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Abstract

The nuclear many body problem allows us to take our fundamental under-
standing of the most basic building blocks of the universe and from them
build an understanding of larger and more complicated systems. It is the es-
sential problem of how individual particles form atoms and larger structures.
Its applications are varied, and many tools have been developed to address
this problem. Despite the breakneck pace of computational development, the
nuclear many-body problem still stretches our computational and numerical
methods to and beyond their breaking points. In this work, we introduce two
algorithms which can help in solving the nuclear many-body problem. First,
we introduce trimmed sampling. This is an algorithm which can be used to
treat noisy data obtained from highly sensitive calculations, particularly the
generalized eigenvalue problem which emerges from a number of techniques.
We solve a number of example models for which small errors such as rounding
error or statistical noise are sufficient to entirely destroy any usable results,
but see that trimmed sampling is able to recover good results from these
methods. It does so using Bayesian inference, by applying physics-informed
criteria and statistical sampling methods we are able to eliminate any solu-
tions which are non-physical, leaving a more accurate, physically meaningful
result. We show ways that this algorithm can be further expanded and en-
hanced, improving sampling statistics, convergence rate, and accuracy, before
demonstrating its performance on the Lipkin model. In the next section, we
describe the Projected Cooling algorithm. This is a method whereby we use
an analogue of evaporative cooling to calculate the ground state of a system.
We show results of projected cooling for several models. Together, this work
provides a description of useful algorithms which can be applied to the nuclear

many-body problem.
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1

Introduction

The nuclear many-body problem describes the emergent phenomena which occur when
considering the behavior of a large group of particles, themselves each governed by fun-
damental laws and interactions. It provides a bridge between the world of fundamental,
first prinicples calculations and large scale statistical models which can be measured and
interacted with. The many-body problem is a well developed field with many methods
which stretch classical computation to its limits. In this work, we present a description
of two algorithms which can prove beneficial to the many-body problem, with potential
application in other fields.

In chapter 2, we provide the background theory on which much of this work is based.
We begin with an overview of quantum mechanics and many-body theory, and proceed
to describe how these mechanics can be applied to classical computer systems the limi-
tations in doing so. We will provide an overview of reduced basis methods and similar
computational techniques, such as eigenvector continuation and euclidean time projec-
tion.

In chapter 3, we describe the bulk of this work, trimmed sampling. Trimmed sampling
is an algorithm which may be applied to many existing reduced basis methods to mitigate
some of the limitations of those techniques and improve the accuracy of the calculation.
It does this by first considering the prior distribution of the parameters which describe
that system—in the case of the reduced basis methods we present in this chapter, this is
the matrix elements of the reduce basis generalized eigenvalue problem. We then consider
a set of physics-informed likelihood criteria and use these likelihood functions to weight
samples drawn from the prior distribution. By analyzing the resulting posterior distribu-
tion, we gain insight into the system and its range of physically-consistent observables,
and in this way we can substantially reduce error in otherwise unsalvageable calculations.
We show many examples, beginning with nearly tivial calculations before progressing to
some more complicated toy problems, such as the lipkin model and the bose-hubbard
model. Along the way, we show several advancements that may be used alongside the

basic trimmed sampling algorithm to further refine its capabilities.



In chapter 4, we describe the projected cooling algorithm, a quantum algorithm which
can be applied to find the ground state in a quantum system as an analogue of evaporative
cooling. It makes use of the fact that unbound states have a tendency to propagate away
from their initial region, while low-lying states will remain within a compact region. By
driving the excited quantum states to leave, then projecting back onto the local region,
we are left with a state with very high overlap with the ground state. We present several
models and examples of this algorithm in use.

Finally, in chapter 5 we present our conclusions and perspective on possible future

work involving these algorithms to many-body physics and other problems.



2

Background

In this chapter, we give an overview of the methods and fundamentals required for this
work. Those familiar with the subjects are encouraged to skip those sections or skim
them for a refresher. We will begin with a description of the basics of quantum mechanics,
from its initial postulates. We will then describe basic numerical techniques for quantum
simulations. We discuss several reduced basis methods and give an overview of monte-
carlo methods. Finally, we give a brief introduction to the field of quantum many-body

physics.

2.1 Quantum Mechanics

The field of quantum mechanics is a relatively recent development when compared to other
fields of physics, such as classical mechanics and electromagnetism. Unlike these more
classical fields of study, quantum mechanical observations are probabilistic. Quantum
mechancal calculations produce the wavefunction, from which the probability of any
given observation may be extracted. One of its earliest formulations was put forward
by Erwin Schrédinger in 1926 (1)). We will begin with the basic postulates of quantum

mechanics, from which the rest of the theory is developed.

2.1.1 Postulates of Quantum Mechanics

The following postulates form the foundation on which the rest of the theory is built.
They are as follows:

Postulate 1: The state of a physical system is represented by the quantum state |¥)
which belongs to a Hilbert space H.

Postulate 2: Every observable quantity A is represented by a Hermitian operator A
acting in the Hilbert space H.

Postulate 3: The result of measuring on observable A must be one of the eigenvalues

of the corresponding operator A.
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Postulate 4: When an observable A is measured in the state |¥), the probability of
obtaining the eigenvalue a,, of A is given by the squared amplitude of the corresponding

eigenvector |, ). The state |¥) can be expanded in terms of |®,,):

0) = cal®n) (2.1)

The probability of obtaining the eigenvalue a,, is therefore

P(an) = |eal* = [(@4|T)]* (2.2)

Postulate 5: If the measurement of an observable A results in a, then the state

collapses to the normalized projection of |¥) onto the subspace associated with a,,

Pl ¥)

— —<\I/|Pn|\11 (2.3)

Where P, is the projection operator

and m sums over all the eigenvectors which correspond with the eigenvector a,,.

Postulate 6: The state |¥) evolves in time according to the Schrodinger equation

. d
i |W(0)) = V() (2.5)

2.1.2 The Schrodinger Equation

The Schrodinger equation is a differential equation which forms the basics for most quan-
tum mechanical computations. It is often helpful to separate the Schrédinger equation
into two pieces, the time-dependent component and the time-independent component.
To do so, we must assume that the state |W(x,t)) can be separated into a component
depending entirely on position, |X(¢)), and a component depending entirely on time,
|T(t)), so that

[V (z, 1)) = |X(2))|T(1)). (2.6)

When we then apply this assumption to the Schrédinger equation, we see
. d
th— | X(@)|T(#)) = H|X(2))|T(t)) (2.7)

We can now separate these expressions so each side is dependent on only one variable.

We can then equate them to a constant which we will call E.

IT(t)>‘1iﬁ%|T(t)> = |X(2)) ' H|X(2)) = B (2.8)
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This separation allows us to write each side as an ordinary differential equation.

Beginning with the time dependent component, we have
d
ZHE‘T@» = E|T(t)). (2.9)
This is a simple first order differential equation with a well known solution,
IT(t)) = e ", (2.10)

We have set A = 1, a standard which will be convenient for future calculations. The
details of the position-dependent calculation depend on the operator, H, but can be

written generally as the time-independent Schrodinger equation:
H|X(z)) = E|X(x)). (2.11)

This takes the form of a simple eigenvalue problem, where the eigenvalues of the Hamil-
tonian, H, are the energy levels. Assuming we have a time-independent solution, | X (z)),

the full time-dependent solution is

— = (—it) ”En =
U (x,1)) = e X (2)) = Z Z [ X(2)) = U(t)| X (2))
n=0 n=0
(2.12)
Here we've defined the time-evolution operator, U(t), as
U(t) = e ", (2.13)

This time-evolution operator allows us to take a solution to the time-independent Schrodinger

equation and evolve it in time to a final time t.

2.2 Numerical Techniques

So far, we have sketched the basic theory of quantum mechanics. This theory has focused
on analytical manipulation, and as a result it may not be obvious how to actually calculate
observables from a system of interest using this formalism. In this section, we describe
the basic numerical techniques used to calculate energies, positions, or other observables
of interest. We will begin with a discussion of linear algebra representation of states and
operators and basic implementation of the numerical description of a system. We include
the simple example of a one dimensional harmonic oscillator. We will then proceed with
a discussion of reduced basis methods, which are used heavily in Chapter [3] We will then
finish with a discussion of Monte-Carlo methods, which are used commonly in many-body
physics but we will also use to improve the sampling performance of trimmed sampling
in Chapter



2.2 Numerical Techniques

2.2.1 Bases and Vectors

When we wish to calculate an observable from a complicated quantum system, be it posi-
tion, momentum, energy, or some other parameter, we may turn to numerical simulations
when a direct analytical solution eludes us. However, to perform numerical calculations
of quantum systems, we must be able to represent those quantum systems in a way which
is parseable by computers. In this subsection, we will discuss the basics or representing
quantum systems in a numeric format and possible drawbacks of these representations.
We will consider the quantum harmonic oscillator as a toy problem which we can treat
numerically. To do so, we need to map the language of operators and functions onto
that of matrices and vectors. The notation we use is Dirac notation, also called bra-ket

notation.

2.2.1.1 Constructing Numerical Bases

We write a given state as the column vector, the 'bra’ in ’bra-ket notation’, |a) where «
represents all parameters required to define the state. In a continuous, infinite dimensional
space, this is no different than defining the state as a function, ¥ («). The complex
conjugate state, sometimes called the 'ket’; is written as («|. We can define the inner
product of two states, @ and 3, as («|f). In a continuous space, this takes the form of

an integral,
(alf) Z/w(a)W(ﬁ)dQ (2.14)

where (o) signifies the complex conjugate of ¥)(a) and dS2 signifies an integration over
the full complex space wherein the vectors lie. However, for a finite dimensional space,

this integral becomes a sum,
(alB) = tn(e) yu(B) (2.15)
k

where now £ is the index for the finite dimensional vectors and v is the kth element of
1. We see immediately that this is just the well-known dot product of two vectors.
Since we may treat these states as complex vectors, we can think of them as a linear

combination of basis vectors,

[0) = caln) (2.16)

n
where n labels the basis vectors and ¢, = (n|¢), with the assumption that the basis is
orthonormal, meaning (n|m) = d,,, where n and m label two basis vectors and ¢ is the
Kronecker delta.

This machinery allows us to represent states as vectors. In many cases, such as

the position of a particle, such a vector may require infinite dimensions. However, we
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can often instead discretize the continuous variable, allowing us to represent it in finite
dimensions. We will do exactly that in the quantum harmonic oscillator example.
First, however, we must be able to represent operators in this same language. The

effect of operators in general is to map one vector in the Hilbert space onto another:
Ola) = OulB). (2.17)

where O,p is some constant which depends on o and 3. This is the same effect that
matrices have when multiplying vectors in linear algebra. If we multiply (/3| on each side,

and assume ((|5) = 1, meaning the state is normalized, we get
(8l0]a) = Oup. (2.18)

We call O,p the matrix element of O. We will want to represent these matrix elements
in terms of our basis vectors, O,,,,,. Doing so allows us to represent operators in our finite

dimensional space as matrices, whose elements are defined as O,,,, = (n|O|m).

2.2.1.2 Harmonic Oscillator

For a concrete example, let us consider the quantum harmonic oscillator in one dimension.

We define the Hamiltonian for this system as

~ 1
a=r + —mw?3?

2.1
2m 2 ( 9)

where m is the mass of the particle and w = \//f/_m is the frequency of the oscillation,
with oscillator strength related to the spring constant k. We write p as the operator
whose eigenvalues corresponds to the momentum of the particle and z as the operator
whose eigenvalue correspond to the position of the particle. Note that, at this stage,
these operators work in a continuous and therefore infinite-dimensional space.

Using the Schrodinger equation, we have a simple eigenvalue problem

H|Y) = Ely) (220)

where we have used v to denote the state of a particle. While this is a well known
problem and analytically solvable, we wish to represent it on a computer’s architecture.
First, we must discretize and limit the space we are considering. We will consider the
position space representation of our particles. This means that our basis states |n), will
be the box functions of width Ax and height \/% and positioned with their left edges at
x = nAzx. We define Ax = L/k, where L is the length of the space we are considering
and k is the number of basis states we will consider.

It is easy to see that this basis is orthonormal. The integral can only be non-zero
if both box functions overlap, which only happens when n = m. When they do so, we

integrate the box function from nAz to (n+ 1)Az, with height ==, so (n|m) = 1.
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We now consider the operators which define our Hamiltonian. The position operator,

l%, has position as its eigenvectors. Meaning if we consider the matrix elements of Z in
our basis, we see

(m|Z|n) = nAz(m|n) = nAxdun,. (2.21)

In our position representation, the z operator is a diagonal matrix, with diagonal entries
which correspond to the position of those basis vectors. To calculate the matrix elements
of the momentum operator, we make use of our knowledge that in the position space

representation, the momentum operator behaves as proportional to the differntial oper-

ator, p = —ih%. We continue to use A = 1, so the operator, when squared, is the second
derivative:
i & 2.22
p = T A2 (2.22)

When discretized, this differential operator becomes the finite difference of the position

wavefunction. In most cases, the first order finite difference is more than sufficient:

& =z + Az) + 2¢(z) — P(r — Ax)

o (x) ~ A2 (2.23)
We apply this to our discrete case to find
1
A9 .
piln) = A2 (=ln+1)+2|n) — |n—1)) (2.24)

and finally multiplying by (m/| to get the matrix elements, we find the equation for the

matrix elements of the finite difference matrix,

A 1
(mlp?[n) = (0)m = 55 (=Ons1m + 20mm = On1m) (2.25)

In this representation, the finite difference matrix is the form of a Toeplitz matrix, with
Aixg along the diagonal and A_—xlg along each off-diagonal. Higher orders of finite difference
may also be used when extra accuracy is needed.

We are now able to write an expression for the Hamiltonian matrix elements
1 1
2m Ax?

By following this definition, we can construct the matrix representation of the quan-

1
Hnm = (_5n+1,m + 25nm - 5n—1,m) + §mw2n2A:ﬁ25nm (226)

tum harmonic oscillator Hamiltonian in the discretized position basis. The result is a
k x k matrix. We show the result of diagonalizing such a matrix in figure [2.1} For this
example, we took w =m = 1 and k = 1000. We diagonalize the resulting matrix to find
its lowest eigenvalues and their corresponding eigenvectors, which we plot versus position.
The calculated states match the well-known exact solutions to the 1d harmonic oscillator.
With our choice of w = m = 1, we expect these states to correspond to eigenvalues 0.5,
1.5, and 2.5, and this is indeed what we find.
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Lowest Lying Harmonic Oscillator States
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Figure 2.1: Lowest lying harmonic oscillator wavefunctions calculated in position basis.
We used a k = 1000 lattice to discretize position, with w = m = 1. We diagonalized the
resulting Hamiltonian matrix and look at the eigenvectors corresponding with the lowest
three eigenvalues to see the well known harmonic oscillator wavefunctions corresponding to

the ground state, first excited state, and second excited state.

For this simple example, we chose a fairly large value for k, and so our basis was con-
structed from 1000 position basis vectors. We did so because the effects of discretization
diminish as Ax decreases. However, this comes at the cost of more memory and pro-
cessor usage. The choice of basis plays a large roll in the effect of discretization errors,

computational scaling, and overall accuracy.

