.
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Figure 5.3 A comparison of the energy spectra between experiment and theory for °’ Ag. The
high-spin states above 4 MeV on the experiment side which have a black dot at the end of the line

indicate that the spin is tentatively assigned.
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These selected nuclei serve to illustrate the variety of complexity captured by the p35-i3

Hamiltonian, but also the amount that we still need to know about these nuclei.

5.2 Electromagnetic Properties

Equipped with the wavefunctions of the p35-i3 Hamiltonian, electromagnetic observables
corresponding to various operators, such as the M1 and E2 operators, can be calculated and
compared to experiment. These observables include magnetic dipole moments, electric quadrupole
moments, M1 transitions, and E2 transitions between states. In the following sections, we will first
present the means used to quantify theoretical uncertainty, and then we will discuss some of the
comparisons to experimental data. There are many more calculations and predictions made from
these wavefunctions than could reasonably be shown in this thesis; these are illustrative of some
of the more motivating examples for future experiments and also serve to interpret the structure of
some of the known electromagnetic observables in the literature. A specific example of the results
that we calculate from these wavefunctions is given in Appendix B for 8'Ga. There is such a .deo

file for every nucleus in the 7 j4 model space.

5.2.1 Uncertainty Quantification

As mentioned in Section 3.3, the various ab initio methods used to construct and truncate ab initio
Hamiltonians induce uncertainty in the wavefunctions associated with them and, by extension, in all
of the predictions made using those wavefunctions. We can quantify this uncertainty by generating a
series of calculations for a given operator using effective Hamiltonians constructed from different ab
initio starting points. These ab initio starting points are the IMSRG(2) and IMSRG(3f2) discussed
in Section 3.3, and the effective Hamiltonians constructed from the fitting procedure are the p35-i2
and p35-i3 Hamiltonians, respectively. From these Hamiltonians, a root-mean squared deviation
(RMSD) between the various calculations is used as an estimate of the theoretical uncertainty in
their associated observables.

As shown in Figures 5.4 and 5.5, the theoretical uncertainty can be stratified for different nuclei
or regions of nuclei. This is an important consideration, as the nuclear wavefunctions for states with

A < 88 involve a large number of TBME that are not well-determined by the known experimental
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Figure 5.4 (a) and (b) show comparisons of low-lying magnetic dipole moments, while (c¢) and (d)
show low-lying electric quadrupole moments. The red circles in (c) and (d) show the quadrupole
moments of low-lying 2* states in even-even nuclei. The diagonal line of slope 1 represents a
perfect agreement between the two Hamiltonians. The rms values shown in each figure are the
values used for theoretical uncertainty in shown associated calculations.
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data, while the wavefunctions for nuclei with A > 88 tend to be influenced more by fewer TBME’s
which are well-determined by experimental data.

Figure 5.4 shows the comparisons between the electromagnetic moments predicted by the p35-
12 and p35-i3 ab initio interactions. These electromagnetic moments correspond to the low-lying
states in all nuclei involved in the 7 j4 model space. Panels (a) and (b) show the magnetic dipole
moment with a theoretical uncertainty of 0.22 uy for nuclei with A < 88, and 0.08 w for those with
A > 88. Panels (c) and (d) show the electric quadrupole moments with theoretical uncertainties of
5e¢-fm?and 1.4 ¢ - fm? for A < 88 and A > 88, respectively. The 2* states are colored red, and
these are usually the first states in even-even nuclei to demonstrate collectivity.

Figure 5.5 shows comparisons between the electromagnetic transitions predicted by the same
Hamiltonians, and as in the case of the electromagnetic moments, these transitions are between
low-lying states in all nuclei in the 7 j4 model space. In this figure, panels (a) and (b) give the
B(M1) values, with a theoretical uncertainty of 0.09 (,ujzv) and 0.023 (,ulz\,) for A < 88 and A > 88,
respectively; Panels (c) and (d) show the values of B(E2) with a theoretical uncertainty of 31
e? - fm* and 8 €% - fm* for A < 88 and A > 88, respectively. The 2* — 07 transitions are shown
in red for even-even nuclei, and these generally involve the most collectivity among the transitions

that occur in a nucleus.

5.2.2 Magnetic Dipole Moments

The magnetic dipole moments are calculated by Eq. 2.25, where the O(M 1) operator is given
by Eq. 2.24. Shown in Figure 5.6 are comparisons of the magnetic dipole moments for the nuclei
in the 7j4 model space. Here we use the p35-i3 Hamiltonian and compare the results with it’s
corresponding experimental measurements, and the experimental data shown comprise a complete
set of the well-determined low-lying magnetic moments in nuclei across the mj4 model space.
From this figure, we see that the agreement between experiment and theory is excellent within
the uncertainties in both quantities. This data is also shown in Tables 5.1 and 5.2 together with
calculations using the older n50j (1988) [13] and jj44a (2004) [14] Hamiltonians. A more detailed

display of a subset of these magnetic moments is shown in Figure 5.7.

46



inch 1 2 3 4 5 6 7

T T T T 1 T T T
L (a) { (b) ]
e 08 | BIM (1) l i
A < 88 . A> 88
2 06 [ . .
O i J 4
3 08_ o‘ o‘
04 ° - ° -
02 F & rms = 0.09 | o " rms = 0.023
' 1 1
. i
00 L | L | L | L | L L | L | L | L | L
0.0 02 04 06 08 00 02 04 06 0.3
p35-i2
5
(c)
300 F B(E2) (2 fm%)
B(E2) (2+ to 0%)
250
6 fap) A < 88
4 200
™
2 150 e
] 100
50
0 \
0 100 200 300 0 100 200 300
° p35-i2
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Figure 5.6 A comparison of predicted dipole values between the p35-i3 Hamiltonian and
experiment. The diagonal line represents perfect agreement between theory and experiment.
Theory error bars adopted from rms values in panels (a) and (b) of Figure 5.4.

