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ABSTRACT

Zhouyou Fan

Parton distribution functions (PDFs) are important to characterize the
structure of the hadron and nonperturbative QCD. Quark structure of nu-
cleon and pion has been studied in detail during the past few decades.
Gluon structure is also important but less studied. The gluon PDF dom-
inates at small Bjorken-z, and its error at large x is large compared to
the valence-quark PDF's. Gluon nucleon and pion PDFs are mostly stud-
ied by global analysis of experimental data. Theoretically, lattice QCD is
an independent approach to calculate the gluon PDF. We present the ex-
ploratory study of nucleon gluon PDF from lattice QCD using quasi-PDF
approach with valence overlap fermions on the 2 4+ 1-flavor domain-wall
fermion gauge ensemble. The quasi-PDF matrix elements we obtain agree
with the F'T of the global-fit PDF within statistical uncertainty. We further
study the x-dependent nucleon and pion gluon distribution via the pseudo-
PDF approach on lattice ensembles with 24141 flavors of highly improved
staggered quarks (HISQ) generated by MILC Collaboration. We use clover
fermions for the valence action and momentum smearing to achieve pion
boost momentum up to 2.56 GeV on three lattice spacings a ~ 0.9,0.12
and 0.15 fm and three pion masses M, =~ 220, 310 and 690 MeV. We com-
pare our pion and nucleon gluon results with the determination by global

fits.
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Chapter 1

Introduction to Parton distribution

functions (PDF's)

Parton Distribution Functions (PDFs) represent the probability density
to find a parton carrying a momentum fraction x at energy scale u, where
the parton is quark or gluon inside a hadron. PDFs are important in-
puts for the calculations of hadron interaction, i.e. the strong interaction,
one of the four fundamental forces. Therefore, the accuracy of the PDFs
determines the accuracy of these calculations.

Gluons play an important role in binding quarks and the generation
of most of the mass of light quark hadrons through the mechanism of
dynamical breaking of chiral symmetry (DCSB). The gluon nucleon spin
and momentum fractions are about 35 — 50% at 2 GeV scale [28] 29] 30].
In current PDF analyses, gluon PDF dominates at low-x region especially
at large scale p. Gluon PDF g(x) contributes to the next-to-leading order
(NLO) in the deep inelastic scattering (DIS) cross section, and enters at

leading order in jet production [31], 32]. To calculate the cross section for
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these processes in pp collisions, g(x) needs to be known precisely. In this

thesis, we mainly focus on the unpolarized nucleon and pion gluon PDFs.

1.1 unpolarized nucleon gluon PDF's

2.0 il il T T T 2-0 T T T T
CTI8 at 2 GeV CT18 at 100 GeV
s —s
15} —efs . 15} — 95
—Q —u
—d 5 —d
—a Y —d
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b
0.5 0.5
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Figure 1.1: The CT18 unpolarized nucleon PDFs for u,u,d,d,s = 3, and g at Q =2
GeV and Q=100 GeV. The gluon PDF g¢(z, Q) has been scaled down as g(x,Q)/5. This

figure is taken from reference [2].

With the increasing high-precision measurements from LHC, RHIC,
Tevatron, Jefferson Lab and HERA, quark distributions are now well-
determined with only few-percent level in many cases. However, gluon
PDFs still have relatively large uncertainties because of the limited ex-
periments in constraining them. In the unpolarized gluon PDF case, it is
now constrained by the inclusion of processes such as inclusive jet produc-
tion [33], top-quark pair distributions [34} 35], and direct photon produc-
tion [36], inclusive deep-inelastic scattering (DIS) [37], D-meson produc-
tion [38, B9], and the transverse momentum of Z bosons [40]. Although
there is experimental data, e.g. top-quark pair production, which con-
strains g(x) in the large-x region, and charm production, which constrains
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g(x) in the small-z region. g(z) is still experimentally the least known
unpolarized PDF because the gluon does not couple to electromagnetic
probes. The future U.S.-based Electron-Ion Collider (EIC) [41], planned to
be built at Brookhaven National Lab, will further our knowledge of gluon
distribution [42, 43]. The Electron-Ion Collider in China (EicC) [44], is
also aim at contributing to the gluon distributions.

Currently, the global analysis of experimental measurements is the main
approach to determine the PDFs. There are different collaborations have
released their analyses of nucleon PDF's, including the unpolarized nucleon
gluon PDF which of interest in this paper. The updated global analyses
PDF sets are CT18 PDF [2], NNPDF [45], and the MMHT14, ABMP, CJ,
JAM, HERAPDF sets [46], 14| 16, 47, 48]. We show the PDF set from
CT18 in Fig. [1.1] Different flavor quark and gluon unpolarized PDFs at
Q=2 GeV or Q=100 GeV are shown in same plot. Since the gluon PDF
g(z, Q) has been scaled down as g(x,Q)/5 to fit with other quark PDFs
in Fig. [T} it is easy to see that the gluon PDF's are dominated at small-x

region, especially with larger energy scale.

1.2 pion gluon PDF's

Global analyses of pion PDFs mostly rely on Drell-Yan data. The early
studies of pion PDFs were based mostly on pion-induced Drell-Yan data in
conjunction with J/v¢-production data or direct photon production data
to constrain the pion gluon PDF [49] 50, [51], 5, 52]. There are more recent

studies, such as the work by Bourrely and Soffer [53], that extract the
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Figure 1.2:  Comparison between the pion PDFs from the determination by xFitter
collaboration [3] the JAM collaboration [4], and the GRVPI1 pion PDF set [5]. This figure
is taken from Fig. 3 in Ref. [3].
pion PDF based on Drell-Yan 77 W data. JAM Collaboration [4, 24] uses
a Monte-Carlo approach to analyze the Drell-Yan 7 A and leading-neutron
electroproduction data from HERA to reach the lower-x region, and re-
vealed that gluons carry a significantly higher momentum fraction (about
30%) in the pion than had been inferred from Drell-Yan data alone. The
xFitter group [3] analyzed Drell-Yan A and photoproduction data using
their open-source QCD fit framework for PDF extraction and found that
these data can constrain the valence distribution well but are not sensi-
tive enough for the sea and gluon distributions to be precisely determined.
The analysis done Ref. [54] suggests that the pion-induced J/¢-production
data provides an additional constraint on pion PDF's, particularly in the
pion gluon PDF in the large-x region.

The pion valence- and sea-quark, gluon PDFs from xFitter collabora-
tion [3] the JAM collaboration [4], and the GRVPI1 pion PDF set [5] are
compared in Fig. [I.2] Similar to the nucleon PDFs case, pion gluon PDFs

are dominated at small-x region. The valence-quark PDF's have the small-



est relative errors among all the three plots, which indicates that they are
better determined. Ultimately, the pion valence-quark distributions are
better constrained than the gluon distribution from the global analysis of

experimental data.



Chapter 2

Lattice QCD

2.1 The continuum QCD

Lattice gauge theory is the main numerical tool to study the nonpertur-
bative properties of QCD suggested by K. G. Wilson [55], which is a non-
perturbative implementation of field theory using the Feynman path inte-
gral approach by introducing a finite lattice spacing and finite lattice size.
Space-time is discretized and the path integral becomes finite due to the
finite size. This discretization introduces deviations from continuum QCD
calculations. Such deviations vanish when the lattice spacing is taken to
zero, which is referred as the continuum limit. We introduce QCD starting

with its Lagrangian in the continuum Minkowski space-time,
EQCD—Z¢f mféag @Df ——ZF’W :C (2.1)

where Greek letters «, 3, i, and v are spinor indices, a is the color index,

N, = 3 is the number of colors for QCD and m; is the quark mass with



flavor f. The first and second terms in the right hand side are the fermion
and gluon Lagrangians, respectively. The covariant derivative /) and the

field strength tensor F),, are,

. A
D =1(0,, — zg?Au)’y“ (2.2)
Ff, =8,A% — 9,A% + gf*™ AL A, (2.3)

where A and Y§ are the gauge and quark fields, g is the bare coupling
constant, A* are the generators of SU(N.), and f,. are the corresponding

structure constants.
The Euclidean Lagrangian Lz QCD is transformed from Eq. by

substituting ¢t — &7,

Chop =LE, + LF

gluon fermion

1 y a “a E
=1 Y E (@) (@) 4+ Y 0 @) Bas + mgbap) () (24)
a f
where the Euclidean covariant lDE is,
D = 4FDF = (9, +ig2e Aty F 2.5
_r)/,u H_(M—i_zg? ’UJ)fY/L ()

where the fyf and )\, are the Euclidean Dirac matrices and SU(Nc¢) gen-
erators.

The partition function in Euclidean space-time is,

7 = / DA, Dy Dipe S (2.6)

where the Euclidean QCD action S¥ is,

St = / d'zLEep (2.7)



The thermal expectation value of physical observables can be obtained

by,
~ JT,DALILY DD O exp(—SF)

J T DAL Dy Dijy exp(—SFE)

In practice there are two approaches to evaluating the physical observ-

(2.8)

ables in QCD. One approach is to use perturbative methods to do the
calculation when the strong coupling constant ay is small in high energy
or short distance interactions. Another approach is lattice gauge theory
which regularizes on a four-dimensional discretized Euclidean space-time.
The infrared and ultraviolet momentum cut-offs are introduced by the
finite lattice size L3 x T and lattice spacing a, which are m/L and 7/a re-
spectively. Equation can be computed via high performance computer
because it becomes multiple integrations. A consequence of lattice gauge
theory is that the Lorentz symmetry is lost. Since all the symmetries are
restored in the continuum limit, to recover the real physics, we remove the
discretization by taking the continuum limit a — 0, L — oo and T" — oo.

In the following sections we will briefly review the discretized version
of the fields, the correlation functions, and the nonperturbative renormal-

ization on the lattice.

2.2 The formulation of Lattice QCD

On the lattice, the gluon fields are defined as the links between lattice
sites and the fermion fields are defined on the lattice sites. We will discuss

them in detail in Sec. 2.2.1] and Sec. 2.2.2l



2.2.1 Gauge actions

The original gauge action was introduced by Wilson in Ref. [55], 56]. The
Wilson gauge action can be formed by the summation of the trace of the
smallest closed loops on all lattice sites,
SalU] =83 Y tr(1 NicRePW) (2.9)
z p<v
where the inverse the coupling 8 = 2N./g?, ¢ is the bare gauge coupling

on the lattice, P is the plaquette representing the smallest closed loop,
Py = Up(x)Up(z + a/fL)U/]:(x +ap)Ul(x). (2.10)

The wilson link U,(z) is related to the continuum gauge fields A,(x)
through,
U,(z) = el®9du@tn/2), (2.11)

Based on the above Wilson gauge action construction, the leading correc-
tion is O(a?) in the continuum limit by taking a — 0. There are many
different improved actions which have less discretization errors.

To improve the gauge action, we write down an effective action which
describes the behavior of Wilson’s form of lattice QCD at finite a. Follow-

ing [1, 2, 5-7] we write the effective action in the form,
SeIt — / A2 (L0(z) + aLl(z) + a2L2(x) + ..., (2.12)

where LY is the usual QCD Lagrangian, the terms L*, k > 0 are the
additional correction terms which are built from products of quark and

gluon fields with dimensions d = 4 + k. The leading correction term



L' can be written as a linear combination of the following dimension-5

operators,

L% (.7;) :QZ(LU)UMVFMV(@)QMJJ);
Lh(w) =0(2) Bo(2) B (@) () + () D (@) D)),

L(x) =mtr[F () Fu (@),

L) =m((@) 5, D p(@)i(x) — )y, D ul(x)ib(x)),
Li(x) =m*P(x)i(x). (2.13)

This list of operators may be further reduced by using the field equation

(vuD,, +m)y = 0, which gives rise to the two relations

Li—Ly+2L; =0,

Li+L}=0. (2.14)

These relations may be used to eliminate the terms L3 and L} from the set
of operators. Thus it is sufficient to work with only the terms Li, L and
L. For O(a) improvement it is sufficient to add a single term including the
L' terms to the fermion action. Relevant purely gluonic operators appear
only at dimension 6, i.e., they contribute at O(a?). For the improvement
of the gauge action we refer the reader to the original literature, where the
Luscher—Weisz gauge action is presented [57, 58, 59]. The general form of

the O(a) improvement of the gauge action,
Se = /d4x(L0(3:) + e Ly(2) + e3Ly(x) + esLi(2)), (2.15)

One-loop Symanzik improved gauge action is introduced by K. Symanzik
in the book [60], where the corresponding coefficients are co = —1/12,¢3 =

10



0,c5 = 1/2. The "Iwasaki gauge action” introduced by Y.Iwasaki in
1983 [61] has the coefficient ¢o = —0.331. Such gauge actions are adopted
by lattice collaborations to generate lattice ensembles. The MILC col-
laboration [62], 63] and the RBC collaboration [64] utilize the Symanzik

improved gauge action and Iwasaki gauge action respectively.

2.2.2 Fermion action

To discretize the Dirac action, Wilson replaced the derivative with the
symmetrized difference and included appropriate gauge links to maintain

gauge invariance
DY = — Zw v+ 1) = [Ullx — (e —@)]  (2.16)

It is easy to see that one recovers the Dirac action in the limit a — 0 by
Taylor expanding the U, and ¢ (x + fi) in powers of the lattice spacing a,

keeping only the leading term in a,

S Ul + iagAu (e + 5+ )W) + e (@) + )

— (1 —iagA, (:1: — g) +.)W(x) — a (x) + ...)]
= (2)7,(0, + 53 - )Y(2)

2A, + (0,A4)0, + A02) + . J(x),  (2.17)

+igi( )w[Aw 5 (4 r

which is the kinetic part of the continuum Dirac action to O(a?) in Eu-
clidean space-time. Thus one arrives at the simplest, so called “naive”

lattice action for fermions,

M= qu&(x)w x

11



b o SR lUaa)ola + ) — Ul — (e — o)

=Y d(x) My [U] () (2.18)
where the interaction matrix MY is
1
MZ]:;[U] = Mygdij + 2% Z[VuUi,uéi,j—u — W/LU%T*MM&JJFN] (2.19)
I

The Euclidean v matrices are hermitian, vy, = 7;5, and satisfy v, 7, = 20,,.
The naive-quark action has an exact “doubling” symmetry under the

transformation:

() = () =ysy,(—1)" ()

=57, exp(iz,m/a)(x). (2.20)

Thus any low energy-momentum mode t(x) of the theory is equivalent to
another mode t(z) that has momentum p, ~ 7/a, the maximum value
allowed on the lattice. This new mode is one of the “doublers” of the naive
quark action. The doubling transformation can be applied successively
in two or more directions. There are 15 doublers because of the four
dimensions.

It is not possible to construct a lattice fermion action that is ultra local,
has chiral symmetric and the correct continuum limit, and undoubled at
the same time. There are several improved fermions that solve the doubling
problem. The Wilson fermion [55] solves the doubling problem but breaks
chiral symmetry. Staggered fermion also solves the doubling problem but
brakes taste symmetry. Ginsparg-Wilson fermion extends chiral symmetry.
This fermion action is local but not ultra local, which means it is still

12



universal as the Wilson fermion.

Staggered Fermion

The staggered-quark discretization of the quark action is equivalent to
the naive discretization of the quark action. Staggering is an important
optimization in simulations. Consider the following local transformation

of the naive-quark field:

Y(z) = Qa)x(@)  Y(z) = x(z) Q' () (2.21)

where
() = 7. = [[(n)™ (2.22)

and we have set the lattice spacing a = 1 for convenience. (We will use
lattice units, where a = 1, in this and all succeeding appendices.) Note

that
Qz) =,  forn, =z, mod 2; (2.23)
there are only 16 different €2s. It is easy to show that

ay(a) =0 (@) Qe £ ) = (1), (2.24)
1 =Qf(2)Q(z) (2.25)

where 27 = xg + 21 + -+ + x,-1. Therefore, the staggered-quark action

can be formulated by rewriting the naive-quark action as

V(@) (v - A+m)p(r) = x(o)(a(z) - A+m)x(z). (2.26)

13



Remarkably the x action is diagonal in spinor space; each component of
X is exactly equivalent to every other component. Consequently the y

propagator is diagonal in spinor space in any background gauge field:

(X(@)X(¥)x = s(z,y) Lspinor, (2.27)

where s(z,y) is the one-spinor-component staggered-quark propagator.

Transforming back to the original naive-quark field we find that

Sr = (W(@)0W))s = s(z,y) A2)Q(y). (2.28)

This last result is a somewhat surprising consequence of the doubling
symmetry, it illustrates that the spinor structure of the naive-quark prop-
agator is completely independent of the gauge field. This is certainly not
the case for individual tastes of naive quark, whose spins will flip back
and forth as they scatter off fluctuations in the chromomagnetic field. The
sixteen tastes of the naive quark field are packaged in such a way that all
gauge-field dependence vanishes in the spinor structure.

We can introduce such a form factor by replacing the link operator

U,(z) in the action with F,,U,(x), where smearing operator F), is defined

25(2)
Flu — H (1 i a 4P
PFE I

and (5£2) approximates a covariant second derivative when acting on link

by

, (2.29)

symm.

fields as

14



+ Ug(:v —ap) Uy(z —ap) Uy(z — ap + afi)) . (2.30)

Equation [2.29 holds given that 5/82) ~ —4/a* (and F, vanishes) when acting

on a link field that carries momentum ¢, ~ m/a [65].