2.2.1.3 Nonorthogonal Bases

In the previoius sections, we assumed that our basis is orthonormal, which is to say that
(n|m) = dpm. However, as we will see in future sections, we may encounter situations
where this assumption no longer holds. In such a case, we construct the norm matrix, also
called the Gram matrix, for the space by considering the matrix element N,,, = (n|m).
For an orthonormal space, the norm matrix is simply the identity matrix. However, in a
nonorthonormal space the norm matrix is a symmetric, positive definite matrix.

For such a space, the above procedures still hold, however rather than solving a stan-
dard eigenvalue problem to calculate the energies and eigenfunctions of the Hamiltonian,

or another operator, we instead solve the generalized eigenvalue problem:
HJ¥) = NEJw) (2.27)

where now NNV is the norm matrix. States are normalized with respect to this norm matrix,

so (|N|y) = 1. The process to solve this eigenvalue problem is usually fairly simple.
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We multiply both sides of equation by the inverse of the norm matrix, N=!. This
results in

N HY) = Elip). (2.28)

We multiply the Hamiltonian by the inverse of the norm matrix on the left. The resulting
eigenvalue problem can be solved as a typical eigenvalue problem. However, during this
process the norm matrix is inverted. As a result, if the norm matrix is poorly-conditioned,
meaning it has eigenvalues very close to 0, then the resulting inverted matrix can be
extremely sensitive to noise. This is often the case when basis vectors are very similar so
that (n|N|m) ~ 1 for n # m, resulting in significant off-diagonal elements. This is the

central problem we address in Chapter [3]

2.2.2 Reduced Basis Methods

The space of most many-body systems grows exponentially as we increase the system
size. While in some cases, such as the Lipkin model, symmetries allow us to reduce this
to a more manageable basis, in many cases this is not possible, or the possible reduction
in dimensionality is still insufficient to make the problem reasonable to calculate. To
address this shortcoming, we can use various Reduced Basis methods to find a smaller
and more tractable basis which still contains the physics we are interested in. The general
prescription for this will be to find a set of states which are not degenerate with each
other but which each have some overlap with the state we are interested in. We then
project the Hamiltonian and any observables we are interested in onto this reduced basis,
which allows us to carry out our computation in the smaller and more tractable basis.
The particulars of determining the states used for this reduced basis are specific to each
method, and the best method to use depends on the problem at hand.

In this section, we will look at three reduced basis methods: eigenvector continuation,
Euclidean time projection, and generator coordinate method. In Eigenvector continua-
tion, we project the Hamiltonian onto a subspace formed by the ground state of similar
Hamiltonians. In Euclidean time projection, we form our reduced basis from various time
evolutions of a sample starting state. In generator coordinate method, we will form a

reduced basis from a parameterized ansatz.

2.2.2.1 Eigenvector Continuation

Eigenvector continuation is a method which finds the extremal eigenvalues and eigenvec-
tors of a Hamiltonian which depends on one or more control parameters. It was first
introduced in (2], [3) and further developed in (4} 5)). Let us say we have a Hamiltonian
which we can write as depending on a set of parameters, ¢;. The core idea of eigenvector
continuation is that as we vary those control parameters, the extremal eigenvectors also

vary; however, the space in which those eigenvectors vary is substantially smaller than

10
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the full space of the system. This implies that if we can project the full Hamiltonian
onto the smaller space wherein the extremal eigenvectors lie, we are able to capture the
interesting behavior of the system in a much smaller and thus less expensive subspace.
The typical prescription for eigenvector continuation is to build a reduced basis from
the training vectors from some chosen training values of the control parameters. We then
only need to solve the full system for a handful of values of the coupling, which can be
done in an easier and more tractable sector, then project the system onto the subspace of
those vectors. Because these eigenvectors are typically not orthonormal, this results in a
generalized eigenvalue problem which we can then solve to find the extremal eigenvalues.
Let us consider a simple one-parameter family of Hamiltonian matrices defined as
H(c) = Hy + c¢H; where both Hy and H; are finite-dimensional Hamiltonian matrices,
and c is a parameter which we can control. We will define |v(c)) as the ground state of
the Hamiltonian H(c). For this given family of Hamiltonians, H(c), we are interested in
finding the ground state for a certain target coupling, which is to say we are trying to
find |v(c;)) where ¢; is the target coupling. More formally, we are interested in solving

the eigenvalue problem
H{ey)v(er)) = Eer)|v(cr)) (2.29)

for the lowest eigenvalue, F(c;), and its associated eigenvector. The dimension of this
eigenvalue problem can be quite substantial, and may require numerical techniques to
find the eigenvalues and eigenvectors if it is possible at all for the target coupling.

It may be the case that for our target value of the coupling, ¢;, we are not able to
diagonalize the Hamiltonian directly. It may also be the case that we are interested in
many values of the coupling and the cost to diagonalize the Hamiltonian for each value
of the coupling is too costly. For example, it may be the case that we can calculate the
eigenvectors and eigenvalues of H(c¢) only when c is small, but we are interested in larger
values of c. We will take k values of the coupling, ¢; = {c1, s, , ¢}, for which we are
able to calculate the extremal eigenvectors of the Hamiltonian, |v(¢;)).

We now construct a new basis from this set of vectors, |v(c1)), -, |v(ck)). We are
interested in the ground state eigenvalue and eigenvector of the Hamiltonian at the target

coupling, H(c;). We define the projected Hamiltonian operator H as
Hy; = (v(c)|[H (e |v(ey))- (2.30)

The eigenvectors which form our basis, |v(¢;)), need not be orthonormal to each other.
In fact, it is highly unlikely that they are, as this would indicate a discontinuity in the
eigenvectors as the parameter c is varied. As a result, we also need the norm matrix, also

called the Gram matrix:

Ny = ((e)leley)). (2.31)

11
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We can now write the problem in terms of our reduced basis as a generalized eigenvalue
problem of the form
Hlw(c,)) = EN|w(c)). (2.32)

The dimension of this generalized eigenvalue problem is now equal to k, and is therefore
casily diagonalizable. The ground state of this reduced system, E, is a good approxima-
tion for the ground state energy of the full system at the target coupling. Similarly, a
good approximation for the target eigenvector, |v(¢)), is [v)pe = Ty |w(ct)) where Ty is
the matrix of training vectors, returning the vector in the reduced basis back to the full

Hilbert space:
Ty = [Jv(cr)); |v(e2)) - - [o(er))] (2.33)

where the vectors are column vectors. The accuracy of these approximations depends
on the training points taken. Training points which behave more similar to the ground
state at the target coupling will likely provide a better approximation. Including more
training points can likewise improve the accuracy, but can do so at the cost of causing
the norm matrix to become ill-conditioned. This is a problem which we address using
trimmed sampling in Chapter 3.

This process can be extended in a number of ways. If we are interested in excited
states of the Hamiltonian, we must include excited states for each of the target couplings
into the reduced basis. Otherwise, the process proceeds in the same manner. As the
excited states also trace a trajectory through a lower dimensional subspace of the Hilbert
space, their inclusion allows the reduced basis to also include these excited states.

Eigenvector continuation can also easily be used to calculate extremal eigenvalues and
eigenvectors in families of Hamiltonians which depend on more than one parameter. To
do so, we include sample points which vary along all parameters. This may require a
much larger subspace if the number of parameters is large, but the particulars are not
important for the remainder of this work.

As we will see in the example in Chapter 3, eigenvector continuation can be extremely
sensitive to noise. As the training vectors, |V (¢;)), are often quite similar, the resulting
norm matrix is often very poorly conditioned. As we discussed previously, when solv-
ing the generalized eigenvalue problem in an ill-conditioned basis, even tiny errors can
overwhelm the calculation. As a result, eigenvector continuation can become very noise-
sensitive when training points are taken close together or if there are many of them. We
discuss how to address these problems in Chapter 3.

In summary, eigenvector continuation is a powerful method to calculate the extremal
eigenvalue of a Hamiltonian which resides in a very large space. We need only be able to
calculate the extremal eigenvectors of the system of interest for a few training values of the
control parameter. This can be accomplished directly, through any number of iterative

techniques, or through Monte-Carlo sampling. Regardless of the method to obtain these

12
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vectors, we can then use them to construct a reduced basis onto which we project the
Hamiltonian of the target value of the control parameter. We can then solve the resulting
generalized eigenvalue problem to calculate a good approximation of the eigenvalue and

eigenvectors of the system in the full Hilbert space.

2.2.2.2 Euclidean Time Projection

Euclidean time projection is another reduced basis method which can be used to project
a complicated Hamiltonian into a much smaller subspace. For euclidean time projection,
the basis we are projecting onto is formed by evolving an initial state |vy) by using the

HT  This is also sometimes called the imaginary

Euclidean time projection operator, e~
time projection operator and can be seen as evolving a state in complex time. The
exponential decay reduces the overlap of high energy states faster than the low energy
states, and so the resulting basis states have higher overlap with the ground state and
other low energy states once they have been projected further through imaginary time.

In particular, if we have some target ground state |psizs), we can write the central
idea as

~limr e e "Hag)

|Ygs) = (2.34)

lim,_,,, e Fo7

where we have some initial state [1g) which has nonzero overlap with the ground state.
While numerical methods exist for the exponentiation of matrices, in practice we use the

Trotter approximation ()

N N
e =][e " ~]](1- HAT) (2.35)
n=1 n=1

where A7 = . We can thus iteratively take incremental steps along the time evolution,

normalizing the state at each step

(1 — HAT)[¢)i
(1= HAT)|¢)i|

[)iv1 = (2.36)

until we reach our target time 7. Rather than simply iterating repeatedly, we can instead
use some of these states as our basis. Each state should have progressively better overlap
with the ground state as we evolve them in imaginary time.

We take a series of imaginary time slices, 7,, and evolve the initial basis vector
|vn) = e T|wyg) (2.37)

using the Trotter approximation if we wish until we reach the target time. We can take

as many basis vectors as we wish, then write the projected Hamiltonian in this basis as

Hpm = (Un| Hlvy) (2.38)

13
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We know for certain that these states are not orthogonal, as we could not evolve them
in imaginary time from other basis states if they were. As a result, we need to construct
the norm matrix,

N = (U |vm) (2.39)

And we can now write the problem in terms of the reduced basis as a generalized eigen-
value problem
Hlw) = EN|w) (2.40)

where the dimension of the generalized eigenvalue problem is the number of time slices
we took as our basis. The ground state energy of this generalized eigenvalue problem is a
good approximation of the ground state energy of the full system, and we can calculate
the approximation for the exact ground state vector as |vg) = Ty |w), where Ty is the

matrix of basis vectors used to return the reduced basis vector to the full vector space

Ty = [[vo); [v1) - - |vg)] (2.41)

where the vectors are column vectors. The accuracy of this method depends on the initial
state and requires it to have nonzero overlap with the ground state. As more basis states
are added, and as the length of the time projection increases, Euclidean time projection
becomes more accurate, but increasingly sensitive to noise. At large imaginary time, each
iteration of the time step produces less and less change to the resulting vector, and so
the norm matrix can easily become very badly degenerate.

Euclidean time projection is a method to calculate the low lying energy levels of a
system with a Hamiltonian which resides in a very large space. We take iterative time
slices by evolving some initial state in imaginary time and use the resulting states to
construct a reduced basis. The resulting generalized eigenvalue problem can then be
solved for the ground state and other low lying states without the need to solve the

eigenvalue problem in the full Hilbert space.

2.2.2.3 Generator Coordinate Method

In the generator coordinate method (GCM) we will construct a basis from a family
of generating functions. These generating function scan depend on many parameters
but span the Hilbert space we wish to understand. The central idea is that we can
include a large number of these basis functions to produce a highly accurate reduced
basis which does not require any prior diagonalization of the Hamiltonian or extensive
matrix multiplications. Instead, we can rely more on analytic computations to determine
the matrix elements of the reduced basis Hamiltonian. We then solve its associated

eigenvalue problem to calculate energies.

14
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The basic ansatz for generator coordinate method is an integral over generating func-

tions
vy = / daf(a)[a) (2.42)

where |a) is the generating function, « represents all parameters of the generating func-
tion, and f(«) is an associated weight function. The form of the generating function
depends on the problem specified, but if each generating function maintains a particular
symmetry, then the state |¥) retains this symmetry.

The expectation value of the trial wavefunction |¥) is given by

_ (WH|Y) [ dada’ f(o) (o) (o] Ho)
(W]w) J dada’ f(a) f(o/){ala’)

We define H(a, o) = (a|H|a') and N(a,a’) = (a|o’). To find the extremal eigenvalues,

we need we minimize (or maximize) the energy with respect to the weight functions,

(2.43)

0E 0 Jdo'H(a, &) f(a) — E [ do/N(a, ) f()
27 T e doc ()7 (o) N,

we can then rearrange the numerator to obtain the Hill-Wheeler equations

(2.44)

/ daH(a,o)f(a) = E / do/ N, ') f(). (2.45)

These equations have the form of a generalized eigenvalue problem, H|a) = EN|a). The
most direct approach would be to discretize the parameters, «, allowing us to represent
the Hill-Wheeler equations in matrix form. We can then invert the norm matrix and
solve the eigenvalue problem. However, as the generating functions are often very similar
for similar values of the parameters, the norm matrix is very poorly conditioned. This
can cause significant errors when solving the eigenvalue problem this way.

Instead, various other methods exist to solve the resulting problem. One popular
approach is Lowdin symmetric orthogonalization. We need to construct a new orthogonal
basis by diagonalizing the norm matrix. We start out by finding a unitary matrix U which
diagonalizes N

Niiag = UTNU. (2.46)

Because N is constructed from the overlap of basis vectors, we can replace its elements

with their square roots then solve the equation for N 2

N[

Nz =UNg, U (2.47)
We can also calculate N2 in the same way

-1 =1
N2 =UNg2 U (2.48)

diag
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-1
where we have again calculated Ny, by taking the square root of its eigenvalues, and
this time inverting them.

Now we define
g(a) = N2 f(a) (2.49)

By applying this relationship to the generalized eigenvalue problem, we find
N":HN 7g(a) = Eg(a) (2.50)

and we now have a standard eigenvalue problem. The implementation of symmetric
orthogonalization is problem dependent, but can involve costly integration. However, it
can be precise in some cases to the limits of the numerical integration used. For a specific
example, see the section in Chapter 3.

Generator coordinate method is a powerful technique which allows us to construct a
basis within which we are able to solve a very complicated many-body problem without
every orthogonalizing the full Hilbert space Hamiltonian and can allow highly accurate
simulations. However, its poorly conditioned basis can cause it to be sensitive to noise, as
with the other reduced basis methods we have introduced here. In the case of generator
coordinate method, symmetric orthogonalization is a useful tool to reduce the effects
of noise, but at the cost of requiring costly numerical calculations. In some cases, the
degeneracy may still be too bad for symmetric orthogonalization to repair at double
precision, in which case the method will fail. We introduce trimmed sampling to solve

these problems in Chapter 3.