Figure 5.7 shows the magnetic moments of the low-lying states in odd-even nuclei across the
model space. With the exception of the 9/2* state in Y, all of these states are ground states;
the excited state of 8Y was included because it is structurally similar to the ground states of the
odd-even nuclei with A > 91. In Figure 5.7 we observe that the nuclei in a given J” state all
have roughly the same magnetic moment, and this is in agreement with the magnetic moments
experimentally observed across the model space. The relative uniformity of the magnetic moments
for all nuclei of a given J” value is due to the nature of the configurations involved in these
wavefunctions. Many of the configurations involved in the wavefunctions describing these states
contain even numbers of protons in single-particle orbitals having spins coupled to J = 0*, and an
odd number of n protons in an orbital k = [nlj]; these are called [nlj]" (or k™) configurations. For

example, consider the 9/2* excited state of 3°Y shown in Figure 5.7. If we denote the configurations
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Figure 5.7 A comparison between the experiment and theory for the low-lying magnetic dipole

moments in odd-even nuclei from "°Cu to *’In. The vertical separators indicate the nuclear spins

of each of these states, and with the exception of the 9/2* state in 89y, all of the shown values

correspond to the ground state.

involved as the partitions [ns/2, n3/2,11/2,n9/2] = [nfp, n9/2] corresponding to the occupancies of

the {0fs/2, 1p3/2, 1p1/2,0g9/2} orbitals, then the wavefunction of the 9/27 state in 89Y is composed

of:
[65 49 O’ 1] _>(43070)

[nfp = even, ng/y = 1] —(16%)

[nfp =even,ng = 3] —(22%)

[nfp =even,ngy = 5] —(3%)

[All Other] —(16%)
where ny, = even indicates that the fp orbitals below Ogg/, all have an even orbital occupancy
number, and couple primarily to J = 0% in these orbitals. We see that this 9/2% excited state is
dominated by [0g9/2]" (odd n) configurations, with 84% of the wavefunction being described by
them.

The nuclei with J™ = 3/27 are less uniform as a result of their wavefunctions containing a larger
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amount of configuration mixing between the 1p3/> and 1pj/, orbitals. To elaborate more on the

meaning of this, consider the magnetic moment operator defined by the rank-1 tensor:
Tio = fe = [L:g" +8:8° | v (5.1)

where g and g* are the corresponding g-factors for each of these operators. The free-proton
values for the proton g-factors are g?ree = 1 and g}me = 5.586; The protons we consider are in
the nuclear medium, and due to working within a truncated model space, we must assign them
effective g-factors to account for various effects such as polarization of the nuclear core by our
valence protons and meson exchange currents. We adopt two sets of spin g-factors corresponding
to the fp orbitals and the Ogg/, orbital, and a single orbital g-factor for the entire model space,
which were obtained from fits to the data in [28]. The effective spin g-factors are g}p =4.694 and
g(s)g9 0= 3.593, while the effective orbital g-factor is gS = 1.10. The expectation value of the

single-particle magnetic moment is:

Hz = <k’m :J.‘Tﬁ::(}‘k’m :J>
(5.2)
= (g (kom = j || kom = j) + g (kom = j15: kom = )| uy

where we see that the one-body tensor operates separately on the spatial (with £.) and spin (with
;) components of the wavefunction. This means that we must decompose the wavefunction for
a single-particle orbital k in terms of space 6(l,m;) and spin o (m). With quantum numbers

(1, j,m), this proceeds as follows
L, j,m;) = Z (Imy, s,mg| jom;) 10, m), o (s, my)) (5.3)

mp,ng

We know that the spin and orbital angular momenta can be aligned (j = [ + 1/2) or anti-aligned
(j =1-1/2). For the case where j = [+1/2andm; = j, the sumin Eq. 5.3 has only 1 contributing
Clebsch-Gordon coefficient corresponding to m; = [ and mg = 1/2, which is evaluated as 1, and

we have:

l,j:l+%,mj:j>:'Q(Z,mlzl),a(msz—)> (5.4)
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For the case where j = [ — 1/2 and m; = j, the sum in Eq. 5.3 involves spin-orbit projection
pairings of (m; =1—1,s =1/2) and (m; = [, s = —1/2), and their corresponding Clebsch-Gordon

coeflicients yield:

. 1 o\ 1 _ l _ 21 _1
l,]—l—i,m]—]>—m9(l,l l),0(2)> T 9([,1),0'( 2)> (5.5)

Applying both Egs. 5.4 and 5.5 to Eq. 5.2 we calculate the eigenvalue of the magnetic dipole

moment:
Uz ¢ & @I-D+1) , 20-1 |
He gt 4 & d - .
ay BTy oom 2A+1 8 T a+28 (56)
—_———
j=l+l j=l-%

Taking into account the coupled single-particle angular momentum j = € + 1/2, these results can

be rewritten in a compact form as:

s _ of
. [gf .8 "8 (5.7)

a8 T

where the term with (+) corresponds to j =1 — %, the term with (—) corresponds to j = [ + %, and

the term in brackets is called the g-factor:

€+gs—g€
20+ 1

- _H (5.8)

Cunj

e ¢

Following the application of the projection theorem starting at Eq. 18.26 in [5], one can find that n
nucleons, all in the same single-particle orbital j = £ + s - each individually having g-factors g ()

- coupled up to a total angular momentum J will have a g-factor of (Eq. 18.32 of [5]):

g(j".J) =g()) (5.9

If the configuration states that describe the wavefunctions for the ground states of each of these
nuclei involved couplings between different single-particle orbits, then one would not expect the
g-factors for each of these orbits to be identical for a given nuclear spin J. The physical intuition
behind this result can be explained in terms of the pairing component of the strong interaction.
When an even number of fermions are in the same single-particle orbit, the pairing interaction

between them couples fermions with opposite angular momentum projection m; so that together
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Table 5.1 Experimental dipole moment values (uy) and the corresponding calculations from the
new p35-i3 and older jj44a and n50j Hamiltonians for A = 79 - 89.

Nucleus J” Exp p35-i3 Jjj44a n50j
PCu  5/2° 1.329 1.329 1.329
80Zn 2t 1.317 1.256 1.236
81Ga 5/2 1.747(5)1? 1.328 1.382 1.330
82Ge 2+ 1.501 1.818 1.304
$BAs 527 1.361 1.487 1.313
84Se 2t 2.395 2.118 1.792
$Br  3/2° 3.295 2.681 3.136
86Kr 2" 2.2(4)301 2.6 2.2 2.2
86Ky 4+ 4.1(6)30 4.1 5.6 3.6
8Rb  3/2~  2.75131(12)B1 286469 2.77036  3.10328
88Sr 2t 2.44(22)1321 2.17 2.21 2.43
Y  1/27 -0.13741543)3 -0.17814 -0.20371 -0.17663
¥y 9/2¢ 6.37(4)34 6.27 6.23 6.19

they do not contribute any angular momentum to the nucleus as a whole. This notion of fermions
coupling to each other in the same orbit is expressed in the language of seniority, and in the state
consisting of two fermions coupling to J = 0 we refer to this as a seniority v = 0. As discussed in
the first chapter, one of the key components of the strong interaction is the pairing interaction. The
concept of seniority was introduced by Racah [35] in the context of atomic physics to distinguish
states of many-body electronic systems with the same orbital, spin, and total angular momentum.
For [nlj]" configurations, seniority v is a good quantum number. In the particular case of the
odd-even nuclei shown in Figure 5.7, this means that the magnetic moment of the nucleus as a
whole comes from the nucleon that is unpaired; as such, these states are considered to have a
seniority of v = 1. In this sense, the uniformity of the magnetic moments for the odd » nuclei in
Figure 5.7 with the same J-values is a manifestation of the dominant [n/;]" configurations present

in their respective wavefunctions. In Figure 5.7, we see that for the experimental data in the region
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with A > 91, there is a small systematic deviation between experiment and theory that will be

addressed towards the end of this section.