Smearing the links with F, removes the leading O(a?) taste-exchange
interactions, but introduces new O(a?) errors. These can be removed by
replacing F,, with [66]

2(5 )2
Fu=Fu=> #, (2.31)
PF Ik

where 0, approximates a covariant first derivative:

1
6, Uuz) = -

(Up(x) Un(z + ap) U,;r(l“ + ajfi)

— Ug(x—aﬁ) Uu(z — ap) Uy(z — ap + aji)) . (2.32)

The new term has no effect on taste exchange but cancels the O(a?) part
of F,. Improving the derivative by A, — A, — %Ai, and replacing links
by a?-accurate smeared links removes all tree-level O(a?) errors in the

naive-quark action. The result is the widely used “ASQTAD” action [66],

~ 2
3" (e (Z o (8u0) = ) + m> oo,  (233)
x p
where in the first difference operator,
Vi(z) = FlUu(2). (2.34)

In practice, the operator V), is usually tadpole improved [67]; in fact,
tadpole improvement is not needed when links are smeared and reuni-

tarized [68] [69].
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The doubly smeared operator is simplified if we rearrange it as follows

FH

I

2 2
Fo- ek (gf’) UF, (2.35)
PFE I

where the entire correction for a? errors is moved to the outermost smear-
ing. The highly improved stag- gered quark (HISQ) discretization of the

quark action is

> () (v- DT m) (a), (2.36)
where x
D= A,(W) - %2(1 + ) AS(X), (2.37)
where the difference operators are,
Wu(z) = F'Uy(), (2.38)
and,
Xu(z) =UF Uy(x). (2.39)

The approaches to computing radiative correction to € are discussed in
Ref. [70]. One approach is to adjust e until the relativistic dispersion
relation fulfilled nonperturbatively. Another approach is to compute the
one-loop correction to € using perturbation theory, by requiring the correct
dispersion relation for a quark in 1-loop order.

Staggered fermions are widely used for dynamical simulations due to the
reduced number of degrees of freedom. This property ensures staggered
fermions to be numerically cheaper to simulate while preserving chiral
symmetry. However, a problem is that the action describes four degenerate

16



tastes of quarks, while in a realistic QCD simulation one would like to have
two light mass-degenerate u and d quarks and one heavier strange quark.
Although the conceptual problems are not all resolved, simulations with
staggered fermions have found good agreement with experimental results,

as shown in Refs. 711 [72], [73].

Wilson-like Fermions

Wilson’s solution to the doubling problem was to add a dimension five
operator aryiy, whereby the extra fifteen species at p, = T get a mass

proportional to r/a [55]. The Wilson action is

+ % S D@ U (@) + ) = Ul — )i — )]
_ 27“_& S 0@ U(@)(@ + 1) — 20 (x) + Ufi(x — p)ip(x — )]
= > (@) My (U (=), (2.40)

where the interaction matrix MW is

M5 1U] = 0y + & Z[(T — ) Ui iy + (1 + %)Uj—ﬂ,lﬁz’,jw], (2.41)
i

with the rescalling

1 L (0
- = \/ dr) = —. 2.42
g 2mya + 87“w Mqa + T V2K ( )

Even though the Wilson fermion fixes the doublers, it introduces O(a)
artifacts. To remove these artifacts, the clover-improvement is introduced

by adding an additional dimension-5 operator to the Wilson action S".
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The resulting clover action is,

1ACs KT

Sclover _ gW _ @Z($)O'MVF;W¢(x)

+% zx: (@)U (@) (z + ) — Ul(x — p)i(a — )

_% Z (@)U (@) (x + 1) — 20(x) + Ul(z — )z — )]
_Z“lewwzp(x)awlfww(x)

= 2 MU @), (2.43)

the fermion matrix M is given by [58]
c 1
M[U]m =[1-— 5 Csw K O Fu(x) ) d;
_52{ (Sz—l-/ﬁ]_'_(l_'_’yu) UT z,u]}

(2.44)

where we sum over p and v. The anti-symmetric and anti-Hermitian tensor

FC¢ is given by

1

C _

Foiv =3
+U, (2)UN (2 + 0 = p)US(x = @)Up(z — i)

[Uu(2)U(z + p)UJ(z + 0)UJ ()

+Ul(x = UMz =0 = @)U, (¢ — 0 = p)U, (z = D)

+UN(z — D)U,(x — D)U,(z — 0+ @)Ul (2)

— h.c] . (2.45)
Staggered or Wilson-like fermions have their relative advantages and

disadvantages. Staggered fermions do better when the chiral symmetry
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plays an essential role and the external states are Goldstone bosons. Wil-
son fermions are preferred due to their correspondence with Dirac fermions

in terms of spin and flavor.

Other fermion actions

There are other fermion actions that are also commonly used in the lattice
calculations. Overlap fermions originated from the initial papers on the
overlap formulation [74] [75]. Neuberger presented the modern form of
the overlap Dirac operator in Ref. [76] and showed in Ref. [77] that it is
a solution of the Ginsparg—Wilson equation. Domain wall fermions were
outlined in the seminal paper by Kaplan [7§]. The ideas developed further
in Ref. [79, R0, B1] gave rise to the formulation of domain wall fermions
mainly used now. An example of dynamical simulations with domain wall
fermions is given in Ref. [82]. Twisted mass QCD is a formulation which in
its simplest form pertains to QCD with two mass-degenerate quark flavors
of Wilson fermions (QCD with isospin). Twisted mass QCD was first
outlined in Refs. [83, 84]. An example of a lattice calculation of the nucleon
parton distribution function is presented in Ref. [9]. Different fermion
actions are used due to different physics goals and different computation

resources.

Mixed-action

As described in the previous section, Wilson fermions break chiral and
flavour symmetries. However, they are computationally expensive com-

pared to improved staggered quarks. For example, in the Ny = 2 41
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improved staggered case, the square root of the fermion determinant is
employed to reduce the number of dynamical flavours from four to two for
the up and down quarks, and the fourth root is taken to reduce the num-
ber of flavours from four to one for the strange quark [71]. Ensembles of
gauge field configurations are then generated with these fractional power
determinants as weight factors. A mixed action is defined [85] as one where
the action used to generate the ensemble of gauge configurations, or sea
quark action, is different from the valence quark action used to determine
hadronic observables on those configurations. Since all lattice Dirac oper-
ators give the same continuum limit, the differences between the actions
are O(a) and vanish at the continuum limit in the mixed-action.

One advantage of using mixed-action fermions is that one can use com-
putationally cheaper fermion actions for sea quarks, such as staggered-like
fermion actions. There are disadvantages to using mixed-action fermions.
One possible problem for the Wilson-type fermions is that they have “ex-
ceptional” configurations in the simulation because they do not preserve
the chiral symmetry. The use of chiral fermions like the HISQ can help
with this problem due to the condition number of the fermion matrix go-
ing like a single inverse power of the quark mass. One disadvantage of
the mixed-action fermion is that one cannot match the valence and sea
quarks to restore unitarity at finite lattice spacing, since the valence and
sea quarks have different discretization effects.  For example, one can
utilize clover valence fermion on MILC collaboration generated 2 + 1 + 1-

flavor HISQ ensembles at physical pion mass with multiple fine lattice
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spacings [86].

2.3 Correlation functions

The evaluation of lattice correlation functions is a standard procedure in
most lattice calculations . We compute quark propagators for each gauge
configuration, combine them to construct the hadron propagators, and av-
erage over all gauge configurations. We need to first identify the hadron
interpolators and from these we can obtain the Euclidean correlator. The
two-point and three-point correlators are discussed in detail in the follow-

ing subsections.

2.3.1 Smearing

Link smearing

The correlation functions signal can be improved by smoothing or smear-
ing the gauge field over time slices or over both space and time. Such
smearing can be use because we are interested in long distance correla-
tion, and it is typical for gauge theories to have violent gauge field short
distance fluctuations. Smearing is done typically by replacing the link
variables with local averages over short paths connecting the endpoints of
the replaced link. One does not have to fix the gauge for smearing because
it is a gauge covariant procedure.

We can then obtain the operators and propagators constructed on the
smeared configurations. The smearing operator combines a fixed number

of links which ensures the smearing to be local. Thus, it should have a
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negligible effect on the operators’ long distance correlation signals in the
continuum limit. There are several algorithms to smear the gauge fields.
Here, we will briefly introduce three of them.

APE smearing is the first proposed smearing transformation used for
operator improvement [87]. APE smearing averages over the original link
U, and the six perpendicular staples C),, connecting its endpoints,

U () =(1 — a)Uy(x) + % Y ) (2.46)
VEL

Co(x) =U, (2)U,(x + 0)U, (z + 1)

+U,(z — D)U,(x — D) U, (x — D + f2) (2.47)

where the a parameter can be adjusted depending on the gauge coupling.
The APE smearing reduces scaling violations, improves chiral symmetry,
and reduces taste breaking. However, APE smearing has some disadvan-
tages, it smears out short scale physical properties if repeated too many
times, its projected link is not differentiable and it cannot be used in dy-
namical simulations.

The HYP smearing procedure is similar to the APE smearing, it con-

tains 3 sets of APE smearing that stays within a hypercube [88] [89].

Vive(z) =(1—1)U, = Y U@ Uuz+p) Uplz+)!
:I:p;éuua)
Vi () =(1—@2)Uu(x)+z ST Vo) Viwow+6) Voo (a+2)]
+o#(p.v)
Un(@) =(1=a)Uu(@) + = D> Vo) Vi (2 40) V(w4 1)’
Tr#(p)
(2.48)
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where the a1, as and ag are tunable parameters in the HYP smearing
procedure. The HYP smearing is more compact and effective than APE
smearing, but still not differentiable.

The stout smearing method [90] uses a particular way of projection by

defining the new link after a smearing step as

!

Uu(a:) = eiQ”(x)Uu(a:), (2.49)

Qu(x) is a traceless hermitian matrix constructed from staples,

Qul) =5(,(0)1 = D (2) — 56l 2(@) (@),
Q. () :(Z pMVCMV(x))U/J(x)T (2.50)
VF

where the staples C),, are given in Eq. and the factors p,, are tun-
able parameters. The new links have gauge transformation properties like
the original ones. The advantage of stout smearing is that U l;(n) is dif-
ferentiable with respect to the link variables, which is beneficial in the
applications like the hybrid Monte Carlo method for dynamical fermions.

Smeared action simulations are usually faster than unsmeared ones.
One can even have multiple iterations of all these smearing steps. There
are longer distance links getting involved with larger iteration steps, and
the asymptotic behavior of the operators and propagators will be affected
more with larger iteration steps. Therefore, one should carefully examine
them to avoid the potential problems.

Quark smearing

Quark smearing within hadronic sources or sinks is used to increase the
overlap with the desired physical state. The gauge link smearing was gen-
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eralized by allowing iterative smearing of quark fields in interpolators that
create hadronic states, in particular gauge covariant Wuppertal smear-
ing [91), 92, 93], hydrogen-like smearing [93], Jacobi smearing [94, O5],
APE smearing was employed for the spatial gauge transporters within the
quark smearing in Refs. [92] 03], Gaussian smearing [96, 97], “free form
smearing” [98], Gauge fixed sources have been utilized in parallel to gauge
covariant iterative smearing functions, wall sources for zero [99], non-zero
momentum [100], box [I0I] sources, Gaussian “shell sources” [102], and
sources with nodes [103]. Newer attempts have been made to introduce
an anisotropy into Wuppertal smearing [104], 105].

In this thesis, Gaussian momentum smearing is used for the quark field

which introduced in, Ref. [106],

1
Smom ¥ (T) = 56 ) +a Z Uj(2)e™ WU (z + ¢;)), (2.51)

where k is the momentum-smearing parameter and « is the Gaussian
smearing parameter. Gaussian momentum smearing is helpful to getting

us a better signal at a higher boost nucleon momentum for the correlators.

2.3.2 propagator and inversion

The quark propagator governs the behavior of n-point functions and is
important to analyze it. For free fermions this analysis is best done with
the momentum space propagator D(p)*l. For the case of massless fermions

m = 0, the fixed p propagator has the correct naive continuum limit as
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a— 0,

i i 2y Wi (Pp) o L3 VP

D(p) Y=o = 2.52
) oo = s -, (252
The general quark propagator
Gls(.y) = (g (2)T5(v)) (2.53)
satisfies
M (2,2)G5,(2,y) = 61j0upday (2.54)

where M is the lattice Dirac operator. The anti-quark propagator is related

through

which is an evident property from the lattice Dirac equation.
The sources to all propagators can be obtained by finding the solutions
x; to the Matrix equation,

where A is the Dirac matrix, b; are the constructed our quark sources. The
system of linear equations can be solved by iterative methods such as Con-
jugate Gradient (CG) [107] for symmetric positive definite matrices, the
MINRES-method [108] for symmetric non-definite matrices or some sort of
Bi-ConjugateGradient (BiCG) method [109] for non-symmetric matrices.
We use multigrid-ConjugateGradient (MG-CG) algorithm [110], 111] in the
Chroma software package [1]. The procedure of MG-CG is as following.
To solve

Ax =1b (2.57)
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and

(A+o0)z” =0 (2.58)

using the method of CG. The (i + 1) iterate x;,1 to the solution can be

obtained from z;,

Tit1 = T; + oyp; (259)

where x1 = 0 is the starting point, and p; are the search directions which

obey the recursion relation,
pr=91;  Pir1=gir1+Pipi Vi>1 (2.60)
where g; is the residue equal to Ax; —b and also obeys a recursion relation,

g1 =—b; g1 =9 +oAp; Vi>1 (2.61)

Then, the coefficients «; and (; in Egs. 2.60| and [2.61] are obtained as,

o (gz‘, gi)

N on Ap) (2.62)
o (gi+1, gi+1)

Bi = o) (2.63)

Using the Lanczos connection, we write down the recursion relation for

x? and p with that the normalized Lanczos vectors for A and A + o are

the same,
9; = ¢ gi (2.64)
Then assuming that z{ = 0, we have ¢ = 1. Because g/ obeys the
following recursion relation:
o B g B
g = [1+ 2 g baf (A4 o)gl - S0 (269)
i—1 i—1
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Then we substitute Eq. into Eq. [2.65],

0f = ;2L (2.66)
&5
o P12
g7 = a2 (2.6)
A Ozia—l—aiﬁi_l [1— =] (2.68)
Cit1 Qi-1 Ci1
Note that ¢{ =1 and
1
g = ——. 2.69
€y 1— oo ( )

The recursion relations for p¢ and z¢ are
PL=915 Pl = CGabgin + 5P Vi>1, (2.70)

Ty =T +oipj. (2.71)

The advantage of this method is that ¢y is trivially modified and the
Eq. that involves the multiplication of matrix with a vector remains

the same independent of o.

MG-CG Algorithm [112]
Starting with ¢y = —b, p1 = —b, ¢{ =1, p{ = —b and z{ = 0. The

iteration proceeds as follows:

i. Compute Ap; and (p;, Ap;).

ii. Compute (g;, g;) and save this number, and compute «;.
iii. Use Eq. to compute g;,1 then overwrite g;.

iv. Compute (g;+1,9;+1) and §; using the g;.;1 in step iii.

v. Compute p; ;1 using Eq. and overwrite p;.

27



vi. Compute ¢}, ; using Eq. in the first iteration and using Eq.

from the second iteration onwards.

vii. Compute of and ¢ using Eq. and Eq. respectively.
viii. Compute zf,; using Eq. and overwrite 7.
ix. Compute p7,; using Eq. and overwrite py.
Once the solutions to the propagator equation are computed, we can

obtain the correlation functions. We will expand the discussion of the

correlation functions in the section2.3.3l.

2.3.3 Two-point correlators

The two-point correlation functions can be used to determine the hadron
mass and are important in the calculation of the matrix elements discussed
in the next subsection. Given an operator with pion quantum numbers,

such as

Xo(T) = 1(7)V5q2() (2.72)

where the ¢;(y) and ¢o(y) are the anti-quark and quark operators, the
dimensionless two-point correlator from Euclidean time t; to Euclidean

time t; with momentum p'is

%)

Claltisty 7) =a® > e 507 (0 | p (o) 40)
Ty
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n,E Ly
1 o
) Ik 4 (a o>
E (n(R) |xh ()
—*3" Y <0 xa.5()| n(E)> X
n,E Ty
_(tf_ti)En(E) R
€ - oo
- L T . 0> i(Zp—2;)-(k—p)
SV (n(F) [xhal)] 0) €
Y <0 o5 () n(/%’)> x
n,k
_(tf_ti)En(E)
€ 2\ [T , (3) —i#;-(k—p)
5 () hated|0) 3e

e_(tf_ti)En(ﬁ)
0) E

=a* 3 (0 Py sl (5} (05 [xh ()

For ty > t;, the ground state meson i.e. the pion dominates and the result

becomes
o 3 ; e~ (tr—ti) Exp)
Tt by B) = @ (0 x5 | 7(3)) { (D) [xch a(w)| 0) o ——
2Eﬂ-(m
(2.73)
For operator with nucleon quantum numbers,
xn(y) = €™ ()" inanesas (v)las (v), (2.74)

where {l,m,n} are color indices, ¢1(y), ¢2(y) and g3(y) are the quark op-

erators, the nucleon like two-point correlator is

CNp (bt ) = a® Y Teir-707 <0 ‘XN,B(xf)ijA(xi) 0> . (2.75)

Ty
where the projection operator is I' = 1(1 + ), let [07(5) > to be the

positive parity ground state i.e. the nucleon state with energy et F

Cltist7.5) =a® 3 (0 xw(w)| (@) (n(7) | b o) 0)

n
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_|_
o (b=t E H@E (139+m

+
2B, 5

(2.76)

The dimensionless correlator from Euclidean time ¢; to Euclidean time ¢

with momentum p’is

SVICRIN I —GQZ BT 5 (0 X G () Xaa ()| 0)
—agzz T pTa5<O|XBBxf‘n >><
nJ{:,s Ty
mp, <n /Z,S o (x; O>
VETL(E) ( )‘ aA( )’
—a’ Z Z e (@ TP T <0 ‘XﬁB x;)e (xf'xi)'k‘ n(k, s)> X
nks I
My SN >
VE o (n(F, ) |[x5a(@)]| 0

—a’ Z Z Tos <O ‘X?B(ﬂfi)‘ n(k, 3)> X

’ILE,S Ty
“=tEg I
mpe _N ' > (2 —7)-(k—p)
VE, <n(k’ $) [Xaa(@:)] 0) €™
:a6 Z Taﬁ <O }XBB(I'Z)’ TL(k, 3)> X
n,E,s
_(tf_ti)En(E) R
Mn® N (o (3) i (F—p)
B <n(k, s) ‘XQA(%)‘ 0> 5];5@ P
=a® > Top (0 [x3p(@0)| (B, 9)) (0, 5) |[xa(2:)] 0) x
M —(tr—t:) En (2.77)
e .
Ein(p)

where T3 is some generic 4 x 4 matrix in Dirac spin space, and «, 3 are

Dirac indices. For t; > t;, the ground nucleon state dominates and the
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result becomes

Cip(ti tr, 73 T) (2.78)

— a® Z Tos (0 |x5p(2:)| N(B,5)) (N (D, s) |xaa(zi)|0) %e—@f—ti)m@
3 Iz

2.4 Nonperturbative renormalization

Renormalization of lattice operators is a necessary ingredient to obtain
many physical results from numerical simulations. There are approaches
to do the nonperturbative renormalization, such as the chiral Ward iden-
tities to determine the renormalization constants [113] 114} 114], fix non-
perturbative renormalization conditions directly on hadronic matrix ele-
ments [115], and calculate the quantities perturbatively in one-loop both
in the continuum and on the lattice in the Landau gauge [116].