2.2.3 Monte-Carlo Methods

Monte Carlo algorithms are a class of numerical techniques which rely on repeatedly
generating random numbers for use in statistical sampling. One of the primary uses of
Monte Carlo sampling is to numerically integrate an arbitarary function. Say we have

some function of one variable, f(z). We can calculate its integral over a closed interval

[ad], .
/ fz)dz. (2.51)

If we want to numerically integrate this function, we can use a simple Riemann sum

b _a N
1:/ f(z)dx ~ bN Zf(a:j) (2.52)

where z;’s are at regularly spaced intervals. This method is extremely simple and straight-
forward, and can be fairly accurate when a large number of sample points are selected.
However, generalizing to a large dimensional integral becomes very challenging. If we

have N grid points in each dimension, then the total points for the whole grid is N¢,
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where d is the number of dimensions. Clearly this becomes entirely impractical beyond
a handful of dimensions, so we instead turn Monte Carlo methods.

We can think of this integral as the area under the curve of the function. We will
use random sampling to estimate the value of the integral. We can consider a box which
spans the domain and range of f(x). If we choose points randomly within this box, we
can easily test if they are above or below the curve of f(x). After a large number of

samples, we can then estimate the integral as

/bf(a:)da: — lim (N*X;OW) Aq (2.53)

N—oo

where N is the total number of points sampled, Npeow i the number of points that were
below the curve, and Agq is the area of the box within which we are sampling. We are
therefore able to calculate the integral of this function without requiring much knowledge
at all about the function itself beyond the ability to evaluate it.

This naturally can be extended to arbitrarily many dimensions, where we now sample
over the hypervolume that bounds the domain and range of the function. The prescription
follows very simply, and allows the integration of functions which might otherwise be
impossible to integrate.

We can of course make use of Monte Carlo methods to sample arbitrary probability
distributions. If we have a continuous probability distribution P and an operator we wish

to sample O, we can calculate its expectation value over that distribution as

(0) = / P(2) (2|0 da (2.54)

where P(z) is the probability associated with state |z). By Monte Carlo sampling, we

can calculate the value of this integral exactly as above.

2.2.4 Importance Sampling

In many applications, such as when calculating thermal averages in statistical mechanics
or path integrals in Euclidean-time field theory, integrals must be computed over many

degrees of freedom weighted by an exponential Boltzmann factor,

_ Do M(C)e PP
T e PR
Because configurations are weighted exponentially, only a very small handful of config-

(M)

(2.55)

urations contribute meaningfully to the distribution. Randomly sampling the full hy-
pervolume is thus very inefficient, as most samples will not affect the overall integral
significantly.

Instead, we will use importance sampling to prioritize selecting samples which are

more important to the final result. Instead of taking a uniform sample across the full
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hypervolume, we instead select configurations according to a distribution which assigns
greater weight to important sectors. In the case of the Boltzmann factor, we would sample

according to

pﬁ(c) = W

We then need only average the quantity for which we wish to calculate the average

(2.56)

over the states taken by sampling this distribution. Even with relatively few samples,
importance sampling is able to effectively estimate these high dimensional integrals. One
drawback of importance sampling is the difficulty of drawing samples from an arbitrary
distribution, particularly if that distribution is not easily inverted. To sample from a
complicated distribution, we will make use of Markov chains in a technique called Markov-

chain Monte Carlo.

2.2.4.1 Markov-Chain Monte Carlo

Markov-chain Monte Carlo is a Monte Carlo method which allows us to sample arbitrary
distributions. Consider a chain of configurations labeled by the order they were selected
in. We will call this label 7, and the probability that configuration A is selected at
computation step is P(A, 7). If we have a selected configuration A at step 7, we define
the probability that we select configuration B at step 7+ 1 as W(A — B).

As long as the Markov process is ergotic, then once the chain grows long enough we
will reach an equilibrium distribution, lim, .. P(C,7) — p(C). Our goal then is for
p(C) to approximate a target distribution, pr(C). One way to ensure this is to apply a

condition called detailed balance. Detailed balance requires that
W(A — B)pr(A) = W(B — A)pr(B) (2.57)

for every pair of configurations A and B. After many computation steps, we reach an

equilibrium distribution satisfying

> W(A— B)p(A) = > W(B— A)p(B) (2.58)
B#A B#A
When we compare this to equation 2.57, we conclude that p(A) = Pr(A) for all configu-
rations A, and we have successfully sampled the distribution.

In this work, we will achieve this detailed balance condition by utilizing the Metropolis
algorithm. The approach is to always accept steps in the Markov chain which improve on
some cost function, often the energy of a configuration, and to accept steps which do not
improve this cost function with a probability determined by the difference between the
value of the cost function for the previous sample and the subsequent sample. Specifically,
we say
e~ BIE(B)—E(A)] E(B) > E(A)

1 E(B) < E(A) (2:59)

W(A—>B):{
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where we have used F(A) to mean the energy of configuration A, though in general it
can be used as a generic cost function. The coefficient S follows from the Boltzmann
statistics prescription which we have been following, however it can more generally be
any scaling coefficient.

A method which can improve sampling and prevent the chain from becoming stuck
in local minima is called simulated annealing. Taking again the analog from statistical
physics, we will begin with a system where the temperature is very high, and so g is
very low. We then cool the system gradually, allowing 8 to increase and the Metropolis
sampling to become more selective for later samples. This allows the chain to be more
likely to accept configurations early and less likely to accept later configurations that do
not strictly improve the cost function.

Monte Carlo methods form an important foundation for many computational tech-
niques. They allow us to estimate averages of large complicated systems over a wide range
of possible configurations, as well as numerically integrate high dimensional problems
without suffering from high dimensionality as much as most other numerical integration

techniques.

2.3 Quantum Many-body Physics

The quantum many-body problem describes the behavior of systems where we have many
quantum particles, each of which may be governed by single particle Hamiltonians, but
which may also have a term in their Hamiltonians which causes these particles to interact
with each other. The resulting possibility space can grow exponentially with the number
of particles, stretching modern computational techniques to their limits. In this section,
we will describe the basic formalism needed to describe these systems.

Up to this point, we have described the quantum mechanics formalism for a single
particle. We wish to describe a system involving many such quantum particles. We first
define the one-body Hilbert space as J;. This is the space within which we can fully
define solutions to the single particle Hamiltonian. For example, if a particle lives in a
three-dimensional Euclidean space, we take H; = L*(R?) with the Lebesgue measure.

Next, if we wish to describe the many-particle state, we use the composition of two
or more such single-particle Hilbert spaces, 54 and H . The composition of two Hilbert
spaces is described by their tensor product, H 4@ Hpg. If we have N particles, we describe

the composite space of these particles as HPY, where we use the notation that

%%N:J‘CA(X)"'@}C,@ (2.60)

~
N times

To calculate the many-body Hilbert space, we now take into account that these par-

ticles are indistinguishable. We must project H™*N onto the subspace which is appro-
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priate for the particle statistics. In nearly all calculations, we are interested in Fermion

or Boson statistics. For Fermions, we project onto the antisymmetric Hilbert space,
Fher = A(HEN) (2.61)
and for Bosons we project onto symmetric Hilbert space
FRo = §(HPN) (2.62)

Finally, we can represent the many-body Hamiltonian in this composite Hilbert space.
As this Hamiltonian lives in the composite space of all particles, representations of it can
become enormously expensive even for relatively low particle numbers. For even a very
simple system, such as a lattice of NV spin 1/2 particles, the size of the Hilbert space
has 2V complex dimensions. Because the lattice grows exponentially with N, and many
realistic physical systems include hundreds, thousands, or more particles, representing
the full space on classical computer architecture quickly becomes impractical. Additional
problems emerge from correlations caused by the interactions between particles. These
correlations can be highly non-local and their effects are often difficult to quantify.

From the earliest days of quantum mechanics, many methods have been developed in
an attempt to solve or circumvent these problems. They range from direct and straight-
forward approaches to much more advanced and complex methods. We present here
several important approaches which are commonly used. This is not meant to be an
exhaustive list of methods, nor is it meant to be a full description of each method listed,

but is rather a brief overview of the method.

2.3.1 Full Configuration Representation

In some cases, the problem is simple enough that it can be directly diagonalized. In
such a case, we attempt to represent the full many-body Hilbert space Hamiltonian as a
matrix and diagonalize it directly. This option is really only available in the simplest of
models and even then typically only at very small scales. An example of this is the Lipkin
model, which we will present later, with low particle number and system size, where the
number of possible states can be relatively low. However, even in such simple models, it
is often preferable to use faster and less memory-intensive methods, which we present in

further sections.

2.3.2 Symmetry Method

By taking advantage of symmetries, we can stretch the full representation much further
than might otherwise be possible. While the full-configuration representation is applicable

to any problem we might be interested in, it fails to take advantage of the structure of
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2.3 Quantum Many-body Physics

the specific problem. Often, the true space of possible configurations is much lower than
it might appear when we consider symmetries of the problem. This will allow us to
diagonalize several smaller matrices, rather than one immense one.

To begin, we identify any symmetries of the Hamiltonian and call them Sj. Because
these symmetries commute with the Hamiltonian, [Sg, H] = 0, they share the set of
eigenstates with the Hamiltonian. Say that Sy is an element of a symmetric group
S which commutes with the Hamiltonian. We will call its eigenvalues s,, such that
Skltn) = spltbn). We can write the matrix element of the Hamiltonian with respect to

two states v, and 1, as
Hym = (Un|H|Yhm) (2.63)

We can now substitute [¢,,) = iSka) to obtain

1 1 n
Hun = —(nlHSibm) = —(nlSeHlm) = (Wl Hlvm) (264

Rearranging slightly,
SmHpm = spHypm = (Sm - Sn)Hnm =0 (265)

If both |¢,) and |¢,,) do not share the same symmetry, that is s,, # s,,, the H,,, must
equal 0. As a result, we can write the Hamiltonian matrix as a block diagonal matrix
where each block represents an eigenvalue of this symmetry.

The symmetry method can be a powerful tool to solve many-body problems, but
as with the full configuration representation it can still suffer from rapid scaling as the
number of particles increases. While many methods exist which allow us to calculate
larger and more complicated systems, understanding the symmetry of the problem is

always a useful tool to save time and effort.

2.3.3 Hartree-Fock Theory

The Hartree-Fock method approximates the ground state of a system by treating the
system as a collection of non-interacting particles with a mean-field potential which em-
ulates the interaction between particles. It neglects correlation effects between particles
and the particles move individually in an effective one-body potential. We will vary the
single-particle basis of a slater determinant |®) to minimize the Hartree-Fock energy Eyp

defined as (| H|P)
Fyp = min ——*
(@)

Because Hartree-Fock is a variational method, the Hartree-Fock energy Fur < Ejy, where

(2.66)

Ey is the ground state energy of the full Hamiltonian. This minimization problem pro-
duces a set of equations which can be solved to produce the Hartree-Fock Hamiltonian,

whose eigenvalue problem may then be solved.
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2.3 Quantum Many-body Physics

To derive the Hartree-Fock equations, we write a trial wavefunction in second quan-

tization,
A
|HE) = |¢1,- -+, 04) = H@T\o) (2.67)
i=1

where {|¢;) } is the set of single particle Hartree-Fock states with corresponding operators
{dj}. We can expand the single particle states and creation operators with respect to a

fixed basis, often the harmonic oscillator basis

[#0) =D Diplxp) (2.68)

al = Dyél (2.69)

where D;, = (X4|®;) is the matrix element of the unitary transformation, |x,) is the single
particle states, and &l is the creation operator for the reference basis.
We define the one-body density matrix of the trial state with respect to the reference

basis as

A
pll) = (HF|él ¢, |HF) = ZD Dy, (HF|ala;|HF) = Y~ Dy, D7, (2.70)
We can further define the correspondlng density operator as

p= Zp;(a?|Xp><Xq‘ (2.71)

After variation is performed, it is important to ensure that the many-body state is still a
single Slater determinant. This is accomplished by requiring that the one-body density

matrix is idempotent and hermitian
Zp](;)p%) - P;(o? (2.72)

(1)x (1)

PG = pyy

Let us say that we have a general two-body Hamiltonian in second quantized form
H= thqc Cq+ — vaqmc crésey (2.73)
pqrs

where ¢,, is the matrix elements of the kinetic energy operator and vy, is the antisym-
metric matrix elemetns of the two-body potential. The state |HF) is normalized, so the
energy is

E = (HF|H|HF) = (2.74)

A A 1 tata A
Z tpq<HF\chq]HF> + 1 Z Upgrs <HF’CLC(J;CSCT’HF>

pq pqrs
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2.3 Quantum Many-body Physics

We can also introduce the two-body density matrix

(), = (HF|ef¢le,e, [HF) (2.75)

ppqrs

which allows us to rewrite equation in a more simple form

E= Z tpqppq +7 Z quT’Sppqrs (276)

qu‘S

For a single Slater determinant, we can factor the two-body density into its one body

components,
e = ety = 27

We can rewrite equation in terms of one body density matrices,

E= Ztmppq Ty vaqrspps Py (2.78)

qu‘S

We can now perform a variation of the above term, neglecting terms which are

quadratic or higher in 6p"

0F = Z tpqépqp +5 Z Upgrs 5pps pqr pg(ie)ép((]p) (279)

Pq pqrs

We define an auxiliary mean-field Hamiltonian

Dpg = tpg + Upq (2.80)

_ (1)
Upg = E :qursprs
s

which, after some simplifying, allows us to write the stationary condition for the energy

as
0E =" hadply) =0 (2.81)
ik

From this, we know that the mean field Hamiltonian must commute wit the one body

density operator,

~

[h, V] =0, (2.82)

so the mean-field Hamiltonian shares a common eigenbasis with the one body density
operator. The eigenvalues of the mean field Hamiltonian, obtained from the eigenvalue

problem

il\%) = 6n|¢n> (2'83)

are called the Hartree-Fock single particle energies. If we transform this eigenvalue prob-

lem to the reference basis,

thDW: €:D;y (2.84)
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2.3 Quantum Many-body Physics

the substitute the mean field Hamiltonian, we get
Z(tpr + Z S Z quTSD;(Squ)DiT‘ = EiDip (285)
T q J

This is called the Hartree-Fock equation and is a non-linear equation for the solutions to

the eigensystem of h. Solving this equation is typically done using iterative techniques.

2.3.4 Coupled Cluster Theory

The ansatz for coupled cluster theory is
[¥) = e[ @) (2.86)
where |®g) is the reference state and we have defined the cluster operator T as
T=>) T, (2.87)
p=n

where A is the maximum number of particle-hole excitations and

1 .
T, = (E) Z till"'in a;[u T alnain C i (288)

i1in,a1 - an

We often truncate this operator to a small number of terms, for example we may truncate
at n = 2, in what is called the singles and doubles approximation. We begin with the

time-independent Schrodinger equation,
H|U) = E|T) (2.89)

and insert the coupled cluster ansatz. Left multiplying by e~T, then left multiplying by
the reference state gives
E = (®o|H|Py) (2.90)

while we can multiply by an excited state instead of the reference state to obtain

0 = (4| [ ®o) (2.91)

11 0n

. We have defined H as the similarity transformed Hamiltonian,

H=eTHe" (2.92)
and the excited states are defined as
|DF i) = al - alnail ceeay, | Po) (2.93)
We define the reference energy as
Bret = (3|H|®) (2.94)
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2.3 Quantum Many-body Physics

and the correlation energy is the difference between the coupled cluster energy E and the

reference energy,

AE = E — (O|H|®) (2.95)

which subtracts off the reference energy. Coupled cluster theory can perform well for
single determinant reference states with weakly correlated systems, but struggles with

more strongly correlated systems.
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3

Trimmed Sampling

3.1 (Generalized Eigenvalue Problem

One method commonly used to find the extremal eigenvalues and eigenvectors of large
quantum systems is to project the system into a reduced basis which contains the eigen-
vectors of interest. Because the methods used to project onto these bases do not in general
produce an orthogonal, or even normalized, basis, this process results in a generalized
eigenvalue problem with the form H|y) = EN|¢), where H is the projected Hamiltonian
matrix, N is the norm matrix, [¢)) is the column vector of the projected eigenvector and
E is the energy of that state. We can then further compute the expectation value of a
given projected observable of interest, O, by using the formula (O) = (¥|O) /(Y| N|¥).