10 | -

i *  p35-i3
i . Experiment

W7r Mo %Ra . %pd . %Cd

Figure 5.8 A comparison between the experiment and theory for the magnetic dipole moments of
8* isomeric states in even-even nuclei from *°Zr to *3Cd.

For the 8" isomeric states in Figure 5.8, we can see a similar level of uniformity in the magnetic
moments for these even-even nuclei. The reason for the uniformity of magnetic moments in these
nuclei is similar to the low-lying states in the odd-even nuclei: The wavefunctions describing the
states of these even n nuclei are heavily dominated by configurations of the form [0gg/>]", and
pairing restricts the contributions to the nuclear magnetic moment to come from the two unpaired
nucleons. The difference between the 8* isomers and those discussed previously for odd-even
nuclei is that these states involve breaking a pair of protons in this orbit, which means that these
states are seniority v = 2 excitations in the 0gg/, orbit. It should be noted that the 8 isomeric
state of 2°Zr is distinct from the even-even nuclei with A > 92, because the higher mass nuclei
are effectively seniority excitations on top of a nearly filled fp orbital space, or a *°Zr core; The
excitation in *°Zr is effectively a seniority v = 2 excitation on top of a partially filled fp shell (a

8Sr core).
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Applying Equation 5.9 to the even-even nuclei, we know that the g-factors for the 8* states in
Figure 5.8 are the same as the g-factors for the single-particle configurations involved in the 9/2*
states for the odd-even nuclei in the same single-particle orbits. It follows from Equation 5.7 that
the ratio of the magnetic moments for the 8* states to the 9/2* states is as follows:

Hojzr Mg+ ., Hs

= ~ 1.778
9/2%uy 8% uy Mo 2+

Indeed, if we take the ratio of the experimental magnetic moment for the first 8* state in °?Mo to
the first 9/2* state in °'Nb, we obtain ug+/ o 2+ = 1.733. There is only a 2.5% difference between
the experiment and the approximation of pure configuration states of the form [Ogg /2]n for these
nuclei. Our wavefunctions for these states involve configuration mixing, but even with this they
predict a ratio ug+/pg/+ ~ 1.779, that is only a 0.1% difference from the approximation of pure

configuration states.

1.46 ————
1.44
1.42
1.40 F .

138 | .

g-factor

—— Corrections
1.34 | +  9/2F States .

136 | + - :

8, States

132}
’ *  Experiment

1.30 L

90|ZI. 911I\Ib 92M0 93:[‘(: 94ll;{u 951|2h 96%)(1 97Ag 98(|:d 99|In

Figure 5.9 Comparisons of g-factors for all nuclei with A > 90. Corrections in green come from
configurations outside of the model space used in [36].
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As mentioned above, there is a systematic discrepancy between the experimental dipole mo-
ments and the calculations from theory for the odd-even nuclei with A > 91 in Figure 5.7.
Additionally, the same discrepancy is observed for the A > 90 even-even nuclei in Figure 5.8. On
the scale of these magnetic moments, this discrepancy is small, but we can consider a zoomed in
look at the discrepancy by considering the plot of g-factors in Figure 5.9. This plot contains a
number of features that are worth considering. First, we see a uniformity in the predicted g-factors
for all nuclei with A > 91, which agrees well with the assumptions in Eq. 5.9. Second, we
can see a systematic deviation between the experimental and theoretical values. The origins of
this discrepancy are the core-polarization effects that go beyond effects captured by our effective
g-factors. These core-polarization effects are contributions to a given electromagnetic observable
from configurations that are not included in a truncated model space. The curve shown in green are
the results obtained for °?Mo and **Ru when Z-dependent corrections are explicitly added arising
from configurations outside of the model space [36]. The core polarization diagrams used in [36]
connect the lower Ogg/> and upper Og7/, orbits.

The p35-i3 Hamiltonian wavefunctions predict that the low-lying spectra of the nuclei in the
mj4 model space are dominated by k" configurations, and the consequences can be seen visually
in the structure of the magnetic moments. We observe that, in general, there are multiple k"
configurations (corresponding to multiple values of ) involved in each nuclear state, as previously

discussed with the example of 3Y.

5.2.3 Electric Quadrupole Moments

The electric quadrupole moment is defined as the diagonal matrix element of the O (E2) operator
for states with M = J as shown in Eq. 2.29. The electric quadrupole moment is a measure of both
the spatial charge distribution (deformation) of a nucleus in a state and a measure of the collectivity
of a given state, which is the large scale correlated motion of nucleons as opposed to independent
motion. Looking back to Eq. 2.17 we can see that this operator depends on the effective charge
parameter, which we apply to renormalize our E2 calculations. We apply the minimal assumption

of a single effective charge parameter e, to all calculations, resulting in an O (E2) operator in the
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Table 5.2 Experimental dipole moment values (uy) and the corresponding calculations from the

2 new p35-13 and older jj44a and n50; Hamiltonians for A = 90 - 99.
Nucleus J Exp p35-13  jj44a n50j
N7r 2t 2.5(4)B7] 2.6 2.7 2.6
’ N7y 5~ 6.25(13)38 6,04 602 559
N7y 3- 3.02)B7 3.6 3.3 3.4
N7r g+ 10.84(6)P”  11.14 11.02 10.85
4 INb 9/2* 6.521(2)4 6346 6346  6.346
9INb 1/2=  -0.101(2)“Y  -0.192 -0.205 -0.201
JINb  (13/2)"  8.14(13)141] 8.16  8.11 7.64
INb  (17/2)~ 10.82(14)*1 1092 10.89 10.42
° INb  (21/2)"  12.4(19)#! 14.5 14.3 14.0
2Mo 2* 2.3(3)44] 2.8 2.8 2.7
2Mo g+ 113052 1129 1129 11.29
5 Mo 11- 13.9(3)1421 144 149 139
BTe 9/2* 6.32(6)*] 6.36 636  6.36
BTe (17/2) 104691 1075 1046  10.46
%Ru 2t 2790 2.812  2.802
/ %Ru 6" 8.124(48)421 8477 8477 8487
%Ru g+ 11.096(40)*?1  11.311 11.311 11.321
%Rh 9/2* 6.369 6.364 6.369
8 %pd (8%) 10.97(6)461 1133 11.33 11.33
TAg  (9/2) 6.13(12)H71 638 638  6.38
BCd 2+ 27799 2.823 2.847
PIn 9/2* 6.375 6375 6375
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form of the rank-2 tensor:

A A 167
T =0= \ TeprzYz(G, P)e (5.10)

As shown in Eq. 2.20, our wavefunctions can be separated into radial and angular components,
and the evaluation of radial matrix elements is performed using Skrme energy density functionals
(EDF’s) [11] for our radial wavefunctions. The value of our effective charge is fitted to reproduce
well-determined quadrupole moments, and the results are shown in Figures 5.10 and 5.11. An
effective charge is an essential parameter for calculations in a truncated model space because the
wavefunctions used to represent physical states in each nucleus do not include orbital configurations
which would otherwise be connected by the O ( E2) operator; for example, configurations from the
0f7/2 orbit below our model space and the {0g7,2, 1ds;»} orbits above it would all be connected
by the O(E2) operator to configurations in the 774 model space, and would contribute to the
calculated value of each electric quadrupole moment were they included. In addition, there are 2/iw
excitations (with respect to the Harmonic Oscillator basis) that are also connected by the O(E?2)
operator, for example, 0g9/» — {1g9/2,2d5/2} excitations. The "free proton" model assumes that
the effective charge of the proton is e, = 1; with our truncated wavefunctions, this assumption
results in a large systematic discrepancy between experiment and theory, as shown in Figure 5.10.

Since the quadrupole moments scale linearly in the effective charge (as do the M = \/m
values), the effective charge in the O (E?2) calculations of quadrupole moments can be fit to well-
determined experimental quadrupole moments. The best fit was a value of e, = 1.8, and the results
are shown in Figure 5.11. This value is used in all the calculations presented for electric quadrupole
moments and B(E2) transition strengths in this work.

Figure 5.12 shows a collection of electric quadrupole moments for the low-lying states of odd-
even nuclei in our model space. As in Figure 5.7, all values shown correspond to ground states
with the exception of the 9/2* state in 8Y. Moving from left to right across the figure, the plot is
divided into segments of a given J”, in the same form as the plots of magnetic dipole moments.
For a given J” value we see that there is a roughly linear increase in the quadrupole moment as

we increase the mass number (in this case as we add protons). This can be explained in terms
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Figure 5.10 Comparison between known experimental quadrupole moments (Q) and

M = /B(E2) for first 0¥ — 2* transitions in the N=50 region and their corresponding predicted
values using the new p35-i3 Hamiltonian with an effective charge e, = 1.0 (free proton). The
dashed line indicates a perfect agreement between the two.

of the increasing orbital occupation numbers for the ground states of these nuclei as we increase
the number of protons and as a result of the relative dominance of the k" configurations in the

wavefunctions of these nuclei. For example, in our model space 7°Cu is a single proton in the 0 fs 2

orbit with a quadrupole moment of:

4
0 (k,0fsp2) = -5 (0fs/2[r*| 0fs2) eqe (5.11)

where the effective charge e, = 1.8, giving the ground state of 7®Cu an oblate shape. At the other
end of the J™ = 5/2~ panel is the ground state of 33As, which is effectively a single hole in the

filled 0 f5/, orbit with a quadrupole moment of:

4
0 (K7.0fs72) = 5 (0fs/2 12| 0fs12) eqe (5.12)
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Figure 5.11 Comparison between known experimental quadrupole moments (Q) and

M = /B(E2) for first 0¥ — 2* transitions in the N=50 region and their corresponding predicted

values using the new r35¢ Hamiltonian with an effective charge e, = 1.8. The dashed line
indicates a perfect agreement between the two.

giving the ground state of 33As a prolate shape. As we increase the number of protons occupations

in these orbits we move between the extremes of a single particle in a given orbital shell, and a
single hole in the filled orbital shell. This pattern repeats for the ground states of nuclei in each of

the orbital shells of the model space; for the 1p/, orbit we can see that the quadrupole moment of

89Y is 0 because the quadrupole operator Q is of rank 2, and the triangle condition A(1/2, 1, 1/2)

forbids the overlap of J = 1/2 with operators of this rank.

One can spatially understand the sign and magnitude of the electric quadrupole by expressing

the quadrupole operator in cartesian coordinates:

0= (222_)22_?2)
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Figure 5.12 A comparison between the experiment and theory for the low-lying electric
quadrupole moments in odd-even nuclei from 7°Cu to *In. The vertical separators indicate the
nuclear spins of each of these states, and with the exception of the 9/2* state in 7Y, all of the
shown values correspond to the ground state.
Here, all orbital projections m ; are to be taken with respect to orbits j about the z-axis, so the motion
(wavefunction density) of a single particle with m = +j is concentrated within the (x, y)-plane,
resulting in a quadrupole moment with Q < 0, called oblate. A visual aid to this discussion is
provided in Figure 5.13. The negative sign of the oblate electric quadrupole moments arises from
the negative signs on the £ and y operators in Eq. 5.13. Particles in a state with |m| < j have some
projected component of their j along the z-axis, and if |m| < j/2 this component will result in the
motion (wavefunction densities) being dominant along the z-axis. From Eq. 5.13 this indicates
a quadrupole moment with Q > 0, called prolate. For wavefunction densities that are spherically
uniform Q = 0.

These intuitions can be used to explain what is happening in both Figures 5.12 and 5.14: As
one moves from left to right for a given J”™ value, the low-lying states, which are dominated by the
k" configurations, become filled with protons. Because protons are fermions, each addition to an

orbit must acquire a unique orbital projection m;. The case of a single proton ("Cu in the Of;s 2
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Figure 5.13 The top image shows a density distribution for a single particle with m = +j, the
middle image corresponds to the closed shell, and the bottom image explains a prolate electric
quadrupole moment in terms of a hole in a closed shell.

orbit, for example) has that proton that possesses a quantum number m; = +j, as in the top image
of Figure 5.13. The next added proton (8°Zn in this example) will have configurations involving
pairs of nucleons with the same |m | but opposite sign and will therefore be coupled to M = 0
with Q = 0. This process continues until the last paired protons in the orbit (in 3% As here) have the
quantum numbers m; = +1/2 and m; = —1/2 in the xy-plane, with the last unpaired proton having
the quantum number |m| = 5/2. One can consider this state as a single-hole in the closed 0f5/>
orbital, as in the bottom image of Figure 5.13. This also explains why nuclei whose wavefunctions
are dominated by k" = [nlj]" configurations with larger /-values have the largest corresponding
ranges and magnitudes of electric quadrupole moments.