A regularization independent momentum subtraction (RI/MOM) scheme
method which avoids completely the use of lattice perturbation theory and
allows a non-perturbative determination of the renormalization constants
of any composite operator is proposed in Ref. [I17]. In the following sub-
section, I will introduce this method through a simple fermion operator
case.

Fermion Operator Renormalization: For simplicity, we consider
the forward amputated Green function I'p(pa) of a two-fermion bare lattice

operator Oy(a) = ¥ (x)'Y(x), computed between off-shell quark states

with four-momentum p, with p? = ;2 in the Landau gauge. We define the
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renormalized operator Oy (u),

Oyp) = 2" (wa, g(a) ) O,(a). (2.79)

where the ZgI'MOM renormalization constant. By imposing the renormal-

ization condition, as shown in Fig. 2.1]

Z5M (1a, g(a)) 25" (1, 9(a) ) To(pa)l ey = 1, (2.80)

where Z;/ ? is the field renormalization constant, to be defined below. This
procedure defines a renormalized operator O(p) which is independent of
the regularization scheme [118, [119]. It depends, however, on the external
states and on the gauge. This does not affect the final results, which, com-
bined with the continuum calculation of the renormalization conditions,
at any given order of perturbation theory, will be gauge invariant and in-
dependent of the external states. Let us specify the different quantities
entering Eq. 2.80 T'p is defined in terms of the expectation value of the

non-amputated Green function Go(pa), and of the quark propagator S(pa)

Co(pa) = %tr (Ao(pa)f’g) : (2.81)
where
Ao(pa) = S(pa) 'Go(pa)S(pa). (2.82)

Py is a suitable projector on the tree-level operator: Py=1 (}50 = 5)
for the scalar (pseudoscalar) density. The factor 1/12 ensures the cor-
rect overall normalization of the trace (colourxspin=12). Projectors are
very convenient when defining Green functions, particularly in the non-
perturbative case. They have been extensively used in refs. [119]. Of
course one can also use other definitions of Zp.
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Z}/ ? is the renormalization constant of the fermion field. It can be
defined in different ways, some of which are equivalently perturbative.
Beyond perturbation theory, the most natural definition of Z, is obtained
from the amputated Green function of the conserve vector current V¢,
Indeed, one knows that for V¢ the renormalization constant is equal to

one:

1
Zk =Tye x Z;' = —tr (Avuc(pa)vu> e X Z50 =1, (2.83)

ve 48
which implies

1
Zy = St (AVHC (pa)%) Iy (2.84)

The complete multiplicative renormalization constant in the MS scheme
needs a perturbative matching factor which converts from the RI-MOM
renormalization at scale p? to the MS scheme, in addition to the RI-MOM

factors ZgMOM (2,
2N () = R (, %) Z8NM (). (2.85)
The conversion ratio Rm(u, p?) is derived up to 3-loop in Ref. [120],

= 517 5 o\ 2
RM3 (1, p?) =1+ [ +12¢3 + nf] (a )

18 3 A
. _1287283+14197< —C - 1165C | 1soud —@C 102 ,
648 12 4 5Ty M YN
3
< ($2) + 0l (2.86)
A

where ny is the number of flavors and ¢, is the Riemann zeta function
evaluated at n. The strong coupling constant o, (1) is evaluated in the MS
scheme by using its perturbative running to four loops [121]. The beta
functions in the MS scheme to 4-loops can be found in Ref. [122].
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—@— = Z,(ua, 9(0))Z5 (ua, 9(2)) x ——)

Figure 2.1: Non-perturbative renormalization condition. In the left hand side is the tree
amputated Green’s function, and the right hand side are the bare amputated Green’s

function and renormalization factors.

The renormalization condition needs to satisfy
Agep < < 1/a, (2.87)

to keep under control both non-perturbative and discretization effects. If
such a window for p does not exist, in current lattice simulations, an accu-
rate matching of lattice operators to continuum ones becomes impossible
in all methods.

Gluon Operator Renormalization: The common gluon operators

definitions are,
(OF, Fys z) + O(F™, Fyj; 2))
O(F*P F§; 2), (2.88)

with the operator O(F}, F§;) defined by F}'(2)U(z,0)Fg(0). The field
tensor [, needed in the definition of the quasi-PDF operators is defined
by
o
" 8a2g

where the plaquette Py, = U, (z)U,(x + af)U}(z + av)Uf(x) and Py,,) =

(Pluw) + Py + Piopp—v] + Plv ) (2.89)

Puv—"P,,,. For the common gluon operators, the RI-MOM renormalization

factor Zo(u%) can be obtained with the non-perturbative renormalization
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condition,

Zy(p*) Z5 ™M OM (PP )AS™ (D) (NG () ey, = 1, (2.90)
where Z,(p?) is the gluon field renormalization and Ap(p) is the amputated
Green’s function for the operator O in the Landau gauge-fixed gluon state.
The tree level amputated Green’s function is [123],

AS*(p) = (OwTr[As(p) Ar(—p)]) "

NZ2-1
)

(2p,upl/gar - prVga,u - prp,ugau - papl/gru
— PoPubrv + PoPrGus — - GorGuw + D' Gopgre + 9ovgry)  (2.91)

The gluon field renormalization Z,(p?) is obtained through the gluon
two-point function which is the trace of the gluon propagator,

N02 —1 p,upu
Q—Zﬁ(guy - ?)

The gluon fields are calculated from the Landau gauge-fixed wilson link

Dyuw(p) = (Tr[Au(p)Au(—p)]) = Z,(p%) (2.92)

Uy(),

—[(U) ~ Uf(2)) — - T(U() — Uf(@))] (2.99)

Al +a8,/2) = 5o

The momentum space lattice gluon fieds can be obtained with the Fourier

transformation,

Aup) = Y PSP (@ + ad, [2) (2:94)
where p, = 2;#, n, =0,...,L, — 1. Therefore, the RI-MOM renormaliza-
tion factor ZZMOM(2) can be obtained from the wilson link U, (z).

Similar to the quark case, the complete multiplicative renormalization

constant in the MS scheme is,
ZM () = RYS (%) 25NN (). (2.95)
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In this work, the 1-loop expression for this matching, derived in Ref. [124],

is used:
RNTS( 2 2) 1 g2Nf 21 ( 2/ 2)_|_10 QZNc 4 2€_|_ 2
=1- —lo — | - - — .
ot 1672 \3 S /HR) T | T 62\ 3 1
(2.96)

where Ny and N, are the numbers of flavors and colors respectively, £ = 0
in the Landau gauge, and ¢* is defined by 1/a(p) [125], 126, 127]. The
renormalization constant ZM3 can be used to calculate the renormalized
gluon moments and gluon gravitational form factors of the nucleon and
pion, where the renormalized gluon moments are calculated and used in

the calculation of gluon PDF in the following pseudo-PDF sections.
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Chapter 3

Bjorken r-dependence PDF from
lattice QCD

For decades, Bjorken xz-dependence parton distributions cannot be directly
determined in Euclidean lattice QCD, because their field-theoretic defini-
tion involves fields at light-like separations. One way to obtain the PDF's
in lattice QCD is to calculate the Mellin moments. PDFs can be recon-
structed from the inverse Mellin transform with a sufficient number of
Mellin moments. However, the calculation is limited to the lowest three
moments, because power-divergent mixing occurs between twist-two oper-
ators on the lattice. With this limitation, the lowest three moments are
insufficient to fully reconstruct the momentum dependence PDFs with-
out significant model dependence [128]. Moving beyond the lowest three
moments requires overcoming the challenge of power-divergent mixing for
lattice-QCD twist-two operators. One novel approach to this problem [129]
builds upon the physical intuition that as long as the scale associated
with the operator is taken to be much larger than the hadronic scale but

much smaller than the inverse lattice spacing. Other approaches that
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avoid power-divergent mixing have also been suggested, including “aux-
iliary heavy/light quark” [130], 131, 132 133], “operator product expan-
sion (OPE) without OPE” [134], 135, 136, 137, 138, 139, 140, 141], and
“hadronic tensor” [142, 143] 144, 145, 146, 147].

Following the proposal of Large-Momentum Effective Theory (LaMET)
[148] 149, [150], many approaches are proposed to determining the z- de-
pendence of PDFs directly from lattice QCD. The LaMET method cal-
culates lattice quasi-distribution functions, defined in terms of matrix ele-
ments of equal-time and spatially separated operators, and then takes the
infinite-momentum limit to extract the lightcone distribution. The quasi-
PDF can be related to the P,-independent lightcone PDF through a fac-
torization theorem that factors from it a perturbative matching coefficient
with corrections suppressed by the hadron momentum [149]. The factor-
ization can be calculated exactly in perturbation theory [I51], 152]. Many
lattice works have been done on nucleon and meson PDF's, and general-
ized parton distributions (GPDs) based on the quasi-PDF approach [153],
1541 T55] 156l 157, 158, 159, 160, 9, 6, 161, 10, [7, 162, 8, 163, 164, [165]
166], 167, 168, 169, 170, 171, 172 173, 174, 175, 176l 177, 178, 179, 180].
Alternative approaches to lightcone PDFs in lattice QCD are “good lat-
tice cross sections” [151, [I8T], 182, 183, 184] and the pseudo-PDF ap-
proach [I85], 186, 187, 188, 189, 190, 191], 192 193, 13], 12, 194, 195], 196].
In this chapter, we will mainly focus on the introduction of LaMET and

pseudo-PDF approaches in the Sec. and Sec. respectively.
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3.1 Large Momentum Effective Theory

Feynman defined parton density in an infinite momentum frame (IMF).
One can view a hadron as a beam of non-interacting partons (quarks and
gluons) with the parton momentum density ¢(z) and g(z), where Bjorken
x = k,/ P, is the fraction of longitudinal momentum of the parton, k., is the
parton momentum and P, is the hadron momentum which goes to infinity
to approach the light-cone property. Later, people found that the most
convenient formulation of parton density is in the formalism of light-cone
correlation. The unpolarized quark and gluon distribution in the nucleon

in the light-cone coordinates [197],

4

A~ _ipe-pr D —ig [ dn AT (n~
rg(x, %) 2/27fp+e CPUPIES (€ ) Peohe A AT prt(0)| P)

g(w, 12) = / 08 iae P (Pl 0TS AHEME 0y [Py

where the nucleon momentum P* is along the z-direction, P* = (P°, 0,0, P?),
and |P) is the hadron state with momentum P, p? is the renormalization
scale, AT is a gluon potential matrix in the fundamental representation,
F =1TG), = TY(0,A) — 0,A; — gf“bcAZAﬁ) is the gluon field tensor,
and
£ = (€ +6) 3.1

M (p=0,1,2,3) is the space-time coordinates.

However, one cannot directly calculate time-dependent correlations in
the framework of non-perturbative QCD on a Euclidean lattice. Large
momentum effective theory is proposed to overcome this difficulty. In

LaMET, one can fist construct a Euclidean quasi operator O which be-
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comes the light-cone operator o in the infinite momentum frame (IMF)
limit. There could be many operators O become to the same light-cone
operator in the IMF limit. Any two operators leading to the same light-
cone operator could linear combine into operators that become same light-
cone operator in the IMF limit. Because O is an Euclidean operator, one
can compute the matrix element of O on the lattice. O(P,,a) depends on
the momentum of the hadron P, and the lattice spacing a (providing UV
cutoff). The light-front operator o(u) can be extracted from O(P.,a) at a

large P, through an effective theory,

O(P,a) = Z(P;, po(p) + O(1/(P.)*) + ... (3.2)

Z contains all the lattice artifact, but only depends on the UV physics,
can be calculated in perturbation theory. Parton distribution can be ex-
tracted by accurately calculating the matching factor Z and higher-order

corrections.

3.1.1 Non-singlet quark quasi-PDF

In the early days, the quasi-PDF studies are mostly limited to isovector
quark distributions in nucleon and valence-quark distribution in meson.

The non-singlet quark quasi distribution is defined as[14§],

dz

e, P) = [ T (PlOK(:) |P), 3.9

where the Orp(z) is u - d isovector qPDF operator:

Or(2) = @(2)TU (2, 0)u(0) — d(2)TU (=, 0)d(0), (3.4)
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where the Dirac I' used will determine the quantum numbers of the quark
PDF —TI' = v, 7.7, t0.; (with j # z), for the unpolarized, longitudinally
polarized, transversity case respectively. The Wilson link U is defined

along the z direction

2
Uz, 21) = Pexp(—ig / dnA*(n)), (3.5)
21

As we discuss in Chapter. 2| the renormalization factor for the local
operators can be calculated in the RI/MOM scheme. For the LaMET
(non-local) operators, the quark NPR factors were done in Refs. [160, [159].
For the quark PDF, we use the RI-MOM renormalization constant defined
via
TI' [pAtree (p7 Z, /yt)]

TY[PA(pa 2 715)]

Z;‘np<z7p§7a_171u3) - (36>

p>=u%, p.=pk

For the unpolarized case, Ayee(p, 2,V) = e P is the tree level matrix
element in the momentum space, P = v — (pt/ps)7: is the projection
operator corresponding to the so-called minimal projection, where only
the term with the Dirac structure proportional to ; is kept [198, 199].
For the polarized case, Ayee(2, Py, V2Y5) = v, vse~P+* and the projection
operator P is chosen to be P = v57./4. Apee(2,02,7275) = Yoy5e” P2,
For the transversity case, Ayee(2, D2y V2Y5) = v.vse~P=* and the projection
operator P is chosen to be P = v57./4. Airee(2, 02, 7275) = V2Y5eP*. The
renormalization constant Zr(z, p%, a™1, ug) depends on the lattice spacing
a, as well as the other two scales p¥ and pr which are unphysical scales

introduced in the RI/MOM scheme [198, 160]. The non-singlet quark
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quasi-PDF can be related to the P*-independent light-front PDF through,

i Ydy (= A M2 A2

Lyl \y yps ps p: p?

where A indicates the approximate non-perturbative scale of QCD, u is
the renormalization scale, Z is a matching kernel and M is the nucleon
mass. Here the O (M?/p?) terms are target-mass corrections and the
@, (A?QCD / pz) terms are higher-twist effects, both of which are suppressed

at large nucleon momentum.

3.1.2 Gluon quasi-PDF

Similar to the the quark quasi distribution, the gluon quasi distribution is

defined as,
dz
2rx P,

g(x, %, P.) :/

We use the gluon operators defined in Ref. [200], which are multiplicatively

¢ (P|0,(2)| P) (3.8)

renormalizable,

Og1(z) = Z O(F",F*;2),
1#z,t

Oy2(z) = Z O(F",F"; z),
i1#2z,t

1#2z,t

S O(F ),

1n=0,1,2.3

S
)
w
—~

I\
~—

I

S
Q
'S
/~

I
N—

Il

(3.9)
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where O(F" | F°5; 2) = FI'(2)U(z, 0)F§(0). The renormalization factor of

the gluon quasi-PDF in the RI/MOM scheme is provide in Refs. [200, 163],

[e%MZ Z, ]_1(zn pf, 1/a,ugr) =
Piab<O|T[AaZ( )0y.i(2,0) Ap,;(=p)]|0} | amp
Pﬁyb«)lT[ ( )O (ZuO)Ab,j(_p)]|0>amp,tree P2 = —pu2

R

, (3.10)

in the case of Oy, where dm ~ O(1/a) is the mass counterterm. Here

A, i(p) denotes the momentum space gluon field with momentum p. Z,
is the gluon field renormalization constant. P;;b is a projection operator
with color indices a,b and Lorentz indices i, j. A simple example of the
projection is P“b = §%g 1,ij- However, calculating the gluon renormaliza-
tion nonperturbatively suffers worse signal-to-noise than the corresponding
nucleon calculation, making it harder to apply this strategies.

The factorization for the renormalized singlet quark and gluon quasi-

PDFs after the non-perturbative renormalization is provided in Ref. [200],

{QZag}(xvp,Znu 7p I)
1
dy It yP yP S
— mc{qi’g}’% <_ < MS’ QJ (y7 ,LLM )

dy ( I) yP, yP S
+ 5 : gy,
|y| Claigha ( NS ( )

L¥: L¥: 2
+O ( QCD QCD m]\/') (311)

22P?’ (1 —x)2P% P?
where pi*! and ! are the momentum of the off-shell quark and the renor-
malization scale in the RI/MOM-scheme nonperturbative renormalization
(NPR), the summation of j is over all quarks/anti-quarks, the coefficients
Cygr Cogs Cyyq, and Cy, are derived in Ref. [I63]. The residual terms,
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O (A(zQCD A%}CD m?\,

SpT [ o2prs P )» Come from the nucleon-mass correction and higher-
Y 4 ( ,:Z:) z z

twist effects, suppressed by the nucleon momentum.

Beginning from the quark/gluon quasi-PDF operators, then implement-
ing the RI/MOM scheme for renormalization and the matching conditions
for quark/gluon, the theoretical basis for directly extracting the unpolar-
ized quark and gluon PDFs from lattice simulations is well established

through quasi-PDF method.