Many methods exist which use generalized eigenvalue problems to reduce large systems
to smaller, non-orthogonal bases. One well know technique in nuclear physics is the
generator coordinate method, where the corresponding generalized eigenvalue problem
is called the Hill-Wheeler equation(7, [8, O [10). It is used in several computational
approaches utilizing variational subspace methods with non-orthogonal bases (111, 12}, 13).
Eigenvector continuation (2} [5l 14, 15 6] [I7]) and the more general class of reduced basis
methods (18, 19, 20) rely on this basis projection and solving the resulting generalized
eigenvalue problem. It is also useful for Monte Carlo simulations where matrix elements
are calculated from trial wavefunctions produced using Euclidean time projection from
several different initial and final states(21} 22], 23] 24, 25]).

The generalized eigenvalue problem allows a tractable solution to computing large
quantum systems and can make efficient use of computational resources, but comes at
the cost of a significant (and difficulty to quantify) sensitivity to noise. Solving the
generalized eigenvalue problem relies on finding the eigenvectors and eigenvalues of N~'H |,
and because the condition number of the norm matrix increases with the size of the
subspace, even minor errors, such as limits of machine precision, can cause significant
errors. The Hamiltonian may be likewise sensitive in some cases. This problem becomes

even worse when using stochastic methods, such as Monte Carlo, where statistical errors

26



3.2 Bayesian Analysis

when calculating the elements of the Hamiltonian and norm matrices can cause very
large errors when calculating observables. These challenges likewise arise for applications
in quantum computing , where each measurement is stochastic in nature. Variational
subspace methods in quantum computing (26) can produce both statistical and systematic
errors due to gate errors , measurement errors, and decoherence. These resulting errors
can cause any eigenvalue or observable calculated from the generalized eigenvalue problem
to have substantial error(27, 28], 29] 30).

Some methods exist to address the errors when dealing with ill-posed problems. One
popular approach is Tikhonov regularization (31) and its simplest implementation, ridge
regression or nugget regularization. With ridge regression, a small multiple of the identity,
el, is added to the norm matrix before it is inverted. This has the effect of significantly
stabilizing the norm matrix, but it is not straightforward to choose an appropriate value
for € (32), nor is it easy to estimate the systematic bias introduced by this regularization.

Trimmed sampling, first introduced in (33), is an approach which uses physics-based
constraints and Bayesian interference (34) 35) to significantly reduce the errors of values
calculated from the generalized eigenvalue problem. Rather than simply regulating the
norm matrix, we sample the probability distributions of the norm and Hamiltonian ma-
trix elements, as estimated from the method used to produce the generalized eigenvalue
problem, then weight these distributions by a set of physics-informed likelihood functions,
which may include any information knows about the problem. One such constraint is the
positivity of the norm matrix, as by construction any reduced subspace must be positive
definite. We can further apply constraints on the convergence of the energy eigenval-
ues or observables in question, or we an apply more problem-specific constraints as the
opportunity arises.

In this chapter, we will describe the algorithm in greater detail, present several im-
provements which can be used to increase performance, and detail several examples show-

ing this method and these improvements.

3.2 Bayesian Analysis

If we had exact calculations of the norm and Hamiltonian matrices, we would be able
to calculate any observable within the reduced subspace without worrying about its sen-
sitivity to noise. Unfortunately, we must assume that any calculation of the norm and
Hamiltonian contains errors, even if these errors are on the order of machine precision.
We can therefore consider our initial problem not as Hamiltonian and norm matrices
with fixed elements, but rather as a distribution of Hamiltonian and norm matrices, with
probability density determined by a prior estimation of uncertainty on the elements. We

call this prior distribution function P(H, N), and can calculate it by taking a product of
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3.2 Bayesian Analysis

uncorrelated distributions of each element

P(H,N) = [ [ P(Hy;) P(Ny) (3.1)

In most cases, we can assume Hamiltonian and norm elements’ prior distribution is Gaus-

sian with standard deviation AH;; and AN;; respectively, giving a prior distribution

_(Hiy—Hy)? (Nig—Nij)?
2AM,)? o 2AN;)?

QWAgijANij

PH,N)=]]°

ij

(3.2)

With a more detailed model of the errors affecting the initial matrix elements, additional
considerations such as correlations or asymetrical errors can be easily implemented.
When we calculate a value of interest, such as the ground state energy, any deviation
from the exact calculation can produce substantial errors. For example, in some cases,
these deviations can cause the norm matrix to lose positivity, and so the resulting system
is physically unrealizable. As a result, we could immediately reject any results from
this calculation—they are likely to be inaccurate. To generalize, we postulate a posterior
likelihood function, P(R|H, N), where R represents physics-informed criteria. In the

example of norm matrix positivity, this likelihood function is simply a step function

1, N is positive definite

P(RIH,N) = { 0, otherwise

This likelihood function refers to rejecting any matrix that is not positive definite, and
accepting any matrix which is. However, the likelihood function can include any infor-
mation we may have about the problem. The examples in this chapter use a product of
several such functions, which will be explained in those sections.

Using Bayes’ theorem, we can calculate the posterior distribution, given by

B P(R|H,N)P(H,N)
PULNVR) = 1, dN, | PRI, N) P(H, V) (3:3)

This posterior distribution contains only physically realizable systems, weighted both by
their similarity to the initially measured matrices and by our likelihood functions which
help to further reject unstable and problematic systems. As a result, by sampling the
value of interest, O, from the systems in this distribution, we get a final distribution of the
observable and can calculate the average for a more accurate estimate. As an additional
bonus, because we have this posterior distribution, we can also estimate the uncertainty
of that observable.
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3.3 Methods

3.3 Methods

In this section, we will describe a very basic implementation of Trimmed Sampling.
While significant improvements to the algorithm can be achieved, this represents a simple
demonstration of the method without the clutter of more advanced techniques.

Let us consider a pair of matrices, H and N. For each matrix element in H and
N have corresponding error estimates with standard deviations AH and AN. These
matrices form the generalized eigenvalue problem of interest, H|i)) = EN|¢)). We likewise
have a matrix observable, O, from which we calculate a given observable, (O) In a
straightforward calculation, we expect the value of <O) to vary from the exact value,
especially as AH and AH become non-negligible.

Rather than simply calculate this observable, we instead add an additional term to

8 s . _1(ey) 8
N and H drawn from the distributions P(6H;;) = me Q(AH> and P(0N;;) =

6N\ 2
X Nl\/ﬁe_é( A% ) where M;Tij and (SNU are the matrix elements of the shifts added to H
and N respectively. We call these the trial matrices, H' and N’ and can then evaluate the
likelihood function of these trial matrices, P(R|H, N). In practice the evaluation of this
likelihood function is highly dependent on the forms of the functions, so for simplicity we
will present here a likelihood function which is applicable in many cases. This likelihood

function takes the form
P(R|H,N) = afpos(N) fc(H, N). (3.4)

The first term, «, is a normalization constant which cancels in 3.3 The second factor,
Jpos(N), is the requirement that the norm matrix be positive definite. It equals 1 in N is
positive definite and 0 otherwise. The final factor, fo(H, N) is a function which relies on
the submatrix energies F,, given by solving the generalized eigenvalue problem with only

the first n basis states,
H™ o)) = B, N |y, (3.5)

We assume that the basis states |v1), |v2), -, |v,), -+ have been ordered so that the
energies F, converge to E.xact as a smoothly-varying function of n for sufficiently large
n. If the variational principle applies to the method we are using, such as with eigenvector
continuation, then the sequence F,, must be monotonically decreasing and bounded from
below. We define the convergence ratio C), for n > 2 as

C, = =By (3.6)

E,1—FE,

. This convergence ratio is the ratio of energy differences for consecutive energies E,,. Let
Cinaz be the maximum of C), over all n and C' an estimate of the upper bound for C,,,
of an exact system. The second likelihood factor, fo(H, N) has the form

_ Cmaxzx

fe(H,N) =e (3.7)
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This likelihood function penalizes the likelihood (and therefore the final weighting if an
average is taken) for the trial matrices if the convergence rate for their ground state
energies are much slower than expected or violates the variational principle. Neither the
value of C nor the functional form of fo(H, N) are essential features and do not need to
be fine tuned. Similar results can be obtained from a wide range of choices and will be
discussed in a later section.

We calculate the observable, (O)y.ia and store it along with the value of the likelihood
function for the trial matrices H' and N’, and repeat this sampling process a large number
of times, until we have sufficiently sampled the prior distribution. Finally, we calculate
the weighted median of each calculated observable, weighted by the likelihood function
calculated with it. This importance reweighting scheme is commonly used in Markov
Chain Monte Carlo algorithms (36]), and is similar to some other sampling/importance
reweighting methods used (37, 38), but differs in that we are not resampling the data.

The weighted median of the observable (O) represents an estimate of the exact value
of the observable, and calculating the 14th and 86th percentiles can give a reasonable
estimate of the width of the distribution. Taking the weighted median, rather than the
weighted mean, ensures that the final estimate is a physical example, a condition not

guaranteed if the Hilbert space of the physical system is not convex.

3.4 Two Parameter Example

For a simple, easily visualized example, consider a two state generalized eigenvalue prob-

lem of the form

N = [7{ 71”] H=(z+y) Ljy xly] (3.8)

Where r = \/m We can see that when r < 1, the Norm matrix is positive
definite. As this model is arbitrary and for illustrative purposes, we will assume that we
are interested in a bound state of this system and that the gap between the ground state
and the excited state is approximately 3. We can plot this two parameter problem as
shown in figure 3.1l We can clearly see the effect of the norm matrix form as a circle
boundary, where the behavior of the system changes drastically.

Let us say we wish to know the ground state energy of a system of the form above
where the energy gap is equal to roughly 3 and the system is bound. We will say our
prior distribution is uniform in both x and y and ranges from -1.5 to 1.5. Our first weight
criteria will be that the norm matrix is positive definite, and we set the weight of all
samples which violate this condition to 0.

We can now implement additional weight criteria based on our physics considerations.
First, we can use a Gaussian term to require that the energy gap be roughly 3

A1=A2

wy=e (3.9)
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Ground State Energy
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Figure 3.1: Ground state energy in the two parameter generalized eigenvalue problem.
The x-axis corresponds to the value of x, and the y-axis corresponds to the value of y. Color
represents the value of the ground state energy for values of x and y which correspond with
its position on the plot. The clear circle visible corresponds to \/m = 1. All systems
within that circle have a norm matrix which is positive definite, and systems outside that

circle are not positive definite.
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Weight of Samples

Figure 3.2: Weight for each system given the provided conditions. The x-axis corresponds
to the value of x, and the y-axis corresponds to the value of y. The color of each pixel
corresponds to the weight of the system at those coordinates. The two clear bands represent

two different behaviors this system can take, given our conditions.
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3.5 Bose-Hubbard Model and Eigenvector Continuation

Where )\, is the kth energy and o is a chosen width parameter. These two parameters
constrain the possible systems to two small regions, shown in figure 3.2 Each of these
regions consists of a thin band, and the behavior of the ground state is quite different
in these two states. For the lower left band, the system is bound, while the upper right
band corresponds to a continuum state.

To gain further information on these two behaviors, we use a modified variant of
DBscan clustering to group final observations into clusters. Note that we are clustering
systems by the value of the parameters, x and y, and instead look solely at the ground
state energy. This clustering reveals the two regions very clearly in figure [3.3] The blue
region represents the bound state, and the energies it can take are a part of a much wider
distribution than the orange cluster, which shows a continuum state. We can finally take
the weighted median of each cluster, to see that the bound state has a median weight of
-1.4118 and the continuum state has a median weight of 0.057. While one might expect
the bound state to have a lower energy and the continuum state to have a higher energy
based on observation of the plot, the density of points and their associated weight shifts
the median.

While this model is extremely basic, it shows the ability of trimmed sampling to find
physical, interesting results from a given set of parameters and constraints. In future
examples, the degrees of freedom in the system are taken to be each matrix element in
the norm and hamiltonian matrices, and so it is entirely impossible to exhaustively scan
all solutions in the way of this example. Instead, we make use of sampling techniques,

with samples taken according to a prior weight given by the particulars of the problem.

3.5 Bose-Hubbard Model and Eigenvector Continu-

ation

Eigenvector continuation is a powerful and flexible method which is able to reduce a large
basis, otherwise intractable by common linear algebra approaches, such as the Lanczos
algorithm, to a tractable generalized eigenvalue problem in substantially fewer dimen-
sions. In this example, we apply Eigenvector continuation to the Bose-Hubbard model,
introduce errors intentionally to the computation, then correct these errors using trimmed

sampling.

3.5.1 Bose-Hubbard Model

For this example, we will consider the Bose-Hubbard model in three-dimensions. This
system describes a system of identical bosons on a three-dimensinal lattice. The Hamilto-

nian contains a hopping coefficient ¢, an contact interaction coefficient U, and a chemical
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Figure 3.3: Clustering of observations for all samples taken in the 2d toy model generalized
eigenvalue problem. The horizontal axis shows the ground state energy for each datapoint,
and the vertical axis shows the relative weight of those samples, with the highest weight
normalized to 1. Two clusters were found using DBscan. The blue points show one cluster
and the orange points show another. A handful of points are removed as a part of the

DBscan clustering, as they were not close enough or weighted highly enough to be considered
a part of either cluster.
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Fourth Order Fifth Order

Exact Energy * Ridge Regression Exact Energy * Ridge Regression
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Figure 3.4: Ground state energy of the Bose-Hubbard model as a function of coupling
strength U/t. The “exact” ground state energies are plotted as solid lines. The “noiseless
EC” data are presented with dashed lines. The “noisy EC” results corresponding with
matrix elements H and N are plotted with open circles. The results using “ridge regression”
are shown with times symbols. The “raw data” obtained by sampling the prior probability
distribution are displayed with open triangles and error bars. The “trimmed sampling”

results are plotted as filled circles with error bars.

potential coefficient . The Hamiltonian has the form
U
— T (! e . _
H = t<Z>a (n)a(n) + 3 ;p<n> [p(n) — 1] ,u;p(n), (3.10)

where a(n) and a'(n) are the annihilation and creation operators for bosons on site n.
The first sum runs over all pairs of nearest-neighbors, (n’,n), and p(n) is the density
operator defined as af(n)a(n). For convenience, we set u = —6t on a 4 x 4 x 4 lattice, so

that the ground state energy of the non-interacting case where U = 0 is equal to 0.