Returning to the analysis of my calculations, the right panel of Figure 5.12 shows what can be
approximated as seniority v = 1, J" = 9/2% states for the odd-even nuclei, while Figure 5.14 shows

what can be approximated as v = 2,J" = 8* isomers in even-even nuclei, because both involve
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Figure 5.14 A comparison between the experiment and theory for the electric quadrupole
moments of 8% isomeric states in even-even nuclei from *°Zr to *8Cd.

relatively pure [Og9/2]" configurations in their wavefunctions. The single-particle wavefunctions
yp 89/ g gle-p

for protons involved in these configurations are
lk,m) = |k, j =9/2,m) (5.14)
where k = 0gg/>. The two-particle wavefunction for the seniority v = 2 state is given by
k>, M =8) = |k,m =9/2)|k,m =7/2) (5.15)

As a reminder, the two particles must have different quantum numbers m because they are fermions
and must obey Fermi-Dirac statistics, in particular the Pauli Exclusion Principle. The quadrupole
operator is a one-body operator, and under the assumption that the wavefunctions for these states
involved relatively pure configurations in a single k = (n, [, j) = 0gg/> orbit on a partially filled fp
shell (a 88Sr core with a wavefunction |C)), the overlap takes the form:

0

N—————
0(C)=0 (5.16)

= (kem 13 ko) = 0 G

k”,M>
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where the quadrupole moment of the J™ = 0% state in the partially filled fp shell C is 0, so we will
drop the C term in the equations following. For the J* = 9/2* ground state of °'Nb, the only term
in the sum involves the m = 9/2 state, while the J™ = 8" excited state of **Mo involves m = 9/2
and m = 7/2. Because both of these nuclear states involve overlaps of single-particle states with
the same j-value with a spherical tensor, we can make use of the Wigner-Eckart theorem to express

overlaps with various m-states in terms of the ground state configuration in °'Nb, denoted Q (k):

0(k) = (k,m =9/2|T5| k,m =9/2)
(5.17)
= (k,m=9/2,1=2,u=0lk,m =9/2) (k||T?| k)

With the evaluation of the quadrupole moment for °'Nb and the corresponding Clebsch-Gordon
coeflicient, one can take their ratio to obtain the reduced matrix element denoted by the overlap
with double bars. From this the single-particle quadrupole moment for the m = 7/2 state in the
J™ = 8" seniority isomer of °>Mo is the quadrupole moment of the m = 9/2 state proportional to a

ratio of their Clebsch-Gordon coefficients:

(kym =7/2,2,0lk,m =7/2)
(k,m =9/2,2,0lk,m = 9/2)

Q(k)
3

(kym =17/2|T5| k,m =17/2) =

Q(k) = (5.18)

With this we can express the quadrupole moment of the J* = 8* seniority isomer of *>Mo as:

Q(k) _4
3 - 3Q(k) (5.19)

Q(K%) = Q(k) +
For comparison, the ratio of the experimental quadrupole moment of *>Mo to that of *'Nb is
1.322, which agrees with this calculation to within 1%. The wavefunctions given by Eqgs. 5.14
and 5.15 correspond to the approximation that these states are pure k" configurations; The p35-13
wavefunctions contain many more configurations for these states, and the ratio of the associated

quadrupole moments is 1.320, indicating that the approximation of k" configurations is accurate

for the associated states in these nuclei.

5.2.4 Electromagnetic Transition Strengths
The B(M1) is calculated from the O(M1); unlike the magnetic dipole moment, which is a

diagonal matrix element, the B(M 1) concerns how the O(M 1) operator connects different initial
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Table 5.3 Experimental quadrupole moment values (e-fm?) and the corresponding calculations

from the new p35-13 and older jj44a and n50j interactions for A =79 - 99.

Nucleus J*  Exp (efm?) p35-i3 jjd44a  n50j
PCu  5/2° -1891 -1891 -18.91
807Zn 2t -6.50 -0.56  0.77
81Ga  5/2= 4801 309 -1.40 -1.27
82Ge 2t 2136 -10.27 -18.62
$As 527 1595 420 16.95
84Se 2+ -20.56 -33.80 -19.08
8Br  3/2 493 2026 -8.23
86Kr 2t -10.39  -15.95 -21.50
8Rb  3/2= 132(H*¥  18.68 17.80 14.15
88Sr 2+ 27.63 2779 21.53
¥y 9/2t 43 4062 -3791 -33.67
N7y gt -513)BY  -55.09 -52.62 -51.59
%INb  9/2F -25(3)H01 2724 -27.40 -27.24
2Mo 8t 341 3596 -36.46 -32.53
BTe  9/2* -12.00 -12.10 -9.31
%Ru 8+ 939 973 -7.27
SRh 9/2* 2.55 265 407
%pd 8+ 17.00 16.83 17.42
YTAg  9/2* 17.18  17.23  17.68
BCd 8+ 4259 4259 4259
P 9/2¢ 32,12 32,12 3212
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and final states. The B(M1) is generally sensitive to the single-particle motion of nucleons in
the nucleus, which can be seen in the M1 transition strengths typically being of order ~ 0.1 — 1
Weisskopf Units (W.U.). This is because the O (M 1) operator explicitly depends on the intrinsic spin
and orbital configurations of the nucleons composing the wavefunctions involved in a transition.

Since the O(M1) operator in Eq. 5.1 has an explicit orbital dependence coming from the ¢
operator, the only transitions connected by it are between single-particle configurations with the
same single-particle orbital quantum number /. This restriction has consequences for the 0fs/,
and 0gy/, orbitals, because there is only one " f" orbit (/ = 3) and one "g" orbit (/ = 4) in our
model space. This means that the only M1 transitions that occur involving these orbitals are to and
from the same orbital: 0fs/, < 0fs/; and 0gg/> <> 0g9/>. On the other hand, the two "p" orbitals
(I = 1) in the mj4 model space are connected by the M1 operator to each other and themselves:
1p32 < 1p3s2, 1p1j2 < 1p1j2, and 1p3;n < 1py2. The nuclei with A < 88 are most sensitive
to the allowed M1 transitions mentioned within the fp orbits, while nuclei with A > 88 are most
sensitive to the M1 transitions involving 0gg,» <> 0go/>.

A collection of B(M1) values that compare the experiment with various Hamiltonian pre-
dictions is displayed in Table 5.4. Here, one can see that there is excellent agreement between
predictions from the p35-i3 Hamiltonian and experimental results for the M1 transitions that have
been measured.

The B(E?2) is calculated from the same operator as the quadrupole moment, but it is not the
diagonal matrix elements of this operator. Similarly to the relation between the B(M1) and the
O(M1) operator, the B(E2) calculation uses the O(E2) operator to connect different initial and
final states. The B(E2) is a measure of the collectivity involved in a transition between states.
This can be seen in the form of the O (E2) operator given by Egs. 5.10 and 5.13, which depends
explicitly on the spatial distribution of the nuclear wavefunction. As mentioned in Section 5.2.3,
we adopt the effective charge of e, = 1.8 for our O(E2) operator.