3.2 Pseudo-PDF method

The pseudo-PDF method was first introduced in Refs. [201, 202] for quark
PDFs. The unpolarized gluon PDF' case using pseudo-PDF approach was
proposed in Ref. [203] and polarized case was later presented in 2022 in
Ref. [204] after this thesis began. The general dependence of the matrix
element M (z,p,) on the hadron momentum p and the displacement of
the quark and antiquark fields z can be expressed as a function of the
Lorentz invariants v = z - p (Ioffe time [205, 206]) and 22, where z and
p are general 4-vectors. We can thus introduce the Ioffe time pseudo-
distribution (pITD),

M(v,2*) = M(z,p.). (3.12)

To eliminate the ultraviolet divergences in the pITD, we construct the
reduced pseudo-ITD (RpITD) by taking the ratio of the pITD to the cor-
responding z-dependent matrix element at P, = 0, and further normalize

the ratio by the matrix element at 2> = 0 as done in the first quark
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pseudo-PDF calculation [185],

M(2P,, 22)M(0 - P, 0)

M) = 0 ) M0 0.0)

(3.13)

By construction, the RpITD double ratios employed here are normalized

to one at z = 0. It is directly related to the PDF's as
MV, 32) = Iy 4(v, N2) + 0(22) , (3.14)

with u? = 1/2%. Here I(v, %) is the Ioffe time PDF [205], 206],

3.2.1 Quark pseudo-PDF

The quark Toffe time PDF I,(v, 4?) is the Fourier transform of the quark
PDF,

dv

(o, = [ eI (v, ), (3.15)

the quark RpITDs are connected to through the matching below while

ignoring the O(z?) terms,

2\ ! xq(ﬂ%,&z) Ty 222
02 = [ a2, (3.16)

where 1 is the renormalization scale in MS scheme and (), = fol dx xg(x, u?)

is the gluon momentum fraction of the nucleon.

T &

Ryq(y, 2%, 1*) = cosy —
) 262’YE+1
{[ln (z m T) + 2] R, B(y) + Rq,L(y)}, (3.17)

where ay is the strong coupling at scale p, N. = 3 is the number of col-
ors, and vg = 0.5772 is the Euler-Mascheroni constant. For the term
Ry, (y, 2%, u?), z was chosen to be 2e77#~1/2 /1 so that the logarithmic term
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vanishes, which suppresses the residuals containing higher order logarith-
mic terms, following the previous publication regarding the one-loop evo-
lution of the pseudo-PDF [191]. Equation and the terms R, p(y),
R, 1(y) are defined in Eqgs. 16 and 24 in Ref. [191].

3.2.2 Gluon pseudo-PDF

All the quark and gluon operators in Eq. and can be also used in
pseudo-PDF method. Another unpolarized gluon operator is introduced

in Ref. [203],

O(z) =) OF" F'z)— Y O(FY F7;z2), (3.18)
i?éz,t i,j;ﬁz,t

which can directly used in the pseudo-PDF matching Eq. [5.22 The gluon
RpITDs are connected to through the matching below while ignoring the

O(2?%) terms,

1 2
My(v, 2%) = / dxMRgg(xu, 22 1?)
0 ()
P, ! $QS($, :u2)
+—= | de————=
By Jo ()

where y is the renormalization scale in MS scheme and (), = fol dx xg(x, pu?)

qu(l'l/, ZQMQ)J (319)

is the gluon momentum fraction of the nucleon.

T C

Ryg(y, 2°, 1%) = cosy —

{ [ln (z%ﬂ?) + 2] R,5(y) + R,r(y) + Rg,c(y)} ,
(3.20)

Equation and the terms R, p(y), Ryr(y), Ryc(y) are defined in
Egs. 7.21-23 and in the paragraph below Eq. 7.23 in Ref. [203]. Note that
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the lattice-calculated RpITDs are also connected to the singlet quark-PDF
¢s via the quark-gluon matching kernel Ry, with an additional non-singlet
quark term added to Eq. [5.22]

Quasi-PDF (LaMET) and the pseudo-PDF approaches are faced with
different technical problems of inferring the PDF from a Fourier trans-
form due to the data in a limited range of z or v. Such effects have been
discussed in [156, 207]. In particular, because z is the Fourier dual of v,
accessing a limited range of v (or z) has the effect of introducing uncon-
trolled systematic errors at small x (roughly = < 0.15 for existing lattice
calculations). These systematic errors can be controlled using increasingly
large values of v, although this requires an increased computational power.
Therefore, improved computational methods are required to reliably ex-

tract PDFs at small z.

3.3 Nucleon Isovector Quark PDF's

With the well established quasi-PDF and pseudo-PDF approaches for
quark PDF, lattice community significantly improves quantitative results
on extracting x-dependent PDF's from lattice QCD. In the beginning of
this chapter, we introduced many of these quark quasi-PDF and pseudo-
PDF calculations. In this section, we will present more recent calculations
of nucleon isovector quark distributions done at the physical pion mass.

The first unpolarized PDFs at the physical pion mass [208, [156] us-
ing the quasi-PDFs approach were determined using small momentum for

unpolarized, helicity and transversity quark and antiquark distributions
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[209, 154, 210], 157, 155]. In the more recent studies, unpolarized, helicity
and transversity quark PDFs are determined using much larger momen-
tum at phyiscal pion mass. From top to bottom, each row of Fig.
shows the newer PDF results on ensembles with momenta above 2 GeV,
and then renormalized at p = {3,3,v/2} GeV, for isovector quark unpo-
larized [7], helicity [7], and transversity [8] PDFs, respectively. The lattice
results agree with global fit unpolarized PDFs CT14 [26], NNPDF3.1 [15],
CJ15 [16], helicity PDFs NNPDFpoll.1 [1§], JAM17 [19], and transver-
sity PDFs JAM17 [19], LMPSS17 [20], respectively. In the small-x region,
larger z P, data are needed for lattice calculations to have better control.
The lattice QCD calculations can now obtain the non-singlet quark PDF's
at physical pion mass at higher and higher momentum. The lattice-QCD
calculations is not far away from providing an great impact on global an-
alyzed PDFs with a better control on the current uncertainties.

Most z-dependence PDF lattice QCD calculations, however, are done
using the popular quasi-PDF and pseudo-PDF' techniques and mostly lim-
ited to isovector quark distributions in the nucleon and the valence-quark
distribution in the pion and kaon. Gluon distributions in the nucleon, pion
and kaon are not studied on the lattice until this thesis started [162], 194,
2111, 212, 213]. In this thesis, we present the first study of x-dependence

gluon nucleon and pion distributions in the following Chapter. [5| and [4]
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Figure 3.1:  The lattice calculations of isovector mnucleon unpolarized (top), helicity

(middle) and transversity (bottom) with quark&antiquark, left&right column respec-
tively, taken from [6} [7, 8, @) 10, 111, 12, 13| [14] 5] T6] 17, 18, 19, 20, 21, 22]. This figure

is taken from reference [23].
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Chapter 4

Meson gluon PDF results

The lightest bound state in quantum chromodynamics (QCD), the
pion, plays a fundamental role, since it is the Nambu-Goldstone boson of
dynamical chiral symmetry breaking (DCSB). Studies of pion and kaon
structure reveal the physics of DCSB, help to reveal the relative impact
of DCSB versus the chiral symmetry breaking by the quark masses, and
are important to understand nonperturbative QCD. Studying the pion
parton distribution functions (PDFs) is important to characterize the
structure of the pion and further understand DCSB and nonperturbative
QCD [214] 42, [43]. Currently, we know less about the pion PDFs than
the nucleon PDFs, because there are fewer experimental data sets for the
global analysis of the pion PDFs, especially for the sea-quark and gluon
distributions. The future U.S.-based Electron-lon Collider (EIC) [41],
planned to be built at Brookhaven National Lab, will further our knowl-
edge of pion structure [42], 43]. In China, a similar machine, the Electron-

Ion Collider in China (EicC) [44], is also planned to make impacts on
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the pion gluon and sea-quark distributions. In Europe, the Drell-Yan and
J/¢-production experiments from COMPASS++/AMBER [215] will aim
at improving our knowledge of both the pion gluon and quark PDFs.
Global analyses of pion PDFs mostly rely on Drell-Yan data. The early
studies of pion PDFs were based mostly on pion-induced Drell-Yan data
and used J/vy-production data or direct photon production to constrain
the pion gluon PDF [49] 50, [5T], (5, [52]. There are more recent studies, such
as the work by Bourrely and Soffer [53], that extract the pion PDF based
on Drell-Yan 7t W data. JAM Collaboration [4, 24] uses a Monte-Carlo
approach to analyze the Drell-Yan mA and leading-neutron electroproduc-
tion data from HERA to reach the lower-x region, and revealed that gluons
carry a significantly higher momentum fraction (about 30%) in the pion
than had been inferred from Drell-Yan data alone. The xFitter group [3]
analyzed Drell-Yan wA and photoproduction data using their open-source
QCD fit framework for PDF extraction and found that these data can
constrain the valence distribution well but are not sensitive enough for
the sea and gluon distributions to be precisely determined. The analysis
done Ref. [54] suggests that the pion-induced J/i-production data has
additional constraint on pion PDFs, particularly in the pion gluon PDF
in the large-z region. All in all, the pion valence-quark distributions are
better constrained than the gluon distribution from the global analysis of
experimental data. While waiting for more experimental data sets, the
study of the pion gluon distribution from theoretical side can provide use-

ful information for the experiments.
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The pion gluon PDF is rarely studied using continuum-QCD phe-
nomenological models or through lattice-QCD (LQCD) simulations. Most
model studies only predict the pion valence-quark distribution [216] 217,
218, 219, 220, P21, 222, 223, 224, P25, 226, 227, 228, 229, 230], but the
gluon and sea PDF's are predicted by the Dyson-Schwinger equation (DSE)
continuum approach [25, 231]. The prediction of the pion gluon PDF in
DSE, based on an implementation of rainbow-ladder truncation of DSE, is
consistent with the JAM pion gluon PDF result [4], 24] within two sigma.
LQCD provides an first-principles calculations to improve our knowledge
of nonperturbative pion gluon structure; however, there have been only
two efforts to determine the first moment of pion gluon PDF [232, 233]. An
early calculation in 2000 using quenched QCD predicted (x), = 0.37(8)(12),
using Wilson fermion action with a lattice spacing a = 0.093 fm, lattice
size L3 x T = 24%, a large 890-MeV pion mass and 3,066 configurations at
12 =4 GeV? [232]. A more recent study in 2018 using Ny = 2 + 1 clover
fermion action with a lattice spacing a = 0.1167(16) fm, larger lattice size
323 x 96, 450-MeV pion mass, and 572,663 measurements, gave a larger
first-moment result, (z), = 0.61(9) at u®> = 4 GeV? [233]. In principle,
a series of moments can be used to reconstruct the PDF. Although there
are calculations of the first moment of the pion gluon PDF, there is lit-
tle chance that sufficient higher moments of the pion gluon PDF can be
obtained to perform such a reconstruction. A direct lattice calculation of
the z-dependence of the pion gluon PDF is needed.

Only recently have lattice calculations of the gluon PDF become pos-
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sible, when the necessary one-loop matching relations of the gluon PDF
were computed for the pseudo-PDF [203] and quasi-PDF [200, 163] ap-
proaches. Both approaches make direct calculation of the x dependence
of the pion gluon PDF feasible. In this work, we apply the pseudo-PDF
method by using the ratio renormalization scheme to avoid the difficulty
of calculating the gluon renormalization factors. We follow a developed
procedure for using the pseudo-PDF method to obtain lightcone PDFs
from Toffe-time distributions (ITDs) by matching through two steps, evo-
lution and scheme conversion [191], 185 189, 12]. Another commonly used
procedure is direct matching to the lightcone ITDs [190] 13]. Using the
pseudo-PDF method also allows us to use lattice correlators at all boost
momenta at small Ioffe-time. There have been a number of successful
pseudo-PDF calculations of nucleon isovector PDF's [185] [189, [13], 12] and
pion valence-quark PDFs [190]. The earliest calculation was done on a
quenched lattice [I85], then the pion masses were set closer to the physical
pion mass [I89, 190, 13], and the calculation at physical pion mass was
done recently [12]. The lattice-calculated PDFs in Refs. [189] 190, 13}, [12]
show good agreement with the global-analysis PDF's.

In this work, we present the first calculation of the full xz-dependent
pion gluon distribution using the pseudo-PDF method from two lattice
spacings, 0.12 and 0.15 fm, and three pion masses: 690, 310 and 220 MeV.
The rest of the paper is organized as follows. We present the procedure
to obtain the lightcone gluon PDF from the reduced pseudo-ITDs, the

numerical setup of lattice simulation, and how we extracted the reduced

53



pseudo-ITDs from lattice calculated correlators, the final determination of
the pion gluon PDF from our lattice calculations is compared with the
NLO xFitter [3] and JAM pion gluon PDFs [4, 24], and the systematics
induced by different steps are studied, and the lattice-spacing and pion-

mass dependence are investigated.

4.1 Joffe-time distribution

In this thesis, we use the gluon pseudo-PDF matching introduced in
Sec. and the unpolarized gluon operator defined in Eq.[5.20l We neglect
the pion quark PDF, since the total quark PDF is found to be much
smaller than the gluon PDF in global fits [4, 3]. We will later estimate the
systematic uncertainty introduced by this assumption. The gluon evolved

pITD (EpITD), G is obtained by using the evolution term R;(y, 2%u?),
1
Gv, ) = M (v,2%) —|—/ dxRy(z, 22p*) M (zv, 22). (4.1)
0

The z dependence of the EpITDs should be compensated by the In 2% term
in the evolution formula. In principle, the EpITD G is free of z dependence
and is connected to the lightcone gluon PDF g(z, u*) through the scheme-

conversion term Ry(y),

G(z/,,u):/o dx%;f)}?g(xl/), (4.2)

so the gluon PDF g(z, 4?) can be extracted by inverting this equation.
On the lattice, we use clover valence fermions on three ensembles with

Ny = 2+ 1+ 1 highly improved staggered quarks (HISQ) [70] gener-

ated by the MILC Collaboration [62, 63, 234, 235] with two different lat-
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tice spacings (a ~ 0.12 and 0.15 fm) and three pion masses (220, 310,
690 MeV). The masses of the clover quarks are tuned to reproduce the
lightest light and strange sea pseudoscalar meson masses used by PNDME
Collaboration [236], 237, 238] 239]. We use five HYP-smearing [88] steps
on the gluon loops to reduce the statistical uncertainties, as studied in
Ref. [162]. We use Gaussian momentum smearing for the quark fields [106]
q(r) +a); U;(z)e" )% g(z + ;), to reach higher meson boost momenta
with the momentum-smearing parameter k listed in Table [5.3] Table [5.3
gives the lattice spacing a, valence pion mass MY* and 7, mass M;j"l, lat-
tice size L3 x T, number of configurations Nfs, number of total two-point
correlator measurements N2Pt and separation time #g, used in the three-
point correlator fits for the three ensembles. This allows us to reach the
continuum limit and physical pion mass through extrapolation. The total

amount of measurements vary in 10°-10° for different ensembles.

The two-point correlator for a meson P is

C2Y (P 1) = / dyPe P (i, 1) o (T, 0))
= |A¢’0|26_E¢’0t + |A@71‘26_E@’1t -+ ceey (43)

where P, is the meson momentum in the z-direction, xo = ¢175¢2 is the
pseudoscalar-meson interpolation operator, ¢ is the Euclidean time, and
|Ag;|*> and Fg,; are the amplitude and energy for the ground-state (i = 0)
and the first excited state (i = 1), respectively.

The three-point gluon correlators are obtained by combining the gluon
loop with pion two-point correlators. The matrix elements of the gluon
operators can be obtained by fitting the three-point correlators to the
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ensemble al2m?220 al2m310 aldom310
a (fm) 0.1184(10) | 0.1207(11) | 0.1510(20)
MY (MeV) | 226.6(3) 311.1(6) 319.1(31)
M;al (MeV) | 696.9(2) 684.1(6) 687.3(13)
L3xT 323 x 64 243 x 64 163 x 48
P, (GeV) 0,2.29] [0,2.14] 0, 2.05]
k 3.9 2.9 2.3
Negg 957 1013 900
NZ2pt 731,200 324,160 21,600
Lsep {5,6,7,8,9} | {5,6,7,8,9} | {4,5,6,7}

Table 4.1: Lattice spacing a, valence pion mass M* and 7, mass M;Sal, lattice size L x T,
number of configurations N.g, number of total two-point correlator measurements N2t
and separation times ¢, used in the three-point correlator fits of Ny = 2 +1 + 1 clover
valence fermions on HISQ ensembles generated by MILC Collaboration and analyzed in

this study.
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Figure 4.1:  Example ratio plots (left), one-state fits (second column) and two-sim
fits (last 2 columns) from the lightest pion mass a ~ 0.12 fm, M, ~ 220 MeV for
P, =2x2n/L, 2 =1 (upper row) and P, = 4 x 2r/L, z = 4 (lower row). The gray
band shown on all plots is the extracted ground-state matrix element from the two-sim fit
using tsep € [5,9]. From left to right, the columns are: the ratio of the three-point to two-
point correlators with the reconstructed fit bands from the two-sim fit using ¢, € [5,9],
shown as functions of ¢ — s, /2, the one-state fit results for the three-point correlators at
each t, € [3,9], the two-sim fit results using t., € [tir, 9] as functions of ¢2", and the

max

two-sim fit results using t.., € [5, 5] as functions of 35~
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energy-eigenstate expansion,

C’;Io’,pt(z, P.; tsep, t)

- /dgy e (Xa(§. 1ep) O (2, 1) [ Xa(0, 0))

= A 0[*{0]O]0)e™ Froter 4 | Ag g Ap1[(0]O|L)e Frallun =D Fwet

+ \AQOHA@J\(1\(9\O}e‘E‘I*O(tsep_t)e_E‘bvlt + |Ag 1 [H(1|O|1)e Foater 4

(4.4)

where tgp, is the source-sink time separation, and ¢ is the gluon-operator
insertion time. The amplitudes and energies, Ago, A1, Foo and Eg 1,
are obtained from the two-state fits of the two-point correlators. (0|O|0),
(0|O|1) ((1]0|0)), and (1|O|1) are the ground-state matrix element, the
ground—excited-state matrix element, and the excited-state matrix ele-
ment, respectively. We extract the ground-state matrix element (0/O|0)
from the two-state fit of the three-point correlators, or a two-state simulta-
neous “two-sim” fit on multiple separation times with the (0|0|0), (0|O|1)
and (1/O|0) terms.