3.5.2 Eigenvector Continuation

The chosen method to calculate the ground state energy of this system is Eigenvec-
tor Continuation (EC). Eigenvector Continuation is a reduced basis method in which a
Hamiltonian controlled by one or more smoothly varying parameters is projected onto
the basis of low-lying states of the Hamiltonian in regions of the control parameter which
are known. As the control parameters are smoothly varied, the low lying states of the
Hamiltonian trace out limited trajectories in finite dimensions, allowing for efficient di-
mensionality reduction.

For more details, see the subsection in chapter 2.

3.5.3 Results

In this example, we look at the generalized eigenvalue problem associated with Eigenvec-

tor Continuation on the Bose-Hubbard Model. In this case, we consider the ground state
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eigenvectors for five training values, U/t = —2.5,—1.9,—1.8, —1.7,—1.6. These values
represent known eigenvectors for the full Hamiltonian, calculated using a more compu-
tation intensive method. We then project this Hamiltonian onto these states, resulting
in a generalized eigenvalue problem with rank 5. To introduce noise, we then round the
entries of each matrix to six decimal places and use these rounded values as the starting
matrices, H and N. To show that the exact form of the error is unnecessary, rather than
a uniform error estimate which would be produced by rounding, we instead assume a
Gaussian error distribution with standard deviations AH = AN = \/% x 1076,

While eigenvector continuation produces accurate results for this problem without
the introduction of rounding or noise, after rounding the matrix elements we see that
the character of the ground state, especially for U/t < 3.5, is lost, even though matrix
elements were only rounded to the sixth digit. This is because the norm matrix becomes
increasingly ill-conditioned as the number of basis states increases, and even at only 5
basis states this rounding is sufficient to ruin the results.

We now apply Trimmed Sampling to these results. For the likelihood function, we use
the form introduced in (3.4, where the likelihood function is composed of a term ensuring
the norm matrix is positive definite, and a term ensuring that the ground state converges
as the number of basis states increases. For our estimate of C', the upper bound of the
convergence ratio for an exact system, we use C' = 2.5, though results are not sensitive
to this value.

We see in figure that Trimmed Sampling does a good job of correcting the error
introduced by rounding, and performs better than Ridge Regression. Trimmed Sampling
results are shown as filled circles with error bars. We locate the plot symbol at the
weighted median and show error bars with lower and upper limits corresponding with the
16'™ and 84'" percentiles respectively. This representation of the distribution is useful, as
the distributions have much heavier tails than Gaussian distributions. For these results,
we produced 500 samples with non-negligible weights and these small-matrix calculations
may be performed easily on a single processor.

For comparison, we also plotted the unweighted results in open triangle symbols. This
data represents the effect of sampling the space but calculating the weighted median and
associated error bars before applying weighting. In this case, the results are very poor.
This indicates that the likelihood function is effectively weighting samples so that those
with greater weight produce results closer to the exact results.

Finally, as an additional comparison, we have plotted the results of simple Ridge
Regression in x symbols. Ridge Regression refers to stabilizing the ill-conditioned norm
matrix by adding a constant multiple of the identity, €/, to the norm matrix. This can
significantly reduce problems arising from the unstable inversion of the norm matrix, but
introduces an unknown systematic bias. Additionally, the optimal value for € can be

diffictult to determine. For these results, we tuned e by hand in an attempt to produce
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the best results. We see that even with this hand tuning, Ridge Regression is unable to
fully correct the errors.

In these results, we have shown that Trimmed Sampling is an effective method at
correcting errors arising from round-off error. With simple filtering criteria which are
not sensitive to user choice, we are able to outperform the error correcting abilities of
Ridge Regression and reconstruct the phase transition which is lost before any error
stabilization is applied. These results do show a systematic underestimation in the region
of U/t < —3.8, near the avoided level crossing. However, the error estimates give a good

estimate of the actual deviation from the exact results.

3.6 Euclidean Time Projection

For another example, we will consider the one dimensional Heisenberg chain. This model
emulates the spin interactions of several particles arranged in a chain with periodic bound-

ary conditions.

3.6.1 Heisenberg Model

For this example we will use a one-dimensional Heisenberg Chain with 10 sites The
Heisenberg chain is a simple model for a ferromagnetic system and was first introduced

in (39). The Hamiltonian for this system is
N
H; = —JZ[J;CJ;”H+0§3’0§-’+1+0;0;+1]. (3.11)
j=1

Here o”, oY, and o* are the Pauli matrices, N is the number of sites, in this case 10, and
J is the coupling to a magnetic field in the z direction. We will calculate the lowest four

energy eigenvalues of the subspace where > ;0;=0.

3.6.2 FEuclidean Time Projection

Euclidean time projection is a method where we start with an initial state, |vg). We
will operate on it with the Euclidean time projection operator, e ™ where H is the
system Hamiltonian and ¢ is the Euclidean time. We then calculate each new basis
vector |v,) = e~ |yy), and project the Hamiltonian onto this basis. For this example,
our initial state is an alternating tensor product state, [¢)) = |0101010101). We are
using the standard qubit notation where |0) is the +1 eigenstate of o, and |1) is the
—1 eigenstate of o,. We will therefore be finding the lowest energy states which have
non-zero overlap with this tensor product state. As the state is highly symmetric, we

expect this state to have non-zero overlap with a relatively small number of eigenstates.
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Figure 3.5: Ground state and first excited state energies of the one-dimensional Heisenberg
chain as a function of coupling strength J. The “exact” energies are plotted as solid lines.
The “noiseless time projection” data are dashed lines. The “noisy time projection” results
corresponding with matrix elements H and N are plotted with open circles. The data
obtained using “ridge regression” are shown with times symbols. The “raw data” obtained
by sampling the prior probability distribution are drawn with open triangles and error bars.

The “trimmed sampling” results are plotted as filled circles with error bars.

We operate on |vy) with the Euclidean time operator e~ H as described in subsection
[2.2.2.2 We consider a range of values of J ranging from 0.5 to 1.5. For each value of J,
we take a series of Euclidean time slices 7,, = 0.1n for n = 0,1, 2, 3,4,5. We define each
basis vector as the Euclidean time projection to those time slices, |v,) = e H#™vy). We
calculate the projected Hamiltonian and Norm matrix and solve the resulting generalized

eigenvalue problem.

3.6.3 Results

To introduce noise, we apply random Gaussian noise with standard deviation ¢ = 0.01
to each element of both the Hamiltonian and the Norm matrices. The noisy norm and
H matrices are our initial estimates, N and H, and assume the uncertainty estimates
AH = AN = o = 0.01. We then solve the generalized eigenvalue problem to calculate
the lowest four energy eigenvalues as well as some observables, in this case the spin
operators (oio}) and (0jo3).

Because J is an overall scale factor, the Euclidean time calculations are different
for each J, but the energy eigenvalues are linear in J. The results of this calculation is
presented in [3.5] The "exact” energies plotted with solid lines are calculated using direct
diagonalization. The "noiseless time projection” results are shown with dashed lines and
show the results of solving the generalized eigenvalue problem before any noise is applied.
The "noisy time projection” results show the results of solving the generalized eigenvalue
problem after gaussian noise is applied to each element and are plotted with open circles.

The results for "ridge regression” are shown with x symbols. These results are obtained
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Figure 3.6: Spin pair expectation values for the ground state of the Heisenberg model
as a function of J. (0jo3) is shown in the left panel, and (0§o3) is presented in the right
panel. The plot symbols are the same as in Fig.

by hand tuning the nugget el to produce the best results, but these results showed only
marginal improvement over the noisy case. The "raw data” is shown in open triangles
and is obtained by directly sampling the prior probability distribution associated with
the mean values of H and N.

The ”trimmed sampling” results are shown as filled circles with dark error bars. These
results sample the prior distribution, similar to the "raw data” results, but apply the
weighting criteria as described in 3.4 We have used the value of C' = 2.5 for f.(H, N),
exactly as in the Bose-Hubbard example. Trimmed sampling substantially reduces the
error associated with the added noise, and provides error bars that give a reasonable
estimate of the actual deviation from the noiseless results. In contrast, ridge regression
does not give consistently reliable results for this benchmark test.

We also see these improved results when considering the first excited state, even
though the filtering criteria only considers the ground state. This indicates that trimmed
sampling is correctly reducing the errors associated with noise for the full matrix.

In addition to calculating the energies, we can also compute spin observables for this
system. In Fig we show the ground-state expectation value of the product of nearest
neighbor spins, (o703) in the left panel, and next-to-nearest neighbors, (o703) in the right
panel. Again we see good improvement of the error compared to ridge regression and
the noisy results, and the error estimates give a good estimate of the real deviation from
exact results.

In this model as well we see that trimmed sampling is an effective method to reduce
the effect of noise on the Heisenberg system. In addition to calculating the ground state
energy, we are able to use the same corrected matrices to calculate excited states and
expectation values, indicating the Gausssian noise introduced has been reduced substan-

tially.
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3.7 Improving Sample Performance

3.7 Improving Sample Performance

While basic sampling is sufficient for many applications, in some cases it is desirable
to improve the performance for use in larger or more difficult situations. This sections

describes some methods to improve the performance of the sampling.

3.7.1 Markov-Chain Monte Carlo

Results in the previous sections have used a simple stochastic sampling method, where
each matrix element is independently sampled according to its associated error estimate.
Stochastic sampling is sufficient when the dimension of the matrices is small (typically
less than or close to 10), but when the dimension of the matrices grows the space becomes
too large to effectively sample this way.

In further examples, we will make use of Markov Chain Monte Carlo to sample the
posterior distributions. We begin with the initial matrix estimates, H and N. We then
take a small permutation of each matrix element, similar to stochastic sampling, but in
this case the prior distribution we draw from is much smaller than the error estimates.
These new matrices are called lflm-al and Ntml.

We calculate likelihood functions of these matrices, but also include a term f,,.i0r(H, N)
which equals the likelihood of the sample given only the prior error estimates on the ele-
ments of H and N. This term takes the form
1 1 Z (H;; — f{lﬁrial,i,j)Q n (Nij — Neviatig)?

=————exp(—= -
2rAHAN 2 <= AH AN

%

fprior(H; N)

) (3.12)

We then use the Metropolis-Hastings algorithm to accept or reject each sample. We
compare the likelihood functions of the current sample and the previous accepted sample
and accept the trial sample with probability P = min(e(®riat=wrren)/T 1) where wpye, 18
the previous sample’s likelihood, wy,;; is the trial sample’s likelihood, and T is some
non-zero temperature. If a sample is accepted, subsequent samples are drawn from a
small shift from that sample, rather than the initial matrices H and N. This allows the
chain to explore the space and find regions of high likelihood.

3.7.2 Nugget Regularization Start

In highly singular systems when using Markov-Chain Monte Carlo sampling, locating a
sample where the norm matrix is positive definite can take many iterations. However,
once such a sample is found, it is often very fast to sample the surrounding region and find
samples of good likelihood. To accelerate the initial sampling, we add a small multiple of
the identity, €/, to the norm matrix prior to beginning sampling and use this regularized

norm matrix as the first Nyiq.
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3.8 Improving Filtering Criteria

While nugget regularization can introduce unknown biases and be difficult to properly
tune, this is not a problem in this case because it is only an initial guess in the Markov
Chain. By starting the chain at this regularized norm matrix, we ensure that the chain
will quickly find a region of positive definite norm matrices and can then optimally sample

non-negligible trial matrices.

3.8 Improving Filtering Criteria

This section will explain how we can improve the filtering criteria and what kinds of
criteria are useful. This may be a good section to include the non-bifurcated Lipkin

model, and how enforcing the symmetry via the criteria gives good results.

3.9 Lipkin Model and Generator Coordinate Method

As a final example, we will look at the Lipkin Model, a toy model used to emulate some of
the many-body dynamics near the Fermi surface. We will use the Generator Coordinate
Method to reduce the model to a tractable size and examine the effects of several filtering

criteria on the final results.

3.9.1 Lipkin Model

The Lipkin Model describes a set of N fermions in two N-fold degenerate levels separated
by an energy €. Each state is labeled by the quantum numbers ¢ = +1, to denote whether
the particle is in the upper or lower level, and m to specify the particular degenerate state
within that level. The Lipkin Model Hamiltonian is:

T LS
H = 562 Z oat Ame — §V Z Z ah At Aol (3.13)
m=1o=—1 mm/=1o0=-1

where af  creates a particle in the o level at position m, V is the interaction strength
which moves a pair of particles between levels, and €2 is the number of degenerate states
in each level.

The Lipkin Model has the benefit that it is exactly solvable. Because of this, it
provides an excellent benchmark against which to text numerical methods. To compute
the exact solution, we will use the symmetry method introduced earlier. We introduce
quasispin operators Ky, K., and K_.

K, represents the difference between the number of particles in the upper level and

the number of particles in the lower level. It is written as

Q
- 1
Ky = 5 mZ:l(a;+am+ —al _am_) (3.14)
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3.9 Lipkin Model and Generator Coordinate Method
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............................................................................................... Fermi level

o=-1

Figure 3.7: A rough schematic of the Lipkin model showing the energy levels and labeling

of states.

K, is the operator which increases the value of the quasispin operator K and is written

as

Q
K, = Z a (3.15)
m=1

and K_ is the hermitian conjugate of K, K_ = (K+)T. With these operators, we can

express the Lipkin Model Hamiltonian as

H = el — %w&fa _K k) (3.16)

These quasispin operators follow the usual angular momentum commutation relations,
[K,,K_] = 2K, and [Ko, Ki] = +K,. By expressing the Hamiltonian in a basis of
eigenstates of Ko, we reduce the dimensionality of the problem significantly and allow it
to be solved by diagonalizing the Hamiltonian.

We will consider the half filled case, where n = ). Because the particle number is fixed,
the maximum quasispin is k = €2/2. This corresponds to the state where all particles are
in the upper level. The Hamiltonian cannot mix states with different maximum quasispin,
so we can construct a basis out of only the states which have equal maximum quasispin.
We will label the basis states |kk,) where k, = —k, —k +1,--- [k — 1, k. There are thus
2€) 4 1 total basis states in the half filled case we are considering.

We will make use of standard angular momentum relations, namely

and
Ki|kk.) = VE(k +1) — k. (k. £1)|kk, + 1) (3.18)

We can now compute the matrix elements for the Hamiltonian. These quasispin states

are orthogonal to each other, so

(kk.|eKolkk) = Op.p ek, (3.19)
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3.9 Lipkin Model and Generator Coordinate Method

Energy Levels for Lipkin Model
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Figure 3.8: The exact energy levels of the Lipkin model with respect to a varying copuling
strength, V. We show all energy levels for a half filled system with 2 = 10, ¢ = 1, and n = €.
The solid lines show the solution with positive signature, and the dashed lines show the

solutions with negative signature.

The K, operator does not change quasispin, so it is diagonal in this basis. Since the
interaction term always changes the quasispin by +2, it must be zero everywhere except

with respect to two states which differ by exactly 2 quasispin. We have

v
2

(ko | Ky Ky [kKL) = —— 0 qope V/E(k + 1) — kLK, + 1)/k(k + 1) — (k. + 1)(K. +2)
(3.20)

and similarly for the lowering operators,

(kk.|K_K_|kK.) = —%5kz_2,k; VE(k+1) — k(K —1)V/k(k+1) — (k. — 1)(k, — 2)
(3.21)

An additional symmetry we can take advantage of is signature. The signature operator
R = ™o (3.22)

commutes with the Hamiltonian. This operator has, for the half filled, even particle
number case, only two possible eigenvalues, » = £1. We see that when k, is even,
signature is positive, and when k. is odd signature is negative. This allows us to further
divide the system into two sections with positive and negative signature. More details
are explained later when we use this signature symmetry and the generator coordinate
method.