Figure 5.15 shows the transition strengths from the first 0" state to the first 2* state in the even-

even nuclei of the 7 j4 model space. One can see that the p35-13 Hamiltonian is an improvement
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Table 5.4 Experimental values for M1 transition strengths and the corresponding calculations
from the new p35-i3 and older jj44a and n50j interactions. Experimental data are all from [18]

B(M1;JT — J7)(k3)

Nucleus  JT J }r Exp p35-13 Jj44a n50j
Kr 23 2t 0.154(20) 0.165 0.131 0.39
¥Rb  5/27 3/2] 0.008(5) 0.0094 0.014 742
Rb 1127 32 0.647) 104 0.42 960
8Sr 28 27 0.074(5) 0.078 0.033 0.014
8Sr 17 0F 0333 043 0.54 0.26
8Sr 3t 2r  0.008(4) 0.010 0.007 0.00014
8sr 3t 27 0.027(5 0.046 0.027 0.0023
St 2r 27 0.092) 0.041 0.021 0.91
8Sr 37 37 0.0144) 0.016 0.006 0.051

over the older n50j and jj44a Hamiltonians for the 0] — 27 transitions. The B(E2;07 — 27)
values of 2 nuclei within this plot deserve further experimental examination: The value for 8Ge is
within the overlap in uncertainty between experiment and theory, but it’s value is still significantly
higher than what is predicted by any of the available Hamiltonians; The value of the transition in
9Ru simply has a very high degree of uncertainty.

Shifting focus away from these two data, both experiment and theory agree that there are 2
peaks in the collectivity of these types of E2 transitions across the even-even nuclei: These peaks
are for transitions in *Se, corresponding to the half-filling of the fp model subspace, and for
transitions in **Ru, corresponding to the half-filling of the Ogg /2 orbit (along with the complete
filling of the fp model subspace). The B(E2;0] — 27) in 07r is the smallest value and, as
mentioned, this nucleus corresponds to the complete filling of the fp shell. The reason why the
largest and smallest values of transition collectivity are located where they are has to do with the
availability of different configurations in unfilled orbital shells in the 0" and 2* states of these
systems. The low lying spectra of 84Se and 3°Kr involve considerable configuration mixing in the

orbits, which are close to each other in energy, and the low lying spectrum of **Ru similarl
p gy ying sp y
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Figure 5.15 The transition strengths from the first 0" state to the first 2* strength in even-even
nuclei for both experiment and a collection of theoretical calculations. In particular, the older
jj44a and n50j Hamiltonians are to be compared with the newer p35-i3 Hamiltonian.

involves considerable configuration mixing in the 0gg /> orbital. The effect of configuration mixing
is to incorporate particle-hole configurations in the wavefunction describing a nuclear state, and
such configurations can describe nuclear deformations which, when added together, contribute
to a nuclear wavefunction with a large quadrupole moment. These quadrupole moments have a
pronounced enhancement of the collective response of protons involved in a transition, especially
from a state with high collectivity to a spherically symmetric state like the 0*. In contrast, the 2*
excited state of *°Zr involves particle-hole excitations across the fp — 0gg /2 shell gap and particle-
hole excitations from the {0fs/2, 1p3/2} orbitals into the 1p/, orbital. This hinders the amount
of configuration mixing involved in the wavefunction, leading to a less pronounced quadrupole
moment, resulting in a reduction in the collective response of protons involved in the transition. In

this way, °Zr is similar to doubly magic nuclei.
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The B(E?2) uncertainties shown in Figure 5.5 are uncertainties with respect to downward
transitions B(E2 |); the theoretical B(E2 T) for upward transitions in this section have uncertainties

related to downward transitions. From Eq. 2.19 and the fact that
2 2
I IBEDNI] = [{% IIBEDI Iy)| (5.20)

we know that the B(E2) up and down between states of given J-value have a simple scaling relation

to each other:
2J;i +1
2J f +1

B(E2: f — i) = ( )B(E2;i - f) (5.21)

This means that the uncertainties between B(E2 |) and B(E2 T) also have the same simple
scaling relation from the propagation of uncertainty:

2J;+1
2Jf+1

o(E2; f — i) = ( )0'(E2;i - f) (5.22)

To be explicit, given the uncertainty in the downward transition B(E2 |; 27 — 07) from Figure

5.5, the uncertainty in the corresponding upward transition B(E2 T; 07 — 27) is given by:

o(E27;07 = 27) =5« 0 (E2 [;2] — 0])
(5.23)
~155¢” - fm*(A < 88) or 40e>-fm*(A > 88)

Figure 5.16 shows the values of B(E2) in downward transitions from 87 to 6] for even-even
nuclei with Z > 40. The p35-i3 Hamiltonian performs comparably well with the n50j and jj44a
Hamiltonians for the 87 — 67 transitions compared to the experimental data in this region of
nuclei. There appears to be a large disparity between the various model predictions for the 8] — 67
transition in °°Zr, and jj44a agrees closely with the experimental results. The spread in these
calculations at *°Zr is due to differences in the orbital occupations of the fp and Og9/> orbits
between these Hamiltonians, differences in the TBME connecting these orbits, and due to the
increased configuration mixing between these orbits for °°Zr. Table 5.5 details a larger comparison
of E2 transitions comparing theory and experiment. For states with good seniority, the B(E?2)

between the j" configurations with v=2 is given by [50]:

2j+1-2n

B(E2;j”,J,- — Jf) = 2]4—1——21/

2
] B(E2 /%0 Iy) (5.24)
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Figure 5.16 The transition strengths from the first 8" state to the first 6* strength in even-even
nuclei for both experiment and a collection of theoretical calculations. In particular, the older
jj44a and n50j Hamiltonians are to be compared with the newer p35-13 Hamiltonian. The blue
dashed curve is calculated using Eq. 5.24 given by [50].