To verify that our fitted matrix elements are reliably extracted, we

compare to ratios of the three-point to the two-point correlator

. CY (2, Py tgep, 1)
Rratlo P.-t t) = y L zybsepy V) |
(2, Peitaep, 1) CPY P, tsep)

(4.5)

if there were no excited states, the ratio would be the ground-state matrix
element. The left-hand side of Fig. shows example ratios for the gluon
matrix elements from the lightest pion ensemble, al2m220, at selected
momenta P, and Wilson-line length z. We see the ratios increase with

increasing source-sink separation going from 0.60 to 1.08 fm. At large
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separation, the ratios begin to converge, indicating the neglect of excited
states becomes less problematic. The gray bands indicate the ground-state
matrix elements extracted using the two-sim fit to three-point correlators
at five tsp. The convergence of the fits that neglect excited states can also
be seen in second column of Fig. [5.15 where we compare one-state fits
from each source-sink separations: the one-state fit results increase as tgqp,
increases, starting to converge at large tep to the two-sim fit results.

The third and fourth columns of Fig. show two-sim fits using
teep € [ton, 9] and te, € [5,t23] to study how the two-sim ground-state
matrix elements depend on the source-sink separations input into fit. We
observe that the matrix elements are consistent with each other within
one standard deviation, showing consistent extraction of the ground-state
matrix element, though the statistical errors are larger than those of the
one-state fits. We observe larger fluctuations in the matrix element ex-

min __
sep

max __

sep 6 and 7, are used.

tractions when small ¢ 3 and 4, or small ¢
The ground state matrix element extracted from two-sim fits becomes very
stable when t?éipn >4 and et > 7.

Figure |4.2/shows the RpITD of the same examples P, = 2x 27 /L, z =1
and P, = 4 x 27/L, z = 4 from two-sim fit results using ts, € [tin,9].
The RpITD results, which are constructed to suppress lattice fluctuations,
are very stable over the range of different fits considered. For al2m310
and albm310 ensembles, the ts, dependence of RpITDs is milder than
those from al2m220 ensemble due to the heavier pion mass. Overall, our

ground-state RpITDs from the two-sim fit are stable, and we use them to
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extract the gluon PDF.

1.10 : : : : L
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Figure 4.2: Example RpITDs from the al2m220 ensemble as functions of ™" for P, =

sep
2x2n/L, z =1 (top) and P, = 4 x 2n/L, z = 4 (bottom). The two-sim fit RpITD

results using t, € [t;{;g‘, 9] are consistent with the ones final chosen ts, € [5,9].

Using the RpITDs extracted in the previous section, we examine the
pion-mass and lattice-spacing dependence. The top of Fig. [4.3] shows the
ns RpI'TDs at boost momentum around 2 GeV as functions of the Wilson-
line length z for the al2m220, al2m310, and albm310 ensembles. We see
no noticeable lattice-spacing dependence. The bottom of Fig. shows
the pion RpITDs with boost momentum around 1.3 GeV for the same
ensembles. Again, there is no visible lattice-spacing or pion-mass depen-
dence.

To extract gluon PDF's, we follow the steps in Sec.[5.3.1|between Eq.
and Eq. by first obtaining EpITDs and using Eq. to extract g(z).
To obtain EpITDs, we need the RpITD .# (v, z*) to be a continuous func-
tion of v to evaluate the x € [0, 1] integral in Eq. 4.1, We achieve this by

using a “z-expansion”[] it [240, 241] following previous quark pseudo-PDF

'Note that the z in the “z-expansion” is not related to the Wilson link length z we use elsewhere.
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* a12m220, P,=1.31 GeV
= a12m310, P,=1.28 GeV
+ a15m310, P,=1.54 GeV
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Figure 4.3: The 7, (top) and pion (bottom) RpITDs at boost momenta P, ~ 2 GeV and
1.3 GeV, respectively, for the a12m220, a12m310, and al5m310 ensembles. In both cases,

we observe weak lattice-spacing and pion-mass dependence.

calculations [190]. The following form is used [190]:

]{;max

M (v, 2% a, M) = Z)\mk, (4.6)

k=0

where 7 = ﬁ—m VZC;‘: Then, we use the fitted .# (v, 2?) in the integral

in Eq. . The fits are performed by minimizing the y? function,

(‘%(Va 22) - ‘%(14 227 a, MW)Q
o2, (v, 2% a, M;) '

Xifl(mMﬂ) = Z

v,z

(4.7)

The z-dependence in the .# (uv, z*) term of the evolution function comes
from the one-loop matching term, which is a higher-order correction com-
pared to the tree-level term; thus, the z-dependence can be neglected in
M (v,2%) in the integral in Eq. . We adopt as the best value v, = 1,
as used in Ref. [190], but we also vary v, in the range [0.5,2], and the
results are consistent. We fix A\g = 1 to enforce the RpITD . (v, 2?) in
Eq. [3.13] The expansion order ky,.x = 3 is used, because we can fit all the
data points of P, € [1,5] x 27 /L (P, € [1,7] x 2w /L for al2m220 ensemble)
and z up to 0.6 fm with y?/dof < 1 using a 4-term z-expansion for each
ensemble. The reconstructed bands from “z-expansion” on RpITDs are
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shown in the upper plot in Fig. [4.4. They describe the RpITD data points

well for all ensembles.

2.0 20— —_
= a=0.12 fm, M;~220 MeV e a=0.12 fm, M,~690 MeV = a=0.12 fm, M;~220 MeV e a=0.12 fm, M,~690 MeV

5 + a=0.12 fm, M,;~310 MeV v a=0.15 fm, M, ~310 MeV 5 » a=0.12 fm, M,;~310 MeV v a=0.15 fm, M, ~310 MeV

Figure 4.4: The RpITDs .# with reconstructed bands from “z-expansion” fits (top)
and the EpITDs G with reconstructed bands from the fits to the Eq. form (bot-
tom) calculated on ensembles with lattice spacing a =~ 0.12 fm, pion masses M, ~
{220,310,690} MeV, and a =~ 0.15 fm, M, ~ 310 MeV, noticing that a =~ 0.12,
M, =~ 690 MeV results are from al2m220 ensemble here.

After we have the continuous-v fitted RpITDs, we obtain the EpITDs
through Eq. 4.1 The RpITDs .# and EpITDs G as functions of v on all
ensembles studied in this work are shown in Fig. [£.4. At some v values,
there are multiple z and P, combinations for a fixed v value. Therefore,
there are points in the same color and symbol overlapping at the same v
from the same lattice spacing and pion mass. To match with the light-
cone gluon PDF through Eq. , the EpITDs G(v, 1) should be free of 22
dependence. However, the EpITDs obtained from Eq. have 2% depen-
dence from neglecting the gluon-in-quark contribution and higher-order
terms in the matching. The EpITDs also depend on lattice-spacing a and
pion-mass M,. Recall that the RpITDs show weak dependence on lattice
spacing a and pion mass M,. We see that the effects of a and M, depen-
dence on the EpITDs are also not large; the EpITD results from different
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a, M, are mostly consistent with each other, as shown in the second row
of Fig. [4.4, We also observe a weak dependence on 22 for the RpITDs and
EpITDs in Fig. [4.4]

4.2 gluon PDF

The gluon PDF g(z, 4?) can now be extracted from the EpITDs using
Eq. . We assume a functional form, also used by JAM [4], 24], for the

lightcone PDF to fit the EpITD,

rg(x, p) vl — )¢

folx, ) = )0 (0) = BA+LC+D) (4.8)

for x € [0,1] and zero elsewhere. The beta function B(A + 1,C + 1) =

fol dx xA(l — )% is used to normalize the area to unity. Then, we apply the
matching formula to obtain the EpITD G from the functional form PDF
using Eq. . We fit the EpITDs G(v, ) obtained from the parametriza-
tion to the EpITDs G(v, 2%, 1, a, M) from the lattice calculation. The fits
are performed by minimizing the x? function,

: (G ) = G(v, 0, My) )
XG(M7G7 MW) o ; Ué(%:u?a?Mﬂ) .

(4.9)

We investigate the systematic uncertainty introduced by the different
parametrization forms which are commonly used for f,(z, ) in PDF global
analysis and some lattice calculations. The first one is the 2-parameter
form in Eq. [5.23] Second, we consider the 1-parameter form Ni(1 — )¢
used in xFitter’s analysis [3] (also used in Ref. [50] [51]), which is equivalent

to Eq. with A = 0. Third, we consider a 3-parameter form,

B 241 — 2)°(1 + D\/x)
foa(@, 1) = BA+LC+ 1)+ DBA+1+1/2,C+1)

(4.10)
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Figure 4.5: The xg(x, p)/{z), at p> = 4 GeV? as function of z (bottom) calculated
with lattice spacing a &~ 0.12 fm, pion masses M, ~ 220 MeV with the fitted bands of
Zmax ~ 0.6 fm from the 1-, 2- and 3-parameter fits described in Eq. and the paragraph

after it.

We fit the three different forms to the EpITDs of lattice data with z., ~
0.6 fm by applying the scheme conversion Eq. to the 1-, 2- and 3-
parameter PDF forms. Here, we focus on the result from the lightest pion
mass M, ~ 220 MeV at lattice spacing a ~ 0.12 fm. The y?/dof of the
fits decreases as 1.47(72), 1.08(68), to 1.04(41), shows slightly better fit
quality for 2- and 3-parameter fits. As shown in Fig. [£.5] there is a big
discrepancy between the fy(x,p) fit bands from the 1-parameter fit and
the 2-parameter fit in the x < 0.4 region, but the discrepancy between
the 2- and 3-parameter fits is much smaller. Therefore, we conclude that
1-parameter fit on lattice data here is not quite reliable, and the fit results
converge at the 2- and 3-parameter fits. The same conclusions hold for all
other ensembles and pion masses. Therefore, using the 2-parameter form
defined in Eq. (same parametrization as JAM) for our final results is
very reasonable.

Another source of systematic uncertainty comes from neglecting the

contribution of the quark term in the matching based on the assumption
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(motivated by global fits) that the pion gg(z) is smaller than the gluon
PDF. Currently, there are no gg(z) results from lattice simulation since
only the valence distribution of the pion has been done. Thus, we esti-
mate the systematic due to omitting the gg(z) contribution by using the
pion quark PDFs from xFitter [3] at NLO. Using these, we obtain revised
RpITDs and EpITDs including the gluon-in-quark R, term focusing on
example from the a ~ 0.12 fm, pion mass M, ~ 220 MeV lattice, repeating
the same procedure from Eq. and fitting the EpITDs with Eq. [5.23]
On the left-hand side of Fig. [.6] we show the mean value of zg(z, 1) /(x),
with both gluon-in-gluon (gg) and gluon-in-quark (gq) contributions (the
blue solid line) compared to the al2m220 results using the gluon-in-gluon
contribution only (the green solid line). There are 5 to 10% differences
in the mean value including the gluon-in-gluon contribution for x < 0.9,
which indicates that the gluon-in-quark contribution is relatively small at
12 = 4 GeV? compared to the current statistical errors in the small-z re-
gion. In the x > 0.9 region, the gluon-in-quark contribution becomes more
significant, but it remains smaller than the statistical error. Once studies
are available with sufficiently reduced statistical uncertainty in the large-x
region, the quark contribution will need to be included.

From the above analyses of the choice of fit form and the contribution
of the quark term, we conclude that these systematics are negligible rel-
ative to the current statistics. Finite-volume systematics have not been
taken into account in this work. However, the results of the finite-volume

study on the nucleon isovector PDF's on the al2m220 ensemble with mul-
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tiple lattice volumes (2.88, 3.84, 4.8 fm) suggest that the finite-volume
effect is negligible at the current lattice precision [164]. This is consistent
with a later study using chiral perturbation theory (ChPT), [242], also
showing that momentum boost reduces the finite-volume effect, since the
length contraction of the hadron makes the lattice effectively bigger. We
expect the finite-volume error to be much smaller than the statistical ones.
Therefore, we adopt the zp.x & 0.6 fm (zypa &~ 0.75 fm for al5m310 en-
sembles) fits to the EpITDs, neglect the quark contribution term in the
matching, and use the Eq. fit form for our final results on all lattice
ensembles. The xg(xz, )/ {x), reconstructed fit bands of these ensembles
are shown in the left plot in Fig. 4.6, comparing results from different
lattice spacings and pion masses. The reconstructed fit bands with dif-
ferent pion mass M, ~ {220,310,690} MeV are consistent at the same
lattice spacing a ~ 0.12 fm, indicating mild gluon PDF dependence on
pion mass. Similarly, when comparing lattice-spacing dependence of pion
PDFs using data around pion mass M, =~ 310 MeV (M, ~ 690 MeV in the
inserted plot), we find that fitted PDF is slightly smaller in the = > 0.1
region for the 0.12-fm lattice, but still within one sigma, which indicates
the lattice-spacing dependence is also mild. We also note that the bands
from different ensembles show a differing speed of fall-off as x — 1 in the
large-x region. We study this fall-off behavior in more depth below.

The behavior of the gluon PDF fall-off in the large-z region is widely
studied in both theory and global analyses. Perturbative QCD stud-

ies [243], 244] and DSE calculations [229, 25, 231] suggest that the gluon
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distribution g(x, u?) ~ (1—2)¢ with C' = 3 in the limit z — 1. The predic-
tion from perturbative QCD [244] is based on the idea that the gluon PDF
should be suppressed at large x relative to the quark PDF, because the
quarks are the sources of large-z gluons; that is, g(x, pu?)/q.(z, u?) — 0
as x — 1. Early fits of experimental data gave C' ~ 2 [50, 51] or
C' < 2 [5,52], but the more recent global analysis from JAM collaboration
yielded C' > 3 [4], 24] and xFitter collaboration found C' ~ 3 [3]. Our fitted
parameter C' is 3.6(1.5), 3.3(2.0), 4.7(2.8) for M, ~ {690, 310,220} MeV,
respectively, at lattice spacing a = 0.12 fm. These C results are consistent
with each other and show a slightly increasing trend as the pion mass ap-
proaches the physical pion mass. For lattice spacings a ~ {0.15,0.12} fm,
C = {2.2(1.5),3.3(2.0)}, respectively, at M, ~ 310 MeV, which suggests
that C' will increase toward the continuum limit. We also investigate the
effect of the gluon-in-quark contribution on the C' value, and it makes
about 0.1 difference, which we neglect. Given that both the pion-mass
and lattice-spacing extrapolations seem to show increasing C, it seems
reasonable to conclude from this lattice-QCD study that C' > 3.

We compare our reconstructed gluon PDF to those from global fits on
the right-hand side of Fig. 4.6} It shows the zg(z,u)/(x), reconstructed
fit band of a ~ 0.12 fm, M, =~ 220 MeV lattice, from DSE calcula-
tion [25], and NLO pion gluon PDFs from xFitter [3] and JAM [4], 24]
at 1> =4 GeVZ2 The JAM band appears somewhat wider than expected,
because we reconstruct it by dividing xg(z, ) by the mean value of (x),;

the correlated values needed for a correct error estimation were not avail-
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able. Note that xFitter uses the fit form of Eq. with A = 0. Our
fitted pion gluon PDF is consistent with JAM and DSE for z > 0.2, and
with xFitter for > 0.5 within one sigma. We also show z%g(z, u)/(z),
for > 0.5 region in the inserted plot on the right-hand side of Fig. [4.6]
We see in this comparison that our results are of similar error size as the
global-fit analysis and are useful to provide constraints from theoretical

calculation in addition to the experimental data.

— a~0.12 fm, M ~220 MeV, gg+gq
2.5 = a~0.12 fm, M,,~220 MeV

. 5 2~0.12 fm, M,~310 MeV.
S B2 2~0.12 fm, M,,~690 MeV/
Q
O15 B 2~0.15 fm, M,~310 MeV
1
x
5
x

2 GeV)x)

xg(X,u=

Figure 4.6: The pion gluon PDF zg(x, i1)/(z), as a function of z obtained from the fit to
the lattice data on ensembles with lattice spacing a ~ {0.12,0.15} fm, pion masses M, ~
{220, 310,690} MeV (left plot and its inserted plot), and zg(z, i)/ {(z), (2*g(x, pn)/(x), in
the inserted plot) as function of x obtained from lattices of a &~ 0.12 fm, M, ~ 220 MeV
(right), compared with the NLO pion gluon PDF's from xFitter’20 and JAM’21, and the
pion gluon PDF from DSE20 at p = 2 GeV in the MS scheme. The JAM'21 error
shown is overestimated due to lack of available correlated uncertainties in its constituent
components. Our PDF results are consistent with JAM [4], 24] and DSE [25] for = > 0.2,
and xFitter [3] for = > 0.5.

4.3 Summary

In this work, we presented the first calculation of the pion gluon PDF

from lattice QCD and studied its pion-mass and lattice-spacing dependence
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using the pseudo-PDF approach. We employed clover valence fermions on
ensembles with Ny = 2 + 1 + 1 highly improved staggered quarks (HISQ)
at two lattice spacings (a ~ 0.12 and 0.15 fm) and three pion masses (220,
310 and 690 MeV). These ensembles allowed us to probe the dependence
of the pion gluon PDF on pion mass and lattice spacing. In both cases,
the dependence appears to be weak compared to the current statistical
uncertainty.

We investigated the systematics associated with the functional form
used in the reconstruction fits as well as the systematics caused by ne-
glecting the quark contribution in the matching. The effect of the assumed
gluon PDF fit form was investigated by using various forms, which are all
commonly used or proposed in other PDF works. We observe large effects
changing the fit to xg(z, )/ (x), from 1- to 2-parameter form but conver-
gence at 3 parameters. This implies the 2-parameter fits are sufficient for
our calculation, and our finial pion gluon PDF results are presented using
the 2-parameter fit results. We used the pion quark PDF from xFitter to
make an estimation of the quark contribution to the pion gluon RpITD.
We found the systematic errors it contributed are smaller than 10% of the
statistical errors.