It is thus quite simple to construct the matrix in this representation. Figure|3.8 shows

the results of this direct solution. We show both the positive and negative signature
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3.9 Lipkin Model and Generator Coordinate Method

results for k, = 2/2 = 5. We see that at very low values of the coupling, the Hamiltonian
simply counts the difference between particles on the upper and lower levels. As the
paring strength increases, the energies split and take on more complicated behavior. At
very strong values of the coupling, positive and negative signature states begin to pair

up and their energies become increasingly degenerate.

3.9.2 Generator Coordinate Method

The Generator Coordinate Method is a method to reduce a large basis to a reduced basis
of known states. We construct a linear superposition of many product wave functions.
The trial wavefunction is a superposition of the generating functions |7) which may be

functions of multiple parameters. The ansatz is an integral over these parameters

v = [drsolr) 3.9

where f(7) are weight functions.
For this example, we will be using coherent states as the basis. We define these basis

states as
1

(1 +[7[?)’
We will be considering the half filled case, where j = Q/2. The parameter 7 is defined as

eR |k — k) (3.24)

) =

T = tan g. The angle 6 is the parameter for these basis states.
The expectation value of the Hamiltonian with these trial wavefunctions is
o (‘I/|ﬁ\\ll> B dedT’f(T)f(T’ (T|I:I|7")
(el [drdr f(7) f(7)(r|T)
We define H(r,7') = (r|H|7') and N(r,7') = (r|7'). Minimizing this energy with
respect to the parameters f(7), we get

OF 0= [drH(r,7)f(r) — E [dr'N(7,7') f(7')
af (1) [ drdr' f(7)f(")N(7,7')

Rearranged, this gives the Hill-Wheeler equations

/dT/H(T, ™)V f(1) = E/dT/N(T, ™) f(7) (3.27)

By discretizing the parameter 6, and therefore 7, we can formulate a matrix represen-

(3.25)

(3.26)

tation of these equations in the form of a generalized eigenvalue problem. To do so, we
need to calculate the matrix elements for each operator (7|Ky|7), (T|K3_|T'>, and the

normalization, (7|7').

To begin, we need to express |7’) in terms of |7). As |7) = Weﬂkﬂk — k), we
can express |7') as
AP 1 i A+17)* i
— Ky ————— ™R [ — k) = (MK 3.28
A (e e L e = D

44



3.9 Lipkin Model and Generator Coordinate Method

Now to calculate the matrix elements, we will make use of generating functions and a

result from the Thouless Theorm,

(rlev e oher ir) = (Lt [rP) ez fero(rl as)(r+ )’ (329)

First, we can see that

A+ImP)*

N(rr) = (rlr) = (e 7 ) (3.30)

Applying Thoules theorem and k = €2/2, because we are considering the half-filled case,

gives
(L+ |72
T+ [P

9—9']9.

Because 7 = tan /2, we an rewrite this as N(6,0') = [cos =5~

N(r,7) = (1+ 7172 (3.31)

To calculate the Hamiltonian kernel, H(7,7’), we need to compute the expectation

values (7] Ko|7') and (1| K2|7"). Beginning with (7|Ko|7') we see

R (1+ |T|2)Q/2 . R
(T]Io|7") = Wmme( |7y (3.32)

We apply generator functions to rewrite the expectation value as

~ ’ 2 (9 ” ’ o (3
<T|K0€(T —T)K+|7_> _ —<T|€K06(T —T)K+|7_/>|a0:0 _ _[(1+|T|2)—Q(6—%ao_’_e%aoTTT/)Q]aozo
day Oay
(3.33)
Putting it back together and simplifying gives
R 1 2\—Q/2 0
(T|Ko|™") = (L [rf) —(1 =711+ ) (3.34)

T+ [P 2
Applying a similar procedure to find <T|K_2|_’7'/ ), we again use generator functions

R (1+ |T’2)Q/2 R R
(r| K%)= W(ﬂfﬁe( er) (3.35)

Again looking just at the expectation value,

~ / % 82 2% / 2%
(T| KT R 7) = S (rler Brelm IR ) g (3.36)

da?
Now applying the result in eq we find

A I+ 2 82 _
(1| K277 1) = &7[(1 + 7)1+ (o +7))% 0 =o- (3.37)
_l’_

Simplifying this result and putting it together gives

2 I\ (1 + |7-|2)_Q/2 N2 n—2
(T|K3 )T = WQ(Q — (") (L +77)" (3.38)
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3.9 Lipkin Model and Generator Coordinate Method

We can calculate (r7|K2|7') as the conjugate of (r|K,|r'). With these calculations, we
can express the expectation value of the Hamiltonian in terms of # and ¢’,

Q) 040" 1+ si 2 040"
H(0,0") = —%N(T, ') [COS—Q + X (L -1 (3.39)

0—0' 2 0-0'
oS 75~ 2 cos? =5~

Where we have defined x = £(Q — 1).
For this example, we will also be looking at the K, operator, defined as K, = %(K L+
K_. We will also look at its square, f(ﬁ Following the procedure above, we begin by

finding the expression

R (1+ |T’2)Q/2 R R
(Tl = Wwfﬁe( ) (3.40)

Making use of Thouless Theorem,
. B S
<T|K+|T’> = aaT<7-|ea+K+e(T —T)K+|7—>|a+:0 (341)

Simplifying the result, we find
(1 + fr?)~*
(EERRE

Since we know that (r|K,|7)" = (7| K_|7"), we can find

(r| K4 |7y = QL+ 77" (3.42)

. 0 tana—/—i—tang
7| K, |y = = (7|7’ 2 2
<| wl > <| >1+tan%tang

3 (3.43)

Naively, we can attempt to calculate the ground state energy and the expectation
value of these operators of this system by taking discrete samples of # and @', calculating
the Norm and Hamiltonian matrices from the kernels, and diagonalizing the resulting
generalized eigenvalue problem. However, this process has significant stability issues. As
we increase the number of basis states by sampling 6 and 0 at finer increments, the norm
matrix becomes increasingly ill-conditioned, and as a result this direct diagonalization
can fail.

Figure |3.9| shows the relative error between the direct Hill Wheeler diagonalization
and the exact calculation for the ground state and first excited state energies for {2 = 100,
x = 1.2, and an increasing number of samples. As expected, increasing the number of
basis vectors reduces the error until the matrix singularity becomes a significant problem,
in this case at approximately 80 samples. This is assuming that each vector taken is evenly
spaced and that there are no degeneracies in the basis vectors.

Figure [3.10| shows the relative error between the direct Hill Wheeler diagonalization
and the exact calculation for the ground state and first excited state energies, but this
time, when selecting basis vectors, a single degenerate vector is added by including both
0 = —m and # = w. This causes the instability problem to become rapidly apparent at
much smaller basis sizes. We will show one set of results with this added degeneracy, and

another set where error is added by truncating matrix elements instead.
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Figure 3.9: The logarithm of the error for the ground state and first excited state of the
Lipkin Model discretized directly. As the number of values of # increases, we see that the
error of these two states decreases until it reaches machine precision. Further increasing
the number of values of 8 causes the matrix to become singular at approximately 80 values,

in this case. Beyond this, the results become badly error prone.
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Figure 3.10: The logarithm of the error for the ground state and first excited state of the
Lipkin Model discretized directly with an additional degenerate vector added. We see that,
similar to the case without a degenerate vector added, the error decreases towards machine

precision, but now has many sporadic errors caused by the ill-conditioning.
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3.9 Lipkin Model and Generator Coordinate Method

3.9.2.1 Symmetric orthogonalization

A standard approach to address this problem is called symmetric orthogonalization. In
this approach, we will attempt to diagonalize the norm matrix, allowing us to calculate a

Hamiltonian matrix in the basis of this diagonalized norm matrix and avoid the problems

of inverting a nearly singular matrix. To begin, we expand N(7,7") = (7|7’) = cos 9_79,

as a sum of exponentials,

Q/2

g0 1 Q "y
AN —ik6 ik0
N(r,7") = Z e 2_Q(k;—|—%)e (3.44)
k=—Q/2
From this we can see that the eigenvalues of N are nj; = g—g (k fé /2). We can now calculate

the matrix elements for the projected Lipkin Model Hamiltonian with the diagonalized

norm matrix:

1k6 —ik'e’
© _H(r,7)"
ng

v T e

This leaves us with a matrix representation of the Hamiltonain in the momentum basis,

~ 1 4
(Hua)ow = 5= / dode’ (3.45)

and we no longer need to invert the norm matrix directly. However, this comes at the
cost of now needing to calculate (€2 + 1)€2/2 separate integrals, each over the full range
of 6 values. While this can be done numerically with high precision, it quickly becomes
impractical for large systems.

To address the computational scaling, we can instead consider only the k-basis states
which contribute most to the overall solution; that is, we can disregard instances where the
norm matrix’s eigenvalues are very small. This allows us to calculate far fewer integrals
overall. We choose to cut off all but the n most significant values of £k, and this allows
us to directly compare the performance of this method to trimmed sampling. It is worth
noting however that while we add noise to the direct discretized matrices, it is not simple
to directly add noise to the matrices obtained using symmetric orthogonalization in a
way which can be directly compared. However, symmetric orthogonalization becomes

impractical at matrix sizes much smaller than those tractable with trimmed sampling.

3.9.3 Degenerate Basis

For the first example of the Lipkin model, we will start with a half-filled system and
) = 200. For these tests, we will introduce error into the direct Hill-Wheeler calcualtion
by including an additional degenerate basis vector by including both § = —7 and 6 = 7.

For posterior likelihood functions, we use a product of three functions. The first
two are similar to previous examples. We use the condition that the norm matrix must
be positive definite, wy = O(A,0). We also use a similar condition to the convergence
criteria for the ground state. In this case, rather than the cutoff ratio as is used in

previous examples, we instead look at the square of the second finite difference of the
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Figure 3.11: The ground state energy for the Lipkin Model. The exact solution is shown
in dashed lines. Results from direct discretization are shown in open circles. Results from
using k-truncation and norm matrix diagonalization are shown in 'x’ symbols. Finally,
results for Trimmed Sampling are shown with '+’ symbols. The error estimates for Trimmed
Sampling are extremely small for most data points. The significantly larger error bar for
the second data point indicates that the distribution of accepted points has very wide tails.
At a number of points, no value for direct discretization is shown. This is because the norm

matrix became so badly singular that no value was able to be calculated at all.

sequence of energies as we reduce the basis size. For this example, we reduce the basis size
by removing every n/2 samples, then every n/2 — 1 samples, etc. This keeps the spacing
of basis vectors consistent in 6. We use the second finite difference here to focus on
removing any matrix sets where increasing the number of basis vectors causes significant,
rapid changes in the ground state energy.

The final condition we use is the expectation value of the K, operator in the ground
state. Because the Lipkin model’s interaction term is quadratic in raising and lowering
operators, the expectation value of the K, operator must be zero for any eigenstate of
the Hamiltonian. We can thus use a posterior likelihood which is an exponential in the
square of this expectation value to penalize the weight of matrix pairs which fail this

condition,
w3 = exp(— (Vo] Ky trial|10)?)

3.9.3.1 Results

Results for the ground state energy are shown in figure |[3.11, Trimmed sampling shows
significant improvement of the ground state energy over the results from direct diagonal-
ization, especially at lower values of the coupling. Trimmed sampling performs similar

to symmetric orthogonalization in this case, but as is shown in figure [3.14] it achieves
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Figure 3.12: First excited state energy for the Lipkin Model. The exact value is shown in
dashed lines. Direct 6 discretization is shown in open circles. Norm matrix diagonalization
with k-truncation is shown in x’ symbols, and Trimmed Sampling results are shown with
'+ symbols. We see that the Trimmed Sampling produces excellent error correction over

the Direct 6 discretization of the Hill-Wheeler equations.

this accuracy while requiring only a small fraction of the time required for symmetric
orthogonalization.

Results for the first excited state energy are shown in figure We see similar
performance as with the ground state energy, with trimmed sampling outperforming the
direct diagonalization of the Hill-Wheeler equations and performing equivalently to the
symmetric orthogonalization results, though with much faster computation time.

We show results for the transition of K, between the ground state and the first excited
state. Once again, we see excellent agreement between trimmed sampling and the exact
value, with similar accuracty to symmetric orhtogonalization. It drastically reduces the
error from directly diagonalizing the Hill-Wheeler equation, and does so in much less
computation time than is required for symmetric orthogonalization.

The results presented in this section were performed in a single execution of trimmed
sampling, with each of the above observables calculated and weighted according to the
posterior likelihoods for the matrix sets which produced them. In figure [3.14] we show
the computation time for each value of the coupling. Trimmed sampling performs these
calculations much faster than symmetric orthogonalization while producing similar re-

sults.
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Figure 3.13: Matrix element of K, between the ground state and first excited state.
Symbols used are the same as in figure ??7. We see that both K-truncation and Trimmed
Sampling produce similar results, while direct discretization of the Hill-Wheeler equations

produces significant errors.
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Figure 3.14: Calculation time for the Ground State Energy, First Excited State energy,
and expectation values of the K, operator for the k-truncation method and direct 6 dis-
cretization using Trimmed Sampling. K-truncation is shown using 'x’ markers, and trimmed

sampling is shown using open triangle markers.
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3.9.4 Signature Projection

For our second example of the Lipkin model, we will try a system much larger than in
the first example. At this scale, symmetric orthogonalization becomes impractical. As a
result, we will instead compare results to nugget regularization. We will also introduce
error though truncation of matrix elements rather than an additional degenerate vector,

and we will make use of different weight conditions.

3.9.4.1 Setup

In the previous example, one of our weight conditions, shown in equation [3.9.3] used the
expectation value of K, in the ground state as a posterior likelihood function. While
there is good physical justification for this, in this example we will instead first project
the system onto basis states which will ensure that (vg|K,|t) = 0 regardless of added
noise. We accomplish this using signature projection.

In the Lipkin model, we define the signature operator as
R — e*iﬂf(o

The signature of an eigenstate is thus 1 if Ky is even, or —1 if K; is odd. The Hamiltonian
contains only terms which raise or lower the quasispin by 2, so these two sectors are
entirely separate. We can use the projection operator,

P=(1+rR)
to project a given state onto one of either positive signature (with » = 1) or negative
signature (with » = —1). For a given state |7), we calculate its projection onto states of

positive or negative signature as

Blr) =190 = 5(17) + 7] = 7)) (3.46)

A

So for an arbitary operator, O, we can calculate matrix values for states from sectors r

and 1’ as
A 1 A A ~ N
WelOW}) = 7 [(T101) +1'{710] = 7)) + {7107y + 10'(~r|O] = 7)]  (347)

Using the result in equation [3.30] we can write the projected Norm operator as

o) [ 5 o ] o] o) |

(3.48)
We can see that when r = —1’, the expression equals 0. We thus have two disconnected
sectors, r = 1" = 1 and r = v/ = —1. Similarly, we can calculate the projected Hamil-

tonian matrix elements from equation [3.39, where we again see that we can divide our

basis into two separate sectors, with r =7 =1 and r =1' = —1.
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3.9 Lipkin Model and Generator Coordinate Method

We now apply equation m to calculate matrix elements of the K, operator, using
equation [3.43] to get

. 10 0—0 0+ 6 0+6 0—0 0+ 6 0 —
(V| Kl = 13 cos( i )1 sin( Ll ) — rcos( i )1 sin( )+ 7' cos( il et sin(—Q‘
(3.49)
Here, we now see that when r = 1/, this equals 0, while it is nonzero only if r = —r’.