In addition to the Hamiltonian predictions shown in Figure 5.16, there is a blue dashed curve
showing the results calculated from Equation 5.24. Assuming [Ogg /2] 2 configurations, the value of
B(E2; 8;' - 6;’) in this dashed curve is taken from the transition between states in **Cd using the
p35-i3 wavefunctions as a reference nucleus. *8Cd was selected as the reference nucleus because
the 81“ state in this nucleus is a pure [0g9 /2] -2 configuration in 10081, The curve can be seen to level
off at *°Zr, this is because the 8" state in *°Zr is also a [0go /2]2 configuration; As mentioned in
Sect. 5.2.2 the ®°Zr k" configurations are different from the k" configurations in A > 92 even-even
nuclei, because this configuration state involves a 88Sr core. The 8;’ states for even-even nuclei with
A > 92 all involve a broken pair of protons on top of a dominantly filled f p model space, while the
broken pair in *°Zr is coupled to the dominantly filled {O f5/2:1p3 /2} orbitals. Both the data and

model predictions agree well with the approximation that these wavefunctions are well described

69



10

a4

inch

4 ] I ] I." I_H ] ] ‘ L]
L :./ -
3 F /NN, -
g B I 6+ 8+ -
S 2r -
wo L ]
'I b —
B(E2)
rug4
0 1 I [ | I 1 I [ | I 1 I [ I L

0 2 4 6 8 10 12 14

Figure 5.17 A collection of all E2 transitions between states in the **Ru nucleus obtained from the
p35-i3 interaction. The width of the black lines indicates the magnitude of the B(E?2)
corresponding to that transition. The thin red lines correspond to weak transitions for which there
1s mixing with a nearby transition between states with the same J, but with a much larger
transition strength.

Looking at Table 5.5, an interesting set of discrepancies between experiment and theory can
be seen for a collection of transitions. First, the B(E2;8] — 67) values for %Ru are predicted
to be substantially stronger for the three Hamiltonians than the experimental value. Looking at
the B(E2;21/2} — 17/2%) transitions in *°Rh, we see that across the three Hamiltonians shown,
the 21/27 — 17/27 predictions are substantially weaker than the experimental results, while the

21/27 — 17/2] transition is predicted to be nearly double the experimental results.
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Figure 5.18 A collection of all E2 transitions between states in the ®>Rh nucleus obtained from the
p35-i3 interaction. The width of the black lines indicates the magnitude of the B(E?2)
corresponding to that transition. The thin red lines correspond to weak transitions for which there
1s mixing with a nearby transition between states with the same J, but with a much larger
transition strength.

We can trace the origin of these discrepancies to mixing with nearby levels with the same spin
that have very large B(E2). In **Ru there are two 6* states within 250 keV of the 8" that feeds
into them. Looking at Figure 5.17, we see that the B(E?2; ST — 67) shown in red is near the much
stronger upward transition strength B(E2;8] — 67) shown in black immediately above this red
line. In ®Rh the two 17/2* states are only separated by 120 keV, which is a smaller separation than

the theoretical uncertainty of our Hamiltonian. In Figure 5.18 we see that the B(E2;217 — 177)

shown in red is near the much stronger transition to the second 17/2* state, with a transition strength
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B(E2;217 — 175) shown in black immediately above the red line. The B(E2;217 — 177) is
smaller because it corresponds to a seniority v = 2 — v = 2 transition as in Equation 5.24, while
the B(E2;217 — 173) involves a stronger collective response with a seniority v = 2 — v = 4
transition. With this perspective, the discrepancies between experiment and theory can be resolved
by perturbative mixing in our Hamiltonian of the 6* states in **Ru or the 17/2* states in “Rh. A
first-order perturbation of approximately 26 keV could mix these states in their respective nuclei
to reproduce the corresponding experimental results; in principle, such perturbations could arise

from 2-, 3-, and many-body forces not included explicitly in our Hamiltonian
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Table 5.5 Experimental values for E?2 transitions and the corresponding calculations from the new

p35-13 and older jj44a and n50j interactions with e, = 1.8.

B(E2;JF — J;f)(e2 fm®)

Nucleus  JT J ;f Exp p35-i3 ji44a n50j
0zn  0of 2} 730(90)P1 585 529 518
3 82Ge  0F 27 1210(150)12! 883 1001 742
$Se ot 27 1050(150)P% 986 1452 960
Kr  0f  2F 1060(100)>3 1058 1108 675
. S 9035534 933 915 560
0Zr ot 27 627(34)1>4 604 483 454
Mo O  2f 975(43)1>4 987 899 889
“Ru  0f 2} 825(400)1>! 1250 1172 919
5 %pd  of 2t 1162 1104 1000
®cd  of 2 749 713 655
2Mo 4 2% 1320156 135 126 87
Mo 67 4 81(2)P°! 81 85 72
i Mo 8 6 28.6(3)1¢ 32.0 32.7 28.9
BTe  17/2F 13/2% 88(18)1¢! 117 117 96
BTc 21725 17/2% 73(5)1! 61 66 60
7 “Ru 47 27 38(3),10324)P% 12,0 7.2 1.7
“Ru 6] 47 3.0(2)! 5.0 6.3 4.8
“Ru 8 6} 0.09(1)>6! 1.42 1.98 0.73
®“Rh 21727 17/2% 24(2)1! 4992 0.004 023
° Rh  21/2F 17/2% 113(13)0 185 200 194
%pd  (67)  (4%) 20.4(2.9)B7! 16.1 155 16.8
%pd  (8%)  (6%) 9.4(1.0)7! 6.0 5.4 7.4
9 BCcd (41 (2) 98(50)1381 165 169 169
Bcd  (61)  (47) 110(5)18! 117 118 118
Bcd  (8F) (6)) 39(4)l58! 47 47 47
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CHAPTER 6

CONCLUSION

Within the framework of the nuclear Shell Model, we have constructed a new effective interaction
in the form of a Hamiltonian called p35-i3 [1]. In the process of producing this Hamiltonian, I have
implemented the Monte Carlo Cross Validation method (MCCV) as a means of both diagnosing the
bias-variance trade-off of the fit, as well as a means of demonstrating which ab initio interactions
extrapolate well to nuclei in the 7j4 model space. This was done by examining the RMSD
of the parameters between ab initio values and fitted values as an increasing number of linear
combinations of parameters are fitted to the data. The resulting set of wavefunctions for this
Hamiltonian reproduce the experimentally known energy-spin spectra of the j4 nuclei to within
an RMSD of 150 keV, down from the 1 MeV RMSD between experiment and theory arising from
the wavefunctions from ab initio Hamiltonians. In addition, these wavefunctions predict the binding
energies as well as the excitation energies and spins of many unobserved states in every nucleus in
the 7 j4 model space, including the binding energy of '°°Sn. We predict the 9/2* excited state of
Cu, corresponding to the single-particle energy of the Ogog /2 orbital, and also the excited states of
PIn corresponding to the single-hole states in 1°°Sn.