Our pion gluon PDF for the lightest pion mass is consistent with JAM’21
and DSE’20 for z > 0.2, and with xFitter’20 for x > 0.5 within uncertainty,
as shown in our final comparison plots of the pion gluon PDF. We also
studied the asymptotic behavior of the pion gluon PDF in the large-z

region in terms of (1 — 2)¢. C > 3 is implied from our study at two lat-
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tice spacings and three pion masses. The future study of the pion gluon
PDF from the lattice QCD with improved precision and systematic con-
trol when combined in global-fit analyses with the results of anticipated
experiments [215], 42 [44] 215] will provide best determination of the gluon

content within the pion.
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Chapter 5

Nucleon gluon PDF

The unpolarized gluon parton distribution functions (PDFs) g(x) and
quark PDFs ¢(x) are important inputs to many theory predictions for
hadron colliders [26), [46], [15], 14), [16], 245], 246| 247]. For example, both g(z)
and ¢(z) contribute to the deep inelastic scattering (DIS) cross section,
and g(z) enters at leading order in jet production [31], B2]. To calcu-
late the cross section for these processes in pp collisions, g(z) needs to
be known precisely. Although there are experimental data like top-quark
pair production, which constrains g(x) in the large-z region, and charm
production, which constrains g(x) in the small-z region, g(x) is still exper-
imentally the least known unpolarized PDF because the gluon does not
couple to electromagnetic probes. The Electron-Ion Collider (EIC), which
aims to understand the role of gluons in binding quarks and gluons into
nucleons and nuclei, is at least in part intended to address this gap in
our experimental knowledge [41]. In addition to experimental studies, the
theoretical approaches to determining gluon structure by calculation are

continually improving. The recent calculations on nucleon PDFs based
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on quasi-PDF', pseudo-PDF, "good lattice cross sections” approaches are

listed in the beginning of Chap.

5.1 First Exploratory Study

In our first calculation of gluon quasi-PDF, we defined the gluon quasi-
PDF matrix element and operator different with the LaMET operators we
discussed in Sec. 3.1],

Hy(z, P.) = (P|Oy(2)|P), (5.1)
o D (O(F",, F1; z) — 19" O(F",, F" ; 2))
' 5Py +1p2 ’

renormalized at the scale p with O(F",, FI7;2) = F¥ (2)U(2,0)F*(0).
When z = 0, Hy(0, P.) is a local operator and equals to (x)g. In the large
momentum limit, only the leading twist contribution in g(x) survives, and
then g(x) can be factorized into the the gluon PDF g(y) and a pertur-
bative calculable kernel C(x,y), up to mixing with the quark PDF and
the higher-twist corrections O(1/P?). This operator is later proved not
multiplicatively renormalizable in Ref. [200] and not used in our following
calculations.

Since the Lattice calculation of Hy(z, P.) is under the lattice regular-
ization, a non-perturbative renormalization (NPR) of the glue operators
Oo(2) is required to convert Hy(z, P.) into that under the MS scheme
with the perturbative matching in the continuum. This can be achieved

following the glue NPR strategy introduced in Ref. [29] just recently for
(2)g-
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As shown in Refs. [200, 248, the O(F%,, F**;2z) and O(F%,, F""; 2)
(, v # z) structures in Oy should be renormalized separately before com-
bined together, but its linear divergence [249, 250] is an overall multi-
plicative factor depending on the Wilson-link length z. For the linear
divergence introduced by the Wilson link, an empirical observation in the
quark unpolarized quasi-PDF case is that, the non-perturbative RI/MOM
renormalization constant with pf* = 0 can be approximated by the nu-
cleon iso-vector matrix element with P, = 0 in the z < 0.5 fm region, with
~10% deviation, while the systematic uncertainties due to the hadron IR
structure is hard to estimate [199]. If the gluon case is similar, the lin-
ear divergence of the gluon quasi-PDF matrix element can be removed
by defining the “ratio renormalization” (similar to the reduce Ioffe-time

distribution considered in the quark case [202, 185, 207])

Fl(l)vTS(O?OJJJ) ]
o 0 Hy(z, P.) (5.2)

f{é%a(z’ P27 :u) =

as an approximation of the RI/MOM renormalized one, with HE(z, P., 1) =
() ().

After the renormalization, both the quark and gluon PDF contribute
to the factorization of the gluon qausi-PDF [249], and the case with the
gluon quasi-PDF operator defined here will be investigated in a future
study. In this work, we will calculate the gluon quasi-PDF matrix element
and apply the “ratio renormalization” to have a glimpse on the range of
z and P, one can reach on the lattice, and compare it with the F'T of the
gluon PDF.

Numerical setup: The lattice calculation is carried out with valence

73



overlap fermions on 203 configurations of the 2 + 1-flavor domain-wall
fermion gauge ensemble “241” [251] with L3xT = 24%x64, a = 0.1105(3) fm,
and M:>**=330 MeV. For the nucleon two-point function, we calculate with
the overlap fermion and loop over all timeslices with a 2-2-2 Z3 grid source
and low-mode substitution [252, 253], and set the valence-quark mass to
be roughly the same as the sea and strange-quark masses (the correspond-
ing pion masses are 340 and 678 MeV, respectively). Counting indepen-
dent smeared-point sources, the statistics of the two-point functions are
203 x 64 x 8 x 2 = 207,872, where the last factor of 2 coming from the
averaging between the forward and backward nucleon propagators.
On the lattice, Oy is defined by

0, = 1 (Or(Fi, Fut, 2) = 108(Fyu, Fiy; 2)) (5.3)
3P} + P2

where Op(F,,, Fr, z) = 2Tr[F,.(2)U(z,0)F,;(0)U(0, 2)] is defined in the
Euclidean space with the gauge link U(z,0) in the fundamental represen-
tation, and the clover definition of the field tensor F),, is the same as that
used in our previous calculation of the glue momentum fraction [29].

The choice for the quasi-PDF operator is not unique. Any operator that
approaches the lightcone one in the large-momentum limit is a candidate,
such as the other choices inspired by Eq. (77)

1
FO(EW qu; Z),

z

) o PO (O(qua Fuz; Z) - igZZO(F/wa Fuu; Z)) 5.4

01(2)

as well as

1
03(Z> = FOO(FZM’Fuz;Z) (55)
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proposed in Ref. [I48]. These alternative operators O; 23 can be defined
on the lattice similarly. As we will address in the latter part of this work,
the quasi-PDF using O; 23 has larger higher-twist corrections and/or sta-
tistical uncertainty compared to that from using O.

The bare glue matrix element Hy(z, P,) with the Wilson link length z
and nucleon momentum {0, 0, P,} can be obtained from the derivative of

the summed ratio following the recent high-precision calculation of nucleon

matrix elements [254, 255],

1 0 e e
o o RE@=0P,=0itis 1) R(z=0,P,=0;tsqp) +
0.6 + l
ol 11
R 1
0.4 \
\\ * i
02 LIR
/
H
oo A4 4
i
0.2 & tegp=10 4 typ=12
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t—f‘;(,p/2 tsep

Figure 5.1:  The ratio R(tsep,t) for F[O(O,O) at different ts, as a function of operator
insertion time ¢ (left panel), and the ratio R(tsp) as a function of source-sink seperation
tsep (right panel). Four colored points in the right panel corresponds to the R at the

separations plotted in the left-panel.

R(z,Pitep) = Y R(z,Pitep,t) — Y R(zPite,—1t)

0<t<tsep 0<t<tsep—1
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— Hy(z, P.) + O(eBms), (5.6)

where

E<0 ‘ I f dgye_iy'PX(?ja tsep)oo (Zé t)X(Ga 0) ‘0>

R(z, P.; tsep, t = : =
SR B2+ 1P2) (0T | PyemPox (7, fup)x(0,0)/0)

and ['° = %(1 +74). To further improve the signal of Hy, we applied up to

5 steps of HYP smearing on the glue operators.

1.5 —
~ ~ Ra
O H, HYP1 e H, HYP1

~

~ R
H, HYP3 4 H, HYP3
1.0 ) cl

~ R
o H, HYP5 ® H, . HYP5

i
0.5 ¢ <§+ " a .+

&
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Figure 5.2: The bare H(z, P, = 0.46 GeV) and the renormalized one H® at 2 GeV
with 1,3,5 HYP smearing steps, as functions of z. In HPEe the exponential falloff in the
bare H due to the linear divergence is obviously removed by the “ratio renormalization
factor” Z(u, z) = HMS(0,0, 1)/ Ho(z,0). Some data using the same HYP smearing steps

are shifted horizontally to enhance the legibility.

Results: As illustrated in Fig. [5.1| for Hy(0,0) with 5 HYP smearing

steps, the value of R saturates after tsep > 6 and a constant fit can pro-
vide the same result as what can be obtained from the two-state fit of R
with larger ts,. In the tep, > t > 0 limit, both R and R saturate to the
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same Hy(0,0) = (z)bme = 0.55(8) as in the figure, while such a limit can be
reached with smaller s, in the R case. Using the renormalization constant
of (), in MS at 2 GeV with 5 steps of the HYP smearing calculated in
Ref. [29] of 0.90(10) and ignoring mixing from the quark momentum frac-
tion, the MS renormalized ()M5(2 GeV) = HF?(0,0,2 GeV) = 0.50(7)(5)

agrees with the phenomenological determination 0.42(2) [26] within uncer-

tainties.
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Figure 5.3: The renormalized ﬁi}i%,m,zs(za P.) as a functions of P, at z=0 (top) and 3
(bottom). Some data with the same P, are shifted horizontally to enhance the legibility.
The case with O,_3 suffers from a large contamination from higher-twist distributions,

while the results with O,—y 2 are consistent with each other, especially at larger P,.

Due to its linear divergence [250], the bare Hy(z, P.) decays exponen-

tially as |z| increases. Fig.[5.2 shows the z dependence of Hy(z, P.) with

P, = 0.46 GeV and 1, 3 and 5 HYP smearing steps. It is obvious to
see that the decay rates decreases when more steps of smearing are ap-
plied, since the corresponding linear divergence becomes smaller. Note
that ﬁo(z,Pz) is purely real and symmetric with respect to z; thus, we
just plot the real part in the positive-z region. The “ratio renormalized”
matrix elements H}*(z, P,) with different HYP smearing steps are consis-
tent with each other, as shown in Fig. [5.2] while more HYP smearing can
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reduce the statistical uncertainties significantly.

Then, we plot the “ratio renormalized” Fli]i%’17273(z =0, P,) using Z(u, z) =

H)'S(0,0,1)
HO(Ovonu’)

0.46, 0.92 GeV in the top panel of Fig. [5.3 All the cases with O, » pro-

for the glue operator O; with 5 HYP smearing steps and P, = 0.0,

vide consistent results, except O3 which suffers from large mixing with the
higher-twist operator O(F}', F/; z). With larger P,, the value of HE(0, P,)

becomes less negative as higher-twist contamination becomes smaller.

The lower panel of Fig. 5.3 shows f[ﬁ%’mﬁ(z = 3, P,) with different

operators and P, = 0.0, 0.46, 0.92 GeV. The O3 case also suffers from
large higher-twist contamination like the z = 0 case; the results with
Oi=012 seem to be slightly different from each other at P, = 0.46 GeV,
while the consistency at P, = 0.92 GeV is much better. Since the operators
12 can provide consistent results but the uncertainty using Oy is slightly
smaller than the other two cases, we will concentrate on this case in the
following discussion.

Finally, the coordinate-space gluon quasi-PDF matrix element ratios

flé%a(z, P.) are plotted in Fig. (5.4, compared with the corresponding F'T of

the gluon PDF, H(z, u=2 GeV), based on the global fits from CT14 [20]
and PDF4ALHC15 NNLO [27]. Since the uncertainties increases exponen-
tially at larger z, our present lattice data with good signals are limited
to the range zP, <2 or so, and the values at different zP, are consistent
with each other. At the same time, H(z,2 GeV) doesn’t changes much
either in this region as in Fig. .4 as investigated in Ref. [207]. Up to

perturbative matching and power correction at O(1/P?), they should be
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the same, and our simulation results are within the statistical uncertainty
at large z. The results at the lighter pion mass (at the unitary point) of
340 MeV is also shown in Fig. [5.4] which is consistent with those from the
strange quark mass case but with larger uncertainties. We also study the
pion gluon quasi-PDF (see Fig. and similar features are observed.

In a recent work [256] involving part of the present authors, the glue
momentum fraction (z)MS (corresponds to H"(0) here) is calculated on
configurations with different lattice spacing, valence and sea quark masses.
The value of (x}m tend to be slightly larger with smaller quark mass, but
the dependence is weak. Thus it hints that the entire gluon distribution
may be also insensitive to either the valence or sea quark mass given the
current statistical errors, up to ~ 400 MeV pion mass or so. The quark
case is similar; thus we don’t expect the gluon quasi-PDF and the mixing
with the quark PDF through the factorization to be very sensitive to the
quark mass unless the statistical uncertainty can be reduced significantly.

If HE9(z, P.) keeps flat outside the region where we have good signal,
the gluon quasi-PDF g(x) will be a delta function at x = 0 through FT.
On the other hand, the width of g(x) will be ~ 0.5 in z if we suppose
H(z, P.) = 0 for all the 2P, >3. We conclude the FT of our present
results of [:[é%a(z,Pz) cannot provide any meaningful constraint on the
gluon PDF ¢g(z).

Summary and outlook: In summary, we present the first gluon quasi-

PDF result for the nucleon and pion with multiple hadron boost momenta

P, and explore different choices of the operators. With proper renormal-
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Figure 5.4: The final results of H}*(z, P,) at 678 MeV (top) and 340 MeV (bottom) pion
mass as a functions of zP,, in comparison with the FT of the gluon PDF from the global
fits CT14 [26] and PDFALHC15 NNLO [27]. The data with P, = 0.92 GeV are shifted
horizontally to enhance the legibility. They are consistent with each other within the

uncertainty.
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Figure 5.5: The similar figure for the pion gluon quasi-PDF matrix elements with M, =

678 MeV. The shape is quite similar to the case in Fig. 5.4
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ization, the quasi-PDF matrix elements we obtain agree with the FT of
the global-fit PDF within statistical uncertainty, up to mixing from the
quark PDF, perturbative matching and higher-twist correction O(1/P?).

Since global fitting results shows that most of the contribution of g(z)
comes from the z < 0.1 region, the width of its FT, H(zP,), is pretty
large as the H(zP,) becomes half of of its maximum value (at zP,=0) at
2P, ~ 7. At the same time, the signal of the lattice simulation and also the
validity of the factorization limit us to the small z region. Thus to discern
the width of gluon PDF, the lattice simulation with much larger nucleon
momentum P,, such as 2-3 GeV, is needed. To archive a good signal with
such a large P,, the momentum smearing [106] and cluster decomposition
error reduction [257] should be helpful.

In the theoretical side, the gluon quasi-PDF operator can be renormal-
ized non-perturbatively in the RI/MOM scheme (the O(F7,, F**; 2) and
O(F"  F"F z) (u, v # z) structures in Oy and Os should be renormalized
separately before combined together, while O; is multiplicative renormal-
izable [200), 248]) based on the NPR strategy introduced in Ref. [29], and
the matching to the gluon PDF can be calculated perturbatively following

the framework used in the quark case [198].

5.2 First Pseudo-PDF Study

We later presented the first lattice-QCD results that access the z-dependence
of the gluon unpolarized PDF of the nucleon via pseudo-PDF approach.

This calculation is carried out using the Ny = 2 41 + 1 highly improved
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staggered quarks (HISQ) [70] lattices generated by the MILC collabora-
tion [63] with spacetime dimensions L? x T' = 243 x 64, lattice spacing
a = 0.1207(11) fm, and M** ~ 310 MeV. We apply 1 step of hypercubic
(HYP) smearing [88] to reduce short-distance noise. The Wilson-clover
fermions are used in the valence sector where the valence-quark masses is
tuned to reproduce the lightest light and strange sea pseudoscalar meson
masses (which correspond to pion masses 310 and 690 MeV, respectively),
as done by PNDME collaboration [236, 237, 238, 239]. As demonstrated
by PNDME and through our own calculation, we do not observe any ex-
ceptional configurations in our calculations caused by the mixed-action
setup. Since our strange and light pion masses are tuned to match the
corresponding sea values, we do not anticipate lattice artifacts other than
potential O(a) effects. Since this is at the same level as typical corrections
to LaMET-type operators [258], it requires no special treatment. Such
effects will be studied in future work.

We use Gaussian momentum smearing [106] is used for the quark field,

1
Smom ¥ (7) = 5 e ) + az Uj(x)e* W (z + ¢;)), (5.7)

where k is the momentum-smearing parameter and « is the Gaussian
smearing parameter. In our calculation, we choose k£ = 2.9, a = 3 with
60 iterations to help us getting a better signal at a higher boost nucleon
momentum. These parameters are chosen after carefully scanning a wide
parameter space to best overlap with our desired boost momenta. We use
898 lattices in total and calculate 32 sources per configuration for a total
28,735 measurements. In the previous gluon-PDF work [162], the nucleon
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two-point function was calculated with overlap fermions using all times-
lices with a 2-2-2 Z3 grid source and low-mode substitution [252, 253],
which has 8 times more statistics and best signal at zero nucleon momen-
tum. Even though the number of measurements in this work is smaller
than the previous work, we see significant improvement in the signal-to-
noise at large boost momenta with our momentum smearing, which allow
us to extend our calculation to momenta as high as 2.16 GeV. We studied
the (ap)™ discretization effects on the nucleon two-point correlators using
ensembles of different lattice spacing a =~ 0.6,0.9,0.12 fm, and the results
indicate that these effects are not significant on the two-point correlators.
We anticipate the discretization effects to be small in our calculation, based
on the observation in the two-point correlators; a study using multiple lat-
tice spacings for the gluon three-point correlators will be needed for future
precision calculations.