The K, operator connects the two sectors of positive and negative signature and is only
nonzero when taken as the transition between two such states. As a result, by using these
projected expressions, we can ensure that the expectation value of K, in any eigenstate

of the Hamiltonian is 0.

3.9.4.2 Updated weight criteria

The weight condition we used for the previous example, in equation [3.9.3] will no longer
work as this condition will always be accomplished by default. However, this does come
with a much small sampling space, as each sector has half the basis states as the system
as a whole. We implement instead several new weight conditions. First, we use the
same convergence criteria that we used for the energies but apply it to the transition of
the K, operator. In addition, we use a more robust method to determine which basis
vectors to exclude for this convergence calculation. Rather than trimming vectors in a
way which keeps the spacing between 6 constant, we instead iteratively find the ground
state for both the positive and negative signature sectors. We then remove the basis
vector in each sector with the lowest overlap with the ground state. This process is more
computationally expensive than just the prescripted method used in the last example,
but because the ground state tends to be sharply peaked, removing equally spaced vectors
could sometimes cause otherwise decent samples to be overly penalized if basis vectors
with a lot of overlap with the ground state were removed.

Next, we use the signature of the ground state and first excited state as a filtering
criteria. By construction, we expect one sector to have signature » = 1 and the other to
have signature » = —1 for all eigenstates of the Hamiltonian. This provides a simple but

effective filtering criteria

wy = e~o((WolRlvo)=1)%—a((n|Rly1)+1)* (3.50)

where |¢)g) and [1)1) are the ground states of the positive and negative sectors, respectively,
and a is a parameter controlling the width of the distribution. This ensures that the

matrix samples maintain signature as a good quantum number.
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Figure 3.15: Possible values of K, transition depending on nugget choice for 2 = 400,

x = 0.5, and 256 basis vectors. Each matrix element is rounded to the third decimal

to introduce error and clearly show the instability. The exact solution is shown with a
horizontal dotted line, while the value of (1| K,|t1) is shown with a solid line. We see that

while large values of the nugget produce increasingly smooth behavior, it does so at the

cost of drastically impairing the accuracy of the calculation. Smaller values of the nugget

are insufficient to correct the instability.
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3.9 Lipkin Model and Generator Coordinate Method

3.9.4.3 Nugget Regularization

As we will be testing systems at a scale which makes symmetric orthogonalization im-
practical, we will instead be comparing results to nugget regularized results. We add
a nugget, a small multiple of the identity, e, to the diagonal of the norm matrices.
This helps to reduce the instability due to the poor conditioning of the norm matrices.
However, it can be difficult to determine an approprate value for €, and it is not easy
to determine the systematic effects this value has on an observable in question. As we
will see in this example, in some cases no value of the nugget is sufficient to correct the
system’s instability.

Figure shows a wide range of possible values for the nugget parameter, €, for a
single value of the coupling, x = 0.5, and = 400. In this case, we see that at small
values of €, the value calculated is both far from the exact value and highly dependent on
the value of €. As € increases, the system eventually becomes more stable with respect to
varying €, but by this point the value of the nugget is already large enough to significantly
altar the value we are attempting to measure. As a result, there is no workable value
of € which we can rely on to correct the instability. As we will see, however, trimmed

sampling is able to successfully correct this error.

3.9.4.4 Results

Using the same parameters we described in the previous section, we now apply trimmed
sampling to this case of the Lipkin model. For this example, we use 256 basis vectors and
introduce error by truncating each matrix element at the third decimal. As we showed
in figure [3.15] there is not a good value for the nugget which provides both good error
correcting and is stable with respect to the choice of the nugget parameter, €. As a
result, we chose a value of 1073, which is slightly in the unstable region but still provides
reasonably accurate results at higher values of the coupling.

In figure [3.16, we show the results for the ground state, which is the ground state in
the sector with positive signature. We see that nugget regularization fails to fully correct
the error, especially at low values of the coupling. Trimmed sampling provides excellent
correction for this case.

We see similar results for the first excited state, which is the ground state of the
negative signature sector. Figure [3.17] shows these results. In this case, we see that the
nugget regularization is again unable to fully correct the error, especially at low values of
the coupling. Trimmed sampling does not have this problem and provides excellent error
mitigation at all values of the coupling.

In figure we show the value of the K, transition between the ground state and
first excited state, which are the two lowest energy states in their signature sectors. We

see that nugget regularization is completely unable to correct the error for low values of
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Figure 3.16: Ground state energy in the Lipkin model with 2 = 400, using 256 basis
vectors to discretize the Hill-Wheeler equations. This is the ground state from the positive
signature sector. The dashed line shows the exact values. Results in open circles show
values after the norm matrix is regularized using a nugget el with ¢ = 10~3. This value
was chosen as it provides a good level of correction and results are not too sensitive to the
value of € near this value. Triangle markers show the ground state energy after applying
trimmed sampling. We see much better performance from trimmed sampling than we do

from nugget regularization.

56



3.9 Lipkin Model and Generator Coordinate Method

2 =400 First Excited State

-180 1
EEl L L e
T ‘H‘a N
220 o
‘R T
LWl -240 .
"E’.\
-260 A
———Exact Energy e
\‘
© Direct Hil-Wheeler with Nugget “ e
-280 : : N
¥ Trimmed Sampling ‘o
_300 1 1 | 1 1
0 0.5 1 1.5 2 2.5
X
Figure 3.17: First excited state energy of the Lipkin model with Q = 400, using 256 basis
vectors. This is the ground state from the negative signature sector. Symbols are the same
as figure As with the ground state, we see that trimmed sampling performs much
better than the nugget regularization.
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Figure 3.18: Transition strength of K, between the ground state, [10), and first excited
state, |11), which are the lowest energy states in their respective signature sectors. The
exact value is shown as a dotted line. Results using nugget regularization are shown with

open circles. Trimmed sampling results are shown with triangle markers.
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3.10 Non-Sensitivity to User Choice

Fourth Order Fifth Order
5L
o " e 0 1 A A 1 0 A A 1
| it i
_________________________ 1 [T T T
— — - Noiseless EC £ Raw Dala — — - Noiseless EC £ Raw Data
o Noisy EC § Trimmed Sampling o Noisy EC § Trimmed Sampling
% Ridge Regression * Ridge Regression
05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Cutoff Ratio Cutoff Ratio

Figure 3.19: Comparison of various choices for the cutoff ration, C, for the Bose-Hubbard
model example. Results for fourth order calculations are presented in the left panel, and

results for fifth order calculations are presented in the right panel.

the coupling, while trimmed sampling performs well for all values of the coupling and is
able to correct the error to values much closer to the exact values.

At large system size, symmetric orthogonalization becomes impractical due to the
computational scaling. Trimmed sampling and nugget regularization both remain appli-
cable at large system scales, but nugget regularization is unable to fully correct errors
in this case. We see that the nugget choice can have drastic effects on the results, and
in some cases no value of the nugget provides good error correction. Trimmed sam-
pling is able to correct the error in this cases much better than nugget regularization,
and remains fast and practical well beyond the point where symmetric orthogonalization

becomes impractical.

3.10 Non-Sensitivity to User Choice

To ensure that the trimmed sampling results are not biased by user choice, we present
here several sensitivity studies. The choices for various parameter and functional forms in
the previous examples were selected due to simplicity, but they might appear arbitrary.

We will show here that the final results are not sensitive to these choices.

3.10.1 Cutoff Ratio

We will begin by looking at the sensitivity of our commonly used filtering criteria, fig.
3.7 We examine the case in the Bose-Hubbard example where the coupling strength
U/t = —4. We chose this coupling strength as it lies beyond the avoided level crossing
and we observe large differences between the methods presented. We vary the convergence
ratio parameter, C, over the range from 0.2 to 5. These results are plotted in fig. [3.19]

We see that, provided the convergence ratio is not overly restrictive, the value of the
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Figure 3.20: Calculation of energies for the Bose-Hubbard model using a Gaussian form
for the likelihood function. Results for fourth order calculations are presented in the left

panel, and results for fifth order calculations are presented in the right panel.

cutoff ratio has only limited impact on the results. In cases where C'is very small, we are
systematically biasing the posterior probability so much that the reported error bars are
significantly smaller than deviation from the exact result. However, when the value of C'
is not very restrictive, we see that the result does not vary, and the error bars correctly

capture the actual deviation from the exact result.

3.10.2 Functional Form

The functional form in fig. was selected due to its simplicity, but several other
potential functional forms may appear equally valid. We show here several example
functional forms and see that while very poorly suited functions may produce noticeably
worse results, all results still show substantial improvement over ridge regression and the
noisy case. For each of these examples, parameters match those presented previously
for the Bose-Hubbard model solved using eigenvector continuation, with the only change
being the functional form of the cutoff for the convergence ratio.
In figure [3.20, we show results using a Gaussian cutoff function of the form

2
Cinax

fC(H7N) =e <2

The exact normalization of these functions is unimportant as these normalizations cancel
out when we take the weighted median. We see that the 14th and 86th percentile marks
shift somewhat relative to the exponential form presented previously, but the results are
qualitatively the same. The Gaussian form goes to 0 much faster than the exponential
form for large ()4, sO a narrower distribution of matrix pairs is accepted, and so the
roported error bars are somewhat smaller than the deviation from exact results.

In figure[3.21] we show the results from using a linear-times-exponential function with

the form

_ Cmazx

fC(HaN):Cmacce ¢
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Figure 3.21: Calculation of energies for the Bose-Hubbard model using a linear-times-
exponential form for the likelihood function. Results for fourth order calculations are pre-
sented in the left panel, and results for fifth order calculations are presented in the right

panel.
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Figure 3.22: Calculation of energies for the Bose-Hubbard model using a rational function
form for the likelihood function. Results for fourth order calculations are presented in the

left panel, and results for fifth order calculations are presented in the right panel.

Again in this case, we see that the 14th and 86th percentile marks have shifted, in this case
they have widened, but the qualitative results are still very similar to the exponential case.
This functional form has a peak at C' rather than 0, as the other functions presented here
do. Its behavior is somewhat worse than in previous examples, but still shows substantial
improvement over the noisy case and ridge regression. This functional form makes little
sense in this context, but is presented to show that even a poorly suitd functional form
still shows substantial improvement.

In figure [3.22] we show the results of the Bose-Hubbard calculation again, this time

using a functional form for the cutoff of a reciprocal linear function,

1

HN)=—"—
fC( ) 1_'_ Crgaz

The results from this test are comparable to the others presented, but as this function is

not exponentially damped at large values of ()., the error bars indicate a much wider
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Figure 3.23: Calculation of energies for the Bose-Hubbard model using a rectified sinc
function form for the likelihood function. Results for fourth order calculations are presented

in the left panel, and results for fifth order calculations are presented in the right panel.

posterior distribution. It still shows improvement over the noisy EC and reidge regression.

Finally, in figure |3.23] we use a rectified sinc function likelihood facter of the form

] Crazx
fo(H, N) = max (—Slg C ,O>

This function form has no physical justification in this case, and is presented to show
that even with very poor choice of functional form we still see significant improvement
over the noisy EC and ridge regression.

While the function form of the likelihood function does have an effect on the results, in
particular on the edges of the posterior distribution, we see that the effect of user choice
on the likelihood function is minimal, and still allows trimmed sampling to perform well
despite particularly poor user choices. In some examples, we use varying functional forms,
but as the results are not impacted significantly these functional forms are typically
chosen for ease of sampling. For the Figenvector Continuation example on the Bose-
Hubbard model, we chose the exponential form because it is simple, not overly restrictive,

exponentially damps large values of C,,,., and is easy to sample.

3.11 Conclusion

Trimmed sampling provides a simple and scalable approach to error mitigation of noisy
generalized eigenvalue problems. By weighting sample systems by physics informed like-
lihood functions, we are able to determine values of a given observable are possible and
likely within our given physics constraints. Understanding this distribution allows us
to significantly reduce the effects of errors on sensitive systems and can have significant
applications in any noise sensitive inverse problem.

In the first model, we were able to correct an extremely sensitive application of eigen-

vector continuation to the Bose-Hubbard model. While even tiny error relative to the
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matrix elements was sufficient to render the results for the ground state energy unusable,
we were able to use extremely simple filtering criteria with trimmed sampling to correct
the majority of the error and get a sense of the range of possible physical values.

In the second example, we introduced noise to the generalized eigenvalue problem
produced by solving the Heisenberg chain model using Euclidean time projection. Despite
this noise again causing the results to become unusable, we were able to recover the
correct behavior and produce accurate results. We were also able to extend the method to
calculations of a chosen spin observable, showing that trimmed sampling is reconstructing
not just the eigenvalues of the generalized eigenvalue problem but also its eigenvectors.

Finally, in the third example we showed that trimmed sampling can be applied at
a much greater scale than symmetric orthogonalization and performs better than ridge
regression by applying trimmed sampling to solutions of the Lipkin model produced using
generator coordinate method. By implementing several improvements to the original
algorithm, we were able to increase its convergence time substantially and produce strong
results even on extremely large and sensitive generalized eigenvalue problems.

Trimmed sampling is an algorithm which allows us to sample the distribution of
physically realizable states that can emerge from a generalized eigenvalue problem. By
sampling and understanding this distribution, we are able to substantially reduce the

effects of noise which may otherwise render the results unusable.
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4

Projected Cooling

4.1 Overview

The quantum many-body problem is a challenge which arises in nearly all branches of
quantum physics with far reaching applications, such as ab initio methods for nuclear
structure and reactions (40, 41]), strongly coupled electrons, degenerate atomic gassis,
and interacting relativistic quantum fields. Many of these problems are difficult to treat
on a classical computer architecture, but quantum computing provides a new computing
paradigm with the potential to overcome the significant difficulties present in classical
calculations of the quantum many-body problem.

Quantum algorithms allow arbitrary superpositions of products of qubits, allow-
ing them to store exponentially more information than classical bits without requiring
stochastic sampling, alleviating some of the difficulty when scaling classical simulations
to large quantum systems. However, this increased efficiency currently comes at the cost
of short decoherence times and significant readout errors. To mitigate these errors, we
must develop quantum algorithms which are robust against noise without.

Many methods currently exist to calculate the ground state of a given Hamiltonian on
a quantum computer, such as quantum phase estimtimation (42],43), quantum variational
methods(27, [44]), quantum adiabatic eveolution(45], 46), spectral comb techniques(47),
resonance transition enhancement(48)), coupled heat bath approaches(49) 50), and dis-
sipative open-system methods(51, 52). Each of these methods have difficulty reaching
reliable accuracy for Hamiltonians of interest. We therefore introduce the projected cool-
ing algorithm to address the need for an efficient and accurate method to calculate the
ground state of a Hamiltonian of interest.