In addition to predicting the energies and spins of nuclear states, the p35-i3 Hamiltonian
wavefunctions were used to predict the electromagnetic properties of every nucleus in the xj4
model space. The magnetic moment of each state in each nucleus was predicted, and agrees with
the known experimental magnetic moments for all nuclei in the model space to within 0.50 (uy).
The low-lying magnetic moments (and their corresponding g-factors) have a relative uniformity for
a given J” value, which indicates that each of these states contains dominant contributions from
several configurations of the form k" = [nlj]". The electric quadrupole moment of each state in
each nucleus was predicted and agrees with the known experimental quadrupole moments to within
and RMSD of 3 (e - fm?). We observe the consequences of these k" dominant configurations in the
electric quadrupole moments by observing their smooth increase in Figures 5.12 and 5.14 as the

number of protons occupying each orbital k increases. The B(M 1) and B(E?2) values for transitions
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between all states are predicted and agree within the experimental and theoretical uncertainties.
We predict 2 regions of enhanced collectivity in the E2 transitions for the nuclei in the 7 j4 model
space. These regions correspond to nuclei whose low-lying states are dominated by configurations
in a half-filled fp shell and those with a filled fp shell and a half-filled Ogy/> orbital.

Little experimental information is known about the spin-energy structure or electromagnetic
properties of nuclei at the edges of this model space. These predictions are a motivation for future
experiments on the neutron-rich side of the model space, toward 8N4, and on the proton rich side,
toward '9°Sn. Several astrophysical processes are thought to pass through the 774 model space,
with the doubly magic 78Ni being important for the r-process and the doubly magic '°°Sn being
important for the r p-process. Calculations with our Hamiltonian will supplement the experimental

nuclear data needed for astrophysical applications.
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APPENDIX A
ENERGY SPECTRA

Below are a collection of the energy spectra for all of the nuclei involved in the 7 j4 model space.
The figures are divided into two regions: the left region shows the experimental spin-energy
data and the right region shows the corresponding predictions that come from our p35i3 effective
interaction. Each figure spans the energy range from 0 MeV (the ground state) to 6 MeVi; it should
be noted that both experimental data and predictions can extend beyond this range, but we cut off
at 6 MeV for illustrative purposes. In addition, each nuclear energy level has a line whose length
indicates the spin value and whose color indicates the parity (red for positive and blue for negative).
Some levels are shown with enlarged circles on the ends; these are the data that were used to fit our
interaction. Some levels are shown with a black dot at the ends; this indicates that the spin-parity
is tentatively assigned from experiment. Some levels are shown with no line and only a black dot;
this indicates that there are observed nuclear excitations of known energy, but the corresponding
spin-parity is not experimentally known. Finally, there are a few states marked with a black X, the
two states between 2 MeV and 3 MeV in $4Se, for example; these states have experimental evidence
of being intruder states and contain a substantial contribution from configurations outside of the

model space such as neutron particle-hole excitations across the shell gap.
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APPENDIX B

ELECTROMAGNETIC OBSERVABLES EXAMPLE OUTPUT
Shown below is an example of an output set of calculations for the electromagnetic properties of
81Ga. At the top of the file are the input specifics for the calculation, including the model space
(n50), the effective interaction (p35-i3), effective charges and g-factors for protons and neutrons,
and the potential used in calculation of radial matrix elements (skx). Below, the specific information
pertaining to each state is shown, including the energy of the i’th state E;, the spin J;, the order
of occurrence for that spin n;, the half-life in picoseconds 77>, the decay width energy, and the
electromagnetic moments of that state. Below each of these values for an initial state i are the
details of decay to all possible final states f. The ground state has no decay channels, but if we
look at the n; = 2 state of J* = 3/2~ with 616 keV, we see that it can decay to the n; = 1 lower
3/27 state and the ground state with J* = 5/27. Below the 77, value of the 616 keV state we see
the branching ratios (BR) to each of the final states, and we see in this example that the stronger
branching ratio is to the ny = 1 state with J* = 3/27 with ~ 74%. Below the width column we see
the energy difference E, between the initial and final states. Finally we see the B(M 1) under the
M1 moment column and the B(E2) under the Q moment column for each transition. The units for
each number are given under the heading of each column at the top of the file. This output is cut
off at 2 MeV for brevity and illustrative purposes. In general the cutoff energy can be extended for
these files, and we have a .deo file for all nuclei in the 7 j4 model space. All of the predictions in
this work which were presented from p35-i2, p35-3, jj44a, and n50j Hamiltonians were extracted

from these .deo files.
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gamma decay, moments for ga8l states up to 2 MeV

! model space =

inter
e_p =
g-sp
g-1p
type
Ei
(MeV)

0.000

0.393

0.616

1.346

action =
1.800
= 4.694

= 1.100

n50

p35-i3
e_n
g_sn

g_1ln

of potential = skx

Ji

5/2-

3/2-

Ef

0.000

3/2-

Ef

0.000

0.393

1/2-

Ef

0.000

ni

1

1

Jf

5/2-

1f
5/2-

3/2-

if
5/2-

(=]

nf

nf

nf

1

0.800
-3.826

0.000

T_(1/2)

(psec)

0.000000

.2917E+03

BR

100.0000

5.763536

BR

25.8982

74.1018

0.049113

BR

0.0011

E2

M1 spin

M1 orbital

Eg

Eg

Eg

105

.393

.616

.223

width
(eV)

.0000E+00

.1563E-05

del

0.42

.7913E-04

del
-3.26

-0.02

.9287E-02

del

.346 999.00

M1 moment

(u_N)

1.32829

2.8314

B(ML)

0.1895E-02

1.53301

B(M1)

0.6495E-03

0.4563E+00

-0.27205

B(M1)

0.0000E+00

Q moment

(er2 fmr2)

-3.09

-9.79

B(E2)

0.3053E+02

9.44

B(E2)

0.2620E+03

0.4624E+02

0.00

B(E2)

0.2974E-01
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0.393

0.616

7/2-

Ef
0.000
0.393

0.616

9/2-

Ef

0.000

1.382

1/2-

Ef

0.000

0.393

0.616

1.346

5/2-

Ef

3/2-
3/2-

Jf
5/2-
3/2-
3/2-

if
5/2-
7/2-

Jf
5/2-
3/2-
3/2-
1/2-

2

1f

1

2

nf

N

nf

nf

N

[y

nf

99.9943

0.0045

1.028164

BR

75.0663

24.5331

0.4006

1.148706

BR

99.9997

0.0003

0.025266

BR

4.4644

67.4908

28.0448

0.0000

0.281366

BR

Eg

Eg

Eg

Eg

106

.953

.730

.382

.034

.139

.916

.186

0.16

-0.55

.4436E-03

del

-1.36

.989 999.00

.766 999.00

.3970E-03

del

.416 999.00

-0.01

.1805E-01

del

.532 999.00

0.01

0.03

0.00

.1621E-02

del

0.9032E+00

0.7128E-04

3.92020

B(ML)
0.3811E-02
0.0000E+00

0.0000E+00

2.56298

B(M1)

0.0000E+00

0.3031E-02

-0.21724

B(M1)

0.0000E+00

0.7116E+00

0.5682E+00

0.5111E-04

3.41712
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