The nucleons two-point correlators are then fitted to a two-state ansatz
same as what we did in the pion gluon PDF Chapter[4] In this work, we use
N, to denote a nucleon composed of quarks such that M, ~ 690 MeV and
N, to denote a nucleon composed of quarks such that M, ~ 310 MeV. Fig-
ure [5.6| shows the effective-mass plots for the nucleon two-point functions
with P, = [0,5]2% for both masses. The bands show the corresponding
reconstructed fits using Eq. with fit range [3,13]. The bands are con-
sistent with the data except where P, and ¢ are both large. The error of
the effective masses at large P, and t region is too large to fit. However,

our reconstructed effective mass bands still match the the data points for
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the smaller ¢t values even for the largest P, = 5 x 27/L. We check the
dispersion-relation E? = EZ + ¢*P? of the nucleon energy as a function of
the momentum, as shown in Fig.[5.7, and the speed of light ¢ for the light

quark is consistent with 1 within the statistical errors.
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Figure 5.6: Nucleon effective-mass plots for M, ~ 690 MeV (left) and M, ~ 310 MeV
(right) at z =0, P, = [0,5] x 2* on the a12m310 ensemble. The bands are reconstructed
from the two-state fitted parameters of two-point correlators. The momentum P, = 527”

is the largest momentum we used, and it is the noisiest data set.
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Figure 5.7: Dispersion relations of the nucleon energy from the two-state fits for M, ~

690 MeV (left) and M, ~ 310 MeV (right)

We use the unpolarized gluon operator defined in Eq. [5.20, We find the
bare matrix elements to be consistent with up to 5 HYP-smearing steps,
and the signal-to-noise ratios do not improve much with more steps. For

the gluon operator used in this paper, we use 4 HYP smearing steps to
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reduce the statistical uncertainties, as studied in Ref. [I62]. The matrix
elements of gluon operators can be obtained by fitting the three-point func-
tion to its energy-eigenstate expansion same as we introduced in Chap. [4]
Figure shows example correlator plots from the ratio Ry (P.,t, tsep)
as a function of the ¢ — typ/2 for multiple source-sink separations for at
P, =2x2n/L and ts, = {6,7,8,9} x a. The reconstructed ratio plot, us-
ing the fitted parameters obtained from Egs. and are plotted for
each tsp, and the gray band indicates the reconstructed ground-state ma-
trix elements (0|0,|0). The left-two plots in Fig. [5.8/show the two-simRR
fits and two-sim fits using the ts, = {6, 7,8, 9}a, while the remaining two
plots show individual two-state fits to the smallest and largest source-sink
separations (tsp = {6,9}a). The plots of pion mass M, ~ 690 MeV and
M, ~ 310 MeV are shown in the first row and second row respectively.
The reconstructed ground state matrix elements (gray bands) for O, are
consistent for the fits with individual tg, = {6, 9}, the two-sim fit results
and the two-simRR fit within one sigma error. Therefore, the two-sim fits
describe data from tep, = {6,7,8,9} well for operator O,. Thus, we use
the two-sim fits to extract the ground-state matrix element (0|0,|0) of
different z, P, for the rest of this paper.

Our extracted bare ground-state matrix elements are stable across var-
ious fit ranges. Figure |5.9| shows example results from M, ~ 690 MeV
and M, ~ 310 MeV nucleons with nucleon momentum P, € [1,5] x 27 /L
as the fit ranges for two- and three-point varies. In this case, the two-

point correlator fit ranges are [tym, 13] and the three-point correlators fit
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ranges are [teip, tsep — tskip]. All the matrix elements from different fit
ranges are consistent with each other in one-sigma error. The fit range

. 3pt 2pt
choice t28° =1, t°

skip min

= 2 are not used, because the x?/dof of the 2-point

2pt

min

2pt

correlator fits with ¢ in = 9 cases. For

= 2 are much larger than the ¢

the rest of this paper, we use the fitted matrix elements obtained from the

3pt 2pt
skip 7 1’ tmin

are fitted for P, € [0,5] x 2/L and z € [0,5] X a to obtain the loffe-time

fit-range choice ¢ = 3. The extracted bare matrix elements

distributions in pseudo-PDEF' calculation.
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Figure 5.8: The three-point ratio plots for M, ~ 690 MeV (top row) and M, ~ 310 MeV
(bottom row)nucleons z = 1 as functions of t — typ/2, as defined in Eq. 4.5 The results
for nucleon momentum P, = 2 x 27/ L are shown. The gray bands in each panel indicate
the extracted ground-state matrix elements of the operator O,. In each column, the plots
show the fitted ratio and the extracted ground-state matrix elements from two-simRR
and two-sim fits with all 4 source-sink separations, and the two-state fits using only the
smallest and largest ts, from left to right, respectively. The second column, which are
the two-sim extracted ground-state matrix elements, are used in the subsequent analysis.
The ground-state matrix elements extracted are stable and consistent among different

fitting methods and three-point data input used.
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Figure 5.9: The fitted bare ground-state matrix elements without normalization by kine-
matic factors as functions of z obtained from the two-sim fit using different two- and
three-point fit ranges for nucleon momentum P, € {0,2,4} x 27/L from left to right,

respectively, for M, ~ 690 MeV (first row) and M, ~ 310 MeV (second row) nucleons.

The green points, which represent the fit-range choice tz’ffp =1, 2 =3 are used in the

following analysis, because the errors of the matrix elements of this fit range are relatively
smaller than the error of the red points. The orange points, which represent the fit-range

St — 1, ¢*® = 2 are not used because the y? /dof of the 2-point correlator fits

choice ¢, nin

with 2% = 2 are much larger than 2% = 3 cases.
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5.2.1 Results and Discussions

We fit the reduced I'TDs for each jackknife sample at each P, and z value.
The slope K is about —0.05 GeV ™2 in our fit. Then, the jackknife sam-
ples of the reduced ITDs at physical pion mass are reconstructed from
the fit parameters from each jackknife sample fit. Figure [5.10] shows the

extrapolation results for the reduced ITDs at P, € {1,5} x 27/L.
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Figure 5.10: The reduced ITDs . (v, 2?) as functions of v and their extrapolation to the
physical pion mass at P, = 1 x 27 /L (left) and P, = 5 x 27/L (right). The blue bands

represent the fitted results of the reduced I'TDs at the physical pion mass M, = 135 MeV.

As shown in Fig. [5.11] the reduced ITDs of different 2 from our lat-
tice calculation show very little z dependence, because the z dependence
cancels out when dividing out the I'TD at P = 0 in the ratio defining the
reduced I'TD. Our fitted bands from the z-expansion fit match the reduced
ITDs at different pion masses within the error bands. In Fig. [5.11], we can
see that the fitted bands are mostly controlled by the small-z reduced I'TDs,
because the error grows significantly with increasing z. The reduced I'TDs
at physical pion mass are extrapolated from the pion masses at M, = 690
and 310 MeV and are closer to the smaller pion mass at M, = 310 MeV.
As v grows, the reduced ITDs decrease from M(0, 2%) = 1. The decrease
becomes faster when we go to smaller pion masses, but this trend is slight
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because the pion-mass dependence is weak in our case, as seen in Fig. [5.11],
where the data and the fitted bands from 3 different pion masses are con-

sistent within one sigma error.
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Figure 5.11: The reduced ITDs .# (v, 2?) as functions of v at pion masses M, = 690,
310 and extrapolated 135 MeV from left to right, respectively. The points of different
colors represent the reduced ITDs .# (v, z%) of different 2% and the red band represents

the z-expansion fit band.

The evolved ITDs at M, = 690, 310 and extrapolated 135 MeV are
obtained from Eq. .1} In the evolution, we choose u = 2 GeV and
as(2 GeV) = 0.304. The z dependence of the evolved I'TDs should be com-
pensated by the In z? term in the evolution formula, which is confirmed
in our evolution results. The evolved ITDs from different z € [1,5] X a
are shown in Fig. [5.12] as points with different colors and are consistent
with each other within one sigma error. Similar to the reduced ITDs, the
evolved I'TDs show small pion-mass dependence, because the data points
from 3 different pion mass are consistent within one sigma error. Accord-
ing to the evolution function in Eq. 4.1}, we can obtain the evolved ITD G
by adding the reduced ITD .#Z and an integral term related to .#. Due
to the cancellation between the two terms, this can reduce the error in
the evolved ITDs. This phenomenon is also seen in other pseudo-PDF

calculations [189, [12].
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Figure 5.12: The evolved ITDs G as functions of v at pion masses M, ~ 690, 310 and
extrapolated 135 MeV from left to right, respectively. The points of different colors
represent the evolved ITDs G(v, 2?) of different z values. The red band represents the
fitted band of evolved I'TD matched from the functional form PDF using the matching
formula Eq.[5.22] The yellow and pink bands represent the evolved I'TD matched from the
CT18 NNLO and NNPDF3.1 NNLO unpolarized gluon PDF, respectively. The evolution
and matching are both performed at ;1 = 2 GeV in the MS scheme.

The fit is performed on the evolved ITDs for M, = 690, 310 and ex-
trapolated 135 MeV separately. The fitted evolved ITD represented by the
red band shows a decreasing trend as v increases. The fit results for three
pion masses are consistent with each other, as well as the evolved I'TD from
CT18 NNLO and NNPDF3.1 NNLO gluon unpolarized PDF, within one
sigma error. However, the rate at which it decreases for smaller pion mass
is slightly faster. The fit parameters and the goodness of the fit, x?/dof,
are summarized in Table [5.1, From the functional form, it is obvious that
parameter A constrains the small-z behaviour and parameter C' constrains
the large-x behaviour. However, the small-x results obtained from the lat-
tice calculation are not reliable. This is because the Fourier transform of
the Ioffe time v is related to the region around the inverse of the x and

the large-v results of evolved ITDs as shown in Fig. have large er-

ror, which leads to poor constraint on the small-z behaviour of xzg(x, ).
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In contrast, the large-z behaviour of zg(x, 1) is constrained well because
of the small error in the evolved I'TDs in the small-v region. Therefore,

we have a plot that specifically shows the large-z region of z?g(z, ) in

Fig. [5.13|

M, (MeV) A C x?/dof
690 —0.622(14) | 2.5(13) | 0.35(45)

310 —0.611(8) | 2.3(23) | 0.19(36)

135 (extrapolated) | —0.611(9) | 2.2(24) | 0.19(38)

Table 5.1:  Our gluon PDF fit parameters, A and C, from Eq. [5.23] and goodness of
the fit, x?/dof, for calculations at two valence pion masses and the extrapolated physical

pion mass.

A comparison of our unpolarized gluon PDF with CT18 NNLO and
NNPDF3.1 NNLO at u = 2 GeV in the MS scheme is shown in Fig. .
We compare our xg(z, 1t)/(x,),2 with the phenomenological curves in the
left panel. The middle panel shows the same comparison for zg(x, ).
Our zg(x, ) extrapolated to the physical pion mass M, = 135 MeV is
close to the 310-MeV results and there is only mild pion-mass dependence
compared with the 690-MeV results. We found that our gluon PDF is
consistent with the one from CT18 NNLO and NNPDF3.1 NNLO within
one sigma in the = > 0.3 region. However, in the small-z region (x < 0.3),
there is a strong deviation between our lattice results and the global fits.
This is likely due to the fact that the largest v used in this calculation is
less than 7, and the errors in large-v data increase quickly as v increases.
To better see the large-x behavior, we multiply an additional x factor into

the fitted zg(z, 1) and zoom into the range = € [0.5,1] in the rightmost
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plot of Fig. [5.13] Our large-x results are consistent with global fits over
x € [0.5, 1] though with larger errorbars, except for z € [0.9,1] where our
error is smaller than NNPDF', likely due to using fewer parameters in the
fit. With improved calculation and systematics in the future, lattice gluon

PDF's can show promising results.
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Figure 5.13:  The unpolarized gluon PDF, zg(x, u)/(x,),2 (left), xzg(z,n) (middle),
2?g(x, 1) in the large-z region as a function of z (right), obtained from the fit to the
lattice data at pion masses M, = 135 (extrapolated), 310 and 690 MeV compared with
the CT18 NNLO (red band with dot-dashed line) and NNPDF3.1 NNLO (orange band
with solid line) gluon PDFs. Our x > 0.3 PDF results are consistent with the CT18
NNLO and NNPDF3.1 NNLO unpolarized gluon PDFs at i = 2 GeV in the MS scheme.

To demonstrate the influence of the large-v data on the fit results, we
perform fits to the evolved I'TDs with v, of 3 and 4, comparing with the
original fits with v, = 6.54. The fits with the 14, cutoff are implemented
on the lattice-calculated evolved I'TDs and the evolved ITDs created by
matching the CT18 NNLO gluon PDF. We show the evolved ITDs from
the M, = 310 MeV lattice data and the fitted bands on the left-hand side
of Fig.[5.14] The errors of the fit bands become smaller as larger-vy,,, data
are included even though the errors in the input points increases. As a
result, we can see in the middle of Fig. that the lattice gluon PDF

errors shrink when the large-v data help to constrain the fit.
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Since our ability to accurately determine the PDF's in the small-x region
is limited by the 1., calculated on the lattice, we study the effect of the
v cutoff on our obtained xz-dependent gluon PDF. To do so, we took the
CT18 NNLO gluon PDF to construct a set of evolved I'TDs using the same
cutoffs vmax = {3,4,6.54} used on the 310-MeV PDF. The right-hand side
of Fig. shows that when v, increases, the region the reconstructed
PDF can recover extends to smaller . Based on this observation, we
estimate that with v, = 6.54, the smallest x at which our lattice PDF
can be trusted is around 0.25. We use the difference between the original
CT18 input and the one reconstructed with a v cutoff to estimate the
systematic due to this cutoff effect on the higher moments.

We summarize our predictions for the second and third moments (z7) 2
and (z3) 2 at 4 = 2 GeV with their statistical and systematic errors in Ta-
ble [5.2], together with the ones from CT18 NNLO and NNPDF3.1 NNLO
results. The first error on our number corresponds to the statistical er-
rors from the calculation, while the second error comes from combining
in quadrature the systematic errors from four different sources: 1) The
normalization of the global-PDF determination of the moment used in
our calculation; 2) The finite-v cutoff in the evolved ITDs, as discussed
above. 3) The choice of strong coupling constant. To estimate this error,
we vary ag by 10%. Like previous pseudo-PDF studies [190], we find that
the changes are no more than 5%; 4) The mixing with the quark singlet
sector. We implement the gluon pseudo-PDF full matching kernel includ-
ing the quark mixing term on CT18 NNLO unpolarized gluon PDF. The
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Figure 5.14: Left: The evolved I'TDs G as functions of v at M, ~ 310 MeV with fits
performed using different v, cutoff in the evolved ITDs. As we can see from the
tightening of the fit band, the evolved ITDs at larger v are still useful in constraining
the fit despite their larger errors. Middle: The unpolarized gluon PDF obtained from the
fits to the evolved I'TDs at 310-MeV pion mass with different 1,,,,. The evolution and
matching are both performed at = 2 GeV in the MS scheme. The larger the v input, the
more precise the PDF obtained. Right: The 2-GeV MS renormalized unpolarized gluon
PDF obtained from a fit to the evolved I'TDs generated from the CT18 NNLO PDF with
Vmax € {3,5,6.54}, compared with the original CT18 NNLO unpolarized gluon PDFs.
As v increases, we can see the gluon PDF is better reproduced toward small x. Using
this exercise, we can see that our lattice PDF is only reliable in the x > 0.25 region. By
taking the moments obtained from CT18 with a cutoff of v, = 6.54 compared to those

from the original PDF, we can estimate the higher-moment systematics in our lattice

calculation.
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contribution of quark is about 4%, which is smaller than systematic errors
from other sources. A more precise study of the effects of quark mixing on
the unpolarized gluon PDF can be done when we have better control of
statistical errors and other systematic errors. Overall, our moments are in
agreement with the global-fit results. Future work including lighter pion
masses and finer lattice-spacing ensembles will further help us reduce the

systematics in the calculation.

moment | MSULat (690 MeV) | MSULat (310 MeV) | MSULat (extrapolated 135 MeV) CT18
(22), 0.040(15)(3) 0.043(26)(4) 0.045(30)(4) 0.0552(76
(22), 0.011(6)(2) 0.013(14)(3) 0.014(17)(3) 0.0154(37

Table 5.2: Predictions for the higher gluon moments from this work and the correspond-
ing ones obtained from CT18 NNLO and NNPDF3.1 NNLO global fits. The first error
in our number corresponds to the statistical errors from the calculation and the second

errors are the systematic errors.

5.2.2 Summary and Outlook

In this paper, we present the first lattice calculation of the gluon parton
distribution function using the pseudo-PDF method. The current calcu-
lation is only done on one ensemble with lattice spacing of 0.12 fm and
two valence-quark masses, corresponding to pion masses around 310 and
690 MeV. In contrast to the prior lattice gluon calculation [162], we now use
an improved gluon operator that is proved to be multiplicatively renormal-
izable. The gluon nucleon matrix elements were obtained using two-state
fits. The use of the improved sources in the nucleon two-point correlators
allowed us to reach higher nucleon boost momentum. As a result, we were
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able to attempt to extract the gluon PDF as a function of Bjorken-z for
the first time. There are systematics yet to be studied in this work. Future
work is planned to study additional ensembles at different lattice spacings
so that we can include the lattice-discretization systematics. Lighter quark
masses should be used to control the chiral extrapolation to obtain more

reliable results at physical pion mass.

5.3 Updated Pseudo-PDF Study

We present the z-dependent nucleon and pion gluon distribution from
lattice QCD using the pseudo-PDF approach, on lattice ensembles with
24 1+1 flavors of highly improved staggered quarks (HISQ), generated by
MILC Collaboration. We use clover fermions for the valence action and
momentum smearing to achieve pion boost momentum up to 2.56 GeV
on three lattice spacings a ~ 0.9,0.12 and 0.15 fm and three pion masses
M, ~ 220, 310 and 690 MeV. We calculate the gluon momentum fraction
(x), and combine with the zg(z)/(x), calculated from the pseudo-PDF ap-
proach to nucleon gluon unpolarized PDF zg(x) for the first time through
lattice QCD simulation. We extract our results to physical pion mass and
continuum limit, and compare with the determination by global fits.

In Sec. 5.3.1], we present the pseudo-PDF procedure to obtain the light-
cone gluon PDF and how we extracted the reduced pseudo Ioffe-time dis-
tribution (pITDs) from lattice calculated correlators. In Sec. |5.3.2) we
present our calculation of the gluon nonperturbative renormalization factor

and obtain the renormalized gluon momentum fraction (x),. In Sec.[5.3.3|
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the final determination of the nucleon unpolarized gluon PDF zg(z) is ob-
tained through the xg(x)/(z), and (), calculation results, and compared
with the phenomenology global fit PDF results. A discussion of the sys-
tematics and the outlook for the nucleon gluon PDF's are included in the

last Sec. 5.3.4.

5.3.1 Lattice correlators and matrix elements

In this study, we follow the same procedure used to calculate the pion gluon
PDF in Sec. IT of Ref. [194], 211], following the pseudo-PDF procedure as
in Refs. [I85], 203]. The gluon operator we used is also the same one as in

Eq. 1in Ref. [211].

O() = 3 O(F, Fli; ) - i S O(F, Fi 2), (5.8)

i#zt (NFER
where the operator O(F", F*; z) = Fl'(2)U(z,0)F§(0), z is the Wilson
link length. To extract the ground-state matrix element to construct the
reduced pITD defined in Eq. 4, we use a 2-state fit on the two-point cor-
relators and a two-sim fit on the three-point correlators in Eqs. 11 and 12
in Ref. [211].

We present our calculation of pion and nucleon gluon PDFs on clover
valence fermions on four ensembles with Ny = 2 41 41 highly improved
staggered quarks (HISQ) [70] generated by the MILC Collaboration [63]
with three different lattice spacings (a =~ 0.9,0.12 and 0.15 fm) and three
pion masses (220, 310, 690 MeV), as shown in Table. 5.3, Following the
study in Ref. [162], five HYP-smearing [88] steps are used on the gluon
loops to reduce the statistical uncertainties. We use Gaussian momentum
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smearing for the quark fields [106] ¢(z) + a3, Ui (2)e % g (2 + &), to
reach higher meson boost momenta with the momentum-smearing param-
eter k listed in Table [6.1 The measurements vary 10°-10° for different
ensembles. More measurements and various lattice spacings are studied

comparing to our previous nucleon gluon PDF calculation on al2m310

ensemble [194].

ensemble a09m310 | al2m220 al2m310 albm310

a (fm) | 0.0888(8) | 0.1184(10) | 0.1207(11) | 0.1510(20)

L3xT 323 x 96 | 323 x 64 243 x 64 162 x 48

MY (MeV) | 313.1(13) | 226.6(3) | 309.0(11) | 319.1(31)

My (MeV) | 698.0(7) | 696.9(2) | 684.1(6) | 687.3(13)

P, (GeV) | [0,2.18] | [0,2.29] | [0,2.14] | [0,2.56]
Nineas 193,728 | 1,466,944 | 324,160 21,600
toep (6,789} | {5678} | {5678} | {6,7.8,9}

Table 5.3: Lattice spacing a, valence pion mass M* and 7, mass ngl, lattice size L? x T,
number of configurations N, number of total two-point correlator measurements N2Pt
and separation times t4, used in the three-point correlator fits of Ny =2+ 1+ 1 clover
valence fermions on HISQ ensembles generated by the MILC collaboration and analyzed

in this study. More details on the parameters used in the calculation are included in the

Table [6.1] in the appendix.

To study the reliability of our fitted matrix-element extraction, we com-

pare to ratios of the three-point to the two-point correlator R,

| C (2, P.i tyep, t)
Rratlo Z,P;t ,t _ P y 4 2y Usepy
s e D g e

(5.9)

where the three-point and two-point correlators are defined in Eqgs. 11 and
12 in Ref. [211]. The left-hand side of Fig. shows example ratios for the
gluon matrix elements from al2m?220 ensemble light nucleon correlators
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at pion masses M, ~ 220 MeV at selected momenta P, and Wilson-line
length z. The ratios increase with increasing source-sink separation fgep,
and the ratios begin to converge at large ¢, indicating the neglect of
excited states becomes less problematic. The gray bands represent the
ground-state matrix elements extracted using the two-sim fit to three-point
correlators at five ¢y, where the energies are from the two-state fits of the
two-point correlators. The one-state fit results increase as g, increases,

starting to converge at large ty, to the two-sim fit results. The third and

fourth columns of Fig. |5.15[show two-sim fits using tep € [t;ggl, 9] and tgep €

[5, t5ep] to study how the two-sim ground-state matrix elements depend
on the source-sink separations input into fit. We observe that the matrix
elements are consistent with each other within one standard deviation,
showing consistent extraction of the ground-state matrix element, though
the statistical errors are larger than those of the one-state fits. Taking

al2m220 ensemble as an example, we observe larger fluctuations in the

matrix element extractions when small #** = 3 and 4, or small 2% = 6

sep sep

and 7, are used. The ground state matrix element extracted from two-sim

fits becomes very stable when t?el;n > 5 and tg;* > 8.

5.3.2 NPR

The gluon momemntum faction (x), is important in understanding the
nuclean momentum, mass and spin [259, 260]. Thus, a lattice QCD calcu-
lation of the (x), itself is also of fundanmental interest. The calculation

of (z), is significantly improving recently [261, 233]. For the bare gluon
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Figure 5.15: Example ratio plots (left), one-state fits (second column) and two-sim fits

(last 2 columns) from the al2m220 light nucleon correlators at pion masses M, ~ 220

MeV. The gray band shown on all plots is the extracted ground-state matrix element

from the two-sim fit using ts, € [5,8]. From left to right, the columns are: the ratio of

the three-point to two-point correlators with the reconstructed fit bands from the two-

sim fit using tsp € [D, 8], shown as functions of ¢ — ts,/2, the one-state fit results for the

three-point correlators at each tp, € [3,9], the two-sim fit results using s, € [t 8] as

functions of #%2, and the two-sim fit results using tyep € [5, t5e*] as functions of 5.
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matrix element, it was found that the hypercubic (HYP) smearing of the
gluon operators changes the bare matrix element significantly [262, 2§].
Therefore, a nonperturbative renormalization (NPR) [117] of the the gluon
momentum fraction is needed. The gluon momentum fraction operator we

use 1s,

O () = (F" () B (x) = F(2) F™ () (5.10)

where the field tensor F),, needed in the definition of the operators is

defined by

?
fir = Sazg

where the plaquette P, = U,(2)U,(z + af)Ul(z + aD)UJ(x) and Py,,) =

(Pluw) + Py + Proppmv] + Plovy) (5.11)

Py, — Py After we obtain the gluon bare matrix element from lattice
calculation, to obtain the renormalized matrix element, the procedure we
used in this paper is to renormalize the bare matrix element to a non-
perturbatice RI-MOM scheme and then implement a perturbative match-

ing to get the renormalized operators in the MS scheme.
Oy = R(i?, 1i}) Zo, (k) O™ (5.12)

The matching factor RMS(p?, 12) is calculated via perturbation theory in
Ref. [124]. The RI-MOM renormalization factor Zo, (113) can be obtained

with the non-perturbative renormalization condition,

Zy(p°) Zo,(0*) A, (D) (A (P)) oy, = 1. (5.13)
where Zy(p?) is the gluon field renormalization and Ao, (p) is the am-
putated Green’s function for the operator O, in the Landau gauge-fixed
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gluon state. The NPR factor Zop, (p?) of the operator in Eq.[5.10|is derived

in Ref. [233, 29],

_ P*(Ogw Tr[A- (p) A- (—p)]) oo,
Q(pﬂ P2 ){(Tr[A,(p)A-(— )]>p:u3ﬁ#u#v,p¢:0-

Therefore, the gluon propagator D,(p) and gluon amputated Green’s func-

(5.14)

tion Ap,(p) need to be calculated for the further calculation of the NPR

factor,

D, (p) = (Tr[A;(p)A-(—p)])

Ao,(p) = (OguwTr[A-(p) A-(—=p)]) (5.15)

In Ref. [257, 29], a technique called cluster-decomposition error reduc-
tion (CDER) is used to increase the signal to error ratio of NPR factor.
The reason for such error reduction is that, for the disconnected insertions,
the vacuum insertion dominates the variance so that the relevant opera-
tors fluctuate independently and is independent of the time separation.
This explains why the signal fall off exponentially, while the error remains
constant in the disconnected insertions. The gluon operator inserted to
the propagator in Eq. is a disconnected insertion which applies to the
CDER technique. Reference [29] introduces two cutoffs, r; between the
glue operator and one of the gauge fields, and ry between the gauge fields

in the gluon propagator to gluon amputated Green’s function Ao, (p),

Ao, = / / d47“'/d%eip'rlOg’W(x+7")Tr[Ap(.7:)Ap(x—|—r')]>.
|r|<ry |’

|<T‘2
(5.16)
Reference [29] studies the gluon nonperturbatively renormalization on the

2+1-flavor RBC/UKQCD domain-wall fermion (DWF') Iwasaki gauge en-
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semble with lattice spacing a = 0.114 fm, m, = 140 MeV and lattice vol-
ume L3 x T = 48%x 96 with 0 and 1 step of HYP smearing [262], a quenched
Wislson gauge ensemble and two two-flavor clover fermion Luscher-Weisz
gauge ensembles as well. They finds that the CDER technique provide
improvement on the lattice with the cutoffs r; ~ 0.9 fm and ry ~ 1.3 fm,
and such improvement is insensitive of the lattice definition of operators
and the HYP smearing steps within their uncertainties.

In our work, instead of using the radius cutoffs in CDER technique
in Ref [262], we use Lix truncated lattices to calculate the NPR factor
Zo,(p*) on the original L x T lattice. For different ensembles, we have

Lix truncated lattices listed in Tab. [5.4]

ensemble a09m310 al2m310 albm310

Le {16,20,24,28} | {12,16,20} | {8,12}

Ny 94 88 100

Nineas 1504 1408 1600

Table 5.4: The truncation length L., the number of configurations N and measurements
Nieas that we used for different lattice ensembles. We use 16 sources for the truncation

on each configurations, thus, the Nycas is 16 times of the Neg,.

The smallest cutoff L. we used are about 1.4, 1.4, and 1.2 fm for
a09m310, al12m310, and al5m310 ensembles respectively, which are larger
than the smallest cutoff 2r; ~ 0.8 fm used in Ref. [29]. Though Refer-
ence [29] gives the results that the 2r; > 1.8 fm cutoff give consistent
results with the full calculation NPR factors, the small cutoff results in
the region 0.8 < 2r; < 1.8 are still helpful in the final fit of the NPR

factors. Therefore, our cutoff from the smallest L. ~ 1.2 fm to the largest
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full lattice size are reasonable choices.
Following the procedure to renormalize the bare matrix element to
a non-perturbatice RI-MOM scheme and then implement a perturbative

matching, we get the renormalized moment in the MS scheme,

<x>1g\/[S _ Z(@(MQ’ M%%) <x>gbare _ RNTS(,M2, M%)ZO(,U%{) <x>gbare (517)

where the Z¥5 (42, u%) is the complete multiplicative renormalization con-
stant, and the 1-loop expression for the perturbative matching, derived in

Ref. [124] is used,

2 2 2
TS g*Ny 2 10 g°N. 4 19
RIS i) = 1 = o5 (Slog (W 1) + 5) = 15 (5 = 26+ )
(5.18)

where Ny = 4, N. = 3, £ = 0 in the Landau gauge, ¢g* is defined by
dro(p) [125, 126], 127], and g = 2 GeV is used in our calculation. With

the functional form,
(25°%) ((n=2GeV)’,p*) = (25°)71(0) + Cup* + Cop', (5.19)

we fit the renormalization constant (Z(@)_l and the fit bands of different
enembles as shown in Fig. [5.16| Different cutoff lengths L. give consistent

results of (Z(@)*l(()) within one sigma error. The complete multiplicative

renormalization constant (Z4%)~'(0) for 3 ensembles are listed in Tab. [5.5

in detail.
To calculate the bare gluon first moment (gluon momentum fraction)
(x),"™, we use the gluon operator we defined in Ref. [162],

o= 3 (’)(F“,F“;z)—i S OFY Rz, (5.20)

i?j::’r?y”z?t i?j:m7y7z7t
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Figure 5.16: The complete multiplicative renormalization constants (ZN5)!((p =
2GeV)?, p?) as function of p? for a09m310, a12m310, a15m310 ensembles are shown in the
upper-left, upper-right, lower-left plots respectively. A comparison of different ensembles
renormalization factor and their fit bands are shown in the lower-right plot. The fit band

is coming from the fit form in Eq.
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After normalized the bare matrix elements with the kinematic factor %Pf,
470" 4

bare - . ,
¢ is the normalized bare matrix

the bare gluon momentum fraction (x),
element at z = 0. Figure. [5.17] shows the bare matrix element extracted
from 3-point and 2-point correlators. The bare matrix elements we cal-
culated for gluon moments use the same parameter settings and number
of measurements we listed in Tab. 5.3l We have the al2m310 ensemble

as an example, (z),"" of are fitted as a constant with the fit range P, €

[0,5] x 27/ L, and we extract (x),"" = 0.594(46). Using the Eq.|5.17and

the extracted (Z(@)*1 results, we obtain the (x)ETS = 0.447(34)stat (36)NpPR,

where the second error comes from the renormalization constant error. The

bare

numbers of the bare gluon momentum fraction (x), ", and the renormal-

ized gluon momentum fraction <£U>E/TS for all the 4 ensembles are listed in

Tab. B.Ain detail.

ensemble (x>gbare L, (Z(@)fl (0) <$>19\TS

12| 1.33(11) | 0.480(30)sa: (38)xpr
a12m220 | 0.639(40)

16 | 1.18(14) | 0.541(34)sa (66)xpr

16 | 1.11(14) | 0.555(76)sa:(71)nrR
a09m310 | 0.615(84)

20 1.08(18) 0.567(77)stat (92)NPR

12 | 1.33(11) | 0.447(34)sta: (36)npR
a12m310 | 0.594(46)

16 1.18(14) 0 503(39>stat(6]—)NPR

8 | 1.01(06) | 0.307(50)su: (19)xrR
a15m310 | 0.310(51)

12 1.05(13) 0.295(49)stat (36)NPR

Table 5.5: The complete multiplicative renormalization constant (ZN°)~1(0), the bare

bare MS

, and the renormalized gluon momentum fraction (z),

gluon momentum fraction (z),
for 4 ensembles used in this calculation. We use the al2m310 NPR factors for al2m?220

(x}E/TS calculation as the mass dependent is weak for the NPR factors.
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Figure 5.17: Example ratio plots (left), one-state fits (second column) and two-sim fits
(last 2 columns) from the al5m310 light nucleon correlators at pion masses M, ~ 310
MeV. The gray band shown on all plots is the extracted ground-state matrix element
from the two-sim fit using t., € [5,8]. From left to right, the columns are: the ratio of
the three-point to two-point correlators with the reconstructed fit bands from the two-
sim fit using tsp € [5, 8], shown as functions of ¢ — tp/2, the one-state fit results for the
three-point correlators at each g, € [3,9], the two-sim fit results using te, € [thn, 8] as

tmax

functions of t%, and the two-sim fit results using tsp € [5, the*] as functions of 5.
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5.3.3 Results and Discussions

The Ioffe-time pseudo-distribution (pITD) [202] 185] is:
M(v, %) = (0(P.)|O(2)[0(P%)), (5.21)

The reduced pITD (RpITD) [185], 200} 248] was constructed to remove the
ultraviolet divergences in the pI'TD by taking a double-ratio of the pI'TD in
Eq.[3.13] The renormalization of O(z) and kinematic factors are cancelled
in the RpITDs. By construction, the RpITD double ratios employed here

are normalized to one at z = 0.

v a12m220, P,=1.31 GeV e a12m310, P,=1.28 GeV v a12m220, P,=1.96 GeV e a12m310, P,=2.14 GeV
= a09m310, P,=1.31 GeV » a15m310, P,=1.54 GeV = a09m310, P,=1.96 GeV » a15m310, P,=2.05 GeV

Figure 5.18: The RpITDs at boost momenta P, ~ 2 GeV and 1.3 GeV as func-
tions of z obtained from the fitted bare ground-state matrix elements for M, =
{220,310, 310,310} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively.

We can then extract the gluon PDF distribution through the pseudo-
PDF matching condition [203] that connects the RpITD . to the light-

cone gluon PDF g(z, u?) through

2\ _ ! w:r:g(m,/ﬁ) v 2212
(02 = [ ar I v, ), (5.22)

where y is the renormalization scale in the MS scheme and (), = fol dr xg(z, 1%
is the gluon momentum fraction of the nucleon. Ry, is the gluon-in-gluon
matching kernel we used in Ref. [194], which originally derived in Ref. [203].
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We ignore the quark PDF contributes to the RpITDs in this calculation
based on our findings in the past pion gluon PDF study [211]. One can
obtain the gluon PDF g(z, u?) by fitting the RpITD through the matching
condition in Eq. 5.2 a similar procedure has also been used by HadStruc
Collaboration [190], 13, 212].

We examine the pion-mass and lattice-spacing dependence on the RpITDs
extracted in the previous section. The left panel of Fig. shows the
RpITDs at boost momentum around 1.3 GeV as functions of the Wilson-
line length z for the a12m220, a09m310, a12m310, and al5m310 ensembles.
We see no noticeable lattice-spacing dependence. The bottom of Fig.
shows the pion RpITDs with boost momentum around 12 GeV for the
same ensembles. Again, there is no visible lattice-spacing or pion-mass
dependence.

To obtain the gluon PDF g(z, u*) on the right-hand side of Eq. ,

we adopt the phenomenologically motivated form

egle) _ at(1—a)f
(W)y(n)  BA+LC+1)

folw, p) = (5.23)

for x € [0,1] and zero elsewhere. The beta function B(A + 1,C + 1) =
fol dz x4(1 — 2)¢ is used to normalize the area to unity. Such a form is
also used in global fits to obtain the nucleon gluon PDF by CT18 [] and
the pion gluon PDF by JAM [4, 24].

We fit the lattice RpITDs .#'* (v, 2%, a, M) obtained in Eq. to the

parametrization form .#% (v, u, 2%, a, M) in Eq. by minimizing the
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2 function,

X (py a, My) =
(A (v, 1, 22, a, My) — M (v, 2%, a, My))? (5.24)
0%, (v, 2%, a, My) '

v,z

The reconstructed fit bands of the kaon RpITDs for the a12m220, a09m310,
a12m310 and al5m310 ensembles, and nucleon RpITDs at each 22, com-
pared with the lattice calculation points, are shown in Fig. from left
to right. We see almost no z2-dependence (labeled in different colors) in
the reconstructed bands in both al2m310 ensembles, but slightly more de-
pendence in the al5m310 case. We found the al2m220, a12m310 fit to the
nucleon gluon PDF to have very stable quality with x?/dof around 1 with
consistent output of f,(z, i), regardless of the choice of the maximum value
of the Wilson-line displacement