Projected cooling works as a quantum analog of evaporative cooling. Rather than
beginning with hot gas molecules, we begin with some initial state |¢);) which has cupport
over a compact region, called p. We then drive the excited quantum states to disperse
away from p, leaving only the lowest-lying states behind in the compact region. We

can then measure the remaining wave function left behind in p. In this way, projected
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cooling can construct the localized ground state of any Hamiltonian with a translationally-
invariant kinetic energy provided all interactions go to zero at large distances.
We will consider three models which we call 1A, 1B, and 2.

4.2 Model 1

For models 1A and 1B, we begin with a Hamiltonian defined on a one dimensional chain
of 2LL+1 qubits labeled n = —L,--- , L. We consider the vacuum state to be the state
where all qubits are in the |0) state and define particle excitations as qubits in the |1)
state. For example, if qubit 7 is in the |1) state, then we can say that there is a particle at
site n. This is analogous to a spatial lattice formalism which is commonly used in classical
computing methods, such as lattice effective field theory calculations of nuclear and cold
atomic systems (53], 54). In this language of second quantization, the number of particles
is equal to the number of |1) qubits. However, as all systems we will consider have
particle-number conserving Hamiltonians, it will be more convenient to use the language
of first quantization where particle number is fixed and to use spatial wavefunctions of

such states.

4.2.1 Model 1A

Let us consider the one particle subspace, where |[n]) is the tensor product state where
qubit n is |1) and all other qubits are in the |0) state. In this subspace, we define our
Hamiltonian as H = K +V with ([n']|H|[n]) = Ky n~+ Vadn n, where 6; ; is the Kronecker
delta function. The kinetic energy term K, = 0,y — %571/,”“ - %6%”_1 is derived from
the finite difference and Vj, is the single-particle energy on site n. For model 1A, we will
consider a ’spiked’ attractive potential, with V,, = —dy,. We define a compact region p
to correspond to the qubits n = —R,--- , R with R < L. The compact region p must
have a volume that is small compared to the volume of the total system. We now define
the operator P as the projection operator which projects a given state onto the subspace
where all particle excitations are contained entirely within p. P can be constructed
explicitly as a product of |0)(0| over all qubits outside of p, so that P|[n]) = 0 for |n| > R
and P|[n]) = |[n]) for |n| < R. This will allow us to eliminate the higher energy states
which escape from the compact region.

Let |¢g) be the ground state of H. For model 1A, the ground state, |1g), is localized in
position space, bound, and is the only bound state of H. All other states are continuum
states and so extend to infinity in the limit L — co. We use dimensionless quantities and
set h = 1, so our time evolution operator is defined as U(t) = e "¢, Projected cooling
works because in the limit L — oo, the projected time evolution operator PU(t)P has a

stable fixed point proportional to P|i). As the time operator U(t) acts on an arbitrary
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Figure 4.1: Stable fixed point for Model 1A. The normalized overlap O(t) is shown between
the exact wave function and the evolved wave function over the interior region p versus time
t for model 1A. These results show five random initial states, and we see that all approach
O(t) =1 for large t.

state Plir), excited continuum states leave the compact region p and are projected out.
In the limit of large ¢, therefore, the only part of the wavefunction which remains when
projected by P is from the bound state |1)y). This assumes that the initial state is not
orthogonal to the bound state wavefunction, in which case the signal would go to 0 at large
t. This behavior is exhibited by any Hamiltonian with translationally-invariant kinetic
energy, interactions which vanish at large distance, and exactly one localized bound state.
If P|v;) has well-defined quantum numbers associated with an exact symmetry of H, then
the fixed point property applies to cases where exactly one localized bound state exists
within the symmetry sector of interest.

To evaluate the success of the method, we define a normalized overlap of two states |z)
and |y) to be |(z|y)/+/(z[z)(y|y). Let O(t) be the normalized overlap between P|¢) and
PU(t)PJ4r). In figure .1 we show this normalized overlap O(t) for five random initial
states, |¢r), versus time ¢ for model 1A. These states are chosen randomly to demonstrate
that the fixed point behavior is universal and not overly dependent on initial conditions.
For this example, we take R = 5 with a large enough box to prevent reflection waves
returning from the boundary. In all cases, the normalized overlap approaches O(t) = 1,
signifying that the evolved wave functions approach [¢) at large ¢ and that P|iy) is a
fixed point.

We apply the projection operator P only at the end of the time evolution, and the
probability of measuring a non-zero signal is determined by [{1|P|;)|?, the squared

overalap of the initial and ground states. This signal efficiency is independed of the
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projection time and relies on the quality of the initial wave function. For this reason,
smooth initial wave functions, such as a Gaussian wave packet, in the compact region are
often reasonable choices.

Projected cooling is also able to calculate a given observable of interest, O. Let us
say that O, is the same observable restricted to the region of interest, p. The projection
operator, P, amounts to simultaneously measuring the Pauli-Z operator on each qubit
outside the inner region, p, with each qubit collapsing to either |1) or |0). We can then
record the measurement of O, if and only if we find that each exterior qubit has collapsed
to the |0) state. In systems with many particle excitations, we can instead record the
measurement of O, when the number of exterior |1) qubits is lower than some small

number, ¢, times total particle number.

4.2.2 1B

In cases where we wish to apply projected cooling to a Hamiltonian with more than one
bound state, we can make use of adiabatic evolution. If we are interested in the ground
state of a Hamiltonian H, we can define a time dependent Hamiltonian H (¢) such that its
initial stage is a Hamiltonian with only one bound state, but which has good overlap with
the ground state of the final Hamiltonian H. We can achieve this by scaling the kinetic
energy operator by a factor greater than 1, until all bound states are pushed into the
continuum. This augmented kinetic energy operator also accelerates the time evolution at
early times, requiring fewer quantum gate operations per qubit. Once projected cooling
has produced a state |¢)(t)) which closely tracks the ground state of H(t), we can use
adiabatic evolution to gradually reach the ground state of our desired Hamiltonian, H.
We will now consider model 1B, defined in the same way as model 1A but we now
take V,, = —1.60p,, — 1.5(62,n + 93,,) — 1.49_5,,. This change produces a Hamiltonian
with 4 bound states. We will first compute the results using the full time evolution
operator, U(t,t—At) = e " H"A We can also use the Trotter approximation to break the
Hamiltonian into pieces, H = A+ B+ D+V where A, , is the off-diagonal component of
K,y », when min(n', n) is even, B,y , is the off-diagonal component of K, , when minn',n
is odd, and D, , is the diagonal part of K, ,. The Trotterized time evolution operator

—iA(t)At o —iB(t)At o —iD(AL,—iV()AL - T ghow the effect of stochastic noise on the

is thus e
time evolution, we multiple each component of the evolved wavefunction by a factor 1+ z
after each time step, At, where z is a complex Gaussian random variable centered at zero
with root mean square values of €/4/2 for real and imaginary parts.

For the adiabatic evolution, we start with an initial Hamiltonian H; = V. We take
the ground state of H;, a point-like wave function |¢1) = |[0]), as our initial state. For
the projected cooling calculation, the initial state has more freedom and can be any state

contained within the region p. For projected cooling, we use the same point-like wave
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0 10 20 30 40 0 10 20 30 40

Nt Nt
----- AE, full evolution, point initial, error = 0 ===== AE, full evolution, point initial, error = 0

= AE, Trotter evolution, point initial, error = 0

& AE, Trotter evolution, point initial, error = 0.05
=== PC, full evolution, point initial, error = 0
= =PC, Trotter evolution, point initial, error = 0

& PC, Trotter evolution, point initial, error = 0.05
-------- PC, full evolution, spread initial, error = 0
==-==PC, Trotter evolution, spread initial, error = 0

¢ PC, Trotter evolution, spread initial, error = 0.05

= AE, Trotter evolution, point initial, error = 0

& AE, Trotter evolution, point initial, error = 0.05
===PC, full evolution, point initial, error = 0
= =PC, Trotter evolution, point initial, error = 0

& PC, Trotter evolution, point initial, error = 0.05
-------- PC, full evolution, spread initial, error = 0
=-==PC, Trotter evolution, spread initial, error = 0

& PC, Trotter evolution, spread initial, error = 0.05

Figure 4.2: We show the normalized overlap O(t) between the evolved wave function
and the exact wave function over the interior region p versus the number of time steps V;.
Results from model 1B are on the left, and results from model 2 are on the right. AE is
adiabatic evolution and PC is projected cooling. Full evolution denotes time evolution using
the full time-dependent Hamiltonian at each step, while Trotter evolution denotes using the
Trotter approximation. Point initial indicates that the initial state is the point-like initial
state, \1&}), while spread initial indicates that the initial state is the spread out state \¢%>

The quoted error is the value of the parameter € in the noise added.
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4.3 Model 2

function in addition to the smeared wave function [¢)? = 0.75|[0]) + 0.43(|[1]) + [[-1])) +
0.26(|[2]) + |[=2])). We show the normalized overlap O(t) between the evolved wave
function and the exact wave function in the interior region p versus the number of time
steps, IV, for model 1B in the first panel of figure 1.2l For this test we take R = 5,
L = 25, and the time step At = 0.3. This corresponds to an 11 dimensional inner region,
p, in the one-particle sector.

We see that Adiabatic evolution has significant difficulties with finding the ground
state and achieves no greater than 0.35 overlap with the target ground state. Projected
Cooling performs much better, achieving an overlap of at least 0.94 in 40 or fewer time
steps for all cases, even when errors due to the Trotter approximation and stochastic

noise of size € = 0.5.

4.3 Model 2

For Model 2, we consider a Hamiltonian defined on two linked one-dimensional chains of
2L+1 qubits each, ny = —L,--- ;L and ny = —L,--- , L. The vacuum state is defined in
the same was as with model 1, as the tensor product state where all qubits are |0). We
will consider the two-particle sector and define |[ny, ns]) as the tensor product state where
qubin n; on the first chain is |1) and qubit ny on the second chain is also |1), with all
other qubits as |0). We define the interior region p as the sites where max(|n4|, |ns|) < R
with the values R =5, L = 25, and At = 0.3. We now have an interior region with 121
dimensions in the two-particle sector.
The Hamiltonian has the form H = K +V + W with

([nf, n5]|H|[n1,mal) = Kn’l,nléng,ng + Kné,mén’l,m + (Vay + Vi, + Wm,nz)(sn’l,mén’g,nz

where the kinetic energy term K, , is the same as in Model 1. For the interactions, we
take V,, = —1.000,, + 0.201, — 0.9(0p, + 03,) — 0.30_1,, for the single particle energy
and W, n, = —0.20,, », for the two-particle interaction. This model has four localized
bound states which remain within the region p. For adiabatic evolution, we will use the
point-like initial state |1)}) = |[0,0]). For projected cooling, we consider both [¢%) and

the smeared initial state
[¥7) = 0.81][0,0]) +0.30 (|[1, 0]) + |[1,0]) + |[0, 1]) + |[0, —1]))
For the Trotter approximation, we split the Hamiltonian into the pieces
H=AN4+ BN+ AB + BRIy D4V 4+ W

where Agl n, is the off diagonal part of the kinetic energy for particle ¢ when min(n}, n;)
is even, B s the off-diagonal part of the kinetic energy of particle ¢ when min(n}, n;)

551
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4.3 Model 2

projected cooling 9

Figure 4.3: The exact ground state wave function in the interior region of Model 2 is
shown in the left most panel, A. Panel B shows the wave function obtained via 40 time
steps of adiabatic evolution. The right panel, C, shows the wave function obtained by
projected cooling after 40 time steps. For each of these, we use R = 5, L = 25, and the
time step At = 0.3.

is odd, and D is the diagonal part of the kinetic energy. We will call the static, time-
independent operators as H, K,V etc.

For the adiabatic evolution from initial time ¢ = 0 to final time ¢t = ¢y, we use the
time dependent Hamiltonian

t - _ _
f

For the projected cooling, we use the time dependent Hamiltonian
H(t) = (10K — H)exp(—t/3.6) + H

and the Trotterized time evolution operator is

U(t,t . At) _ e—iA[l] (t)Ate—iB[l](t)Ate—iA[Q] (t)Ate—iBP] (DAL, —iD(t)AL ,—iV ()AL ,—iW () At

The right panel of figure shows results of the normalized overlap O(t) between
the evolved wave function and the exact wave function in the interior region p versus the
number of time steps, Ny, for Model 2. As with model 1B, we see that standard adiabatic
evolution has difficulties finding the ground state, and does not achieve an overlap greater
than 0.24. Projected cooling provides a significant improvement, achieving an overlap of
at least 0.85 in 40 time steps or less for all cases, even with errors from the Trotter
approximation and stochastic noise of size € = 0.5.

In Figure 4.3}, we show a direct comparison of the wafe functions obtained by projected
cooling and adiabatic evolution to the exact ground state in the interior region of Model
2. For these we use the spread initial state [¢)?) for projected cooling, full time evolution,
and error € = 0. The wave function obtained using projected cooling is significantly closer

to the exact wave function than the wave function obtained using adiabatic evolution.
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4.4 Conclusions

4.4 Conclusions

The results presented from these models show significant improvement over other meth-
ods, such as adiabatic evolution, and are typical of the performance that can be obtained.
The fixed point properties of projected cooling when H (¢) has only one bound state means
that the method is flexible, efficient, and resistant to small errors. Given a Hamiltonian
with a translationally-invariant kinetic energy term and interactions which go to 0 at
large distances, projected cooling is able to construct a localized ground state efficiently

and accurately.
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5

Conclusions

In this thesis, we presented the theory used to develop two algorithms which have promis-
ing applications in nuclear physics. We showed these algorithms and presented significant
results. The first algorithm we looked at is the trimmed sampling algorithm. We applied
this algorithm to three different models and found strong results in each. In the case of
the Bose-Hubbard model, we saw that while eigenvector continuation produces excellent
results without noise, when we introduced noise to matrix elements by truncating the
precision of the digits the accuracy of the results was no longer sufficient to reconstruct
the behavior of the exact solution. We applied trimmed sampling with relatively simple
filtering criteria and saw a substantial improvement in the quality of the results. In the
next example, we looked at the Heisenberg chain model. In this case, noise was intro-
duced as a small gaussian noise on each matrix element. Without altering our selection
criteria, we again corrected the inaccuracy caused by this noise to a much greater de-
gree than ridge regression, and also saw its ability to improve the accuracy of not only
energy eigenvalue measurements but matrix elements as well. Finally, with some addi-
tional improvements we showed that on a large generalized eigenvalue problem produced
using generator coordinate method on the Lipkin model, with error introduced through
truncation, we again reconstructed the behavior of the energy and the matrix elements
of operators.

Next, we looked at the projected cooling algorithm and tested it on three models.
We saw that when calculating the ground state of these systems the projected cooling
algorithm performed much better than other common methods. Projected cooling is a
flexible and versatile method and is resistant to small errors, making it highly suitable
to quantum computing.

This thesis presents these two algorithms with the intent that they will prove useful
in future developments in the field of nuclear many-body physics and other applications

where they may become useful.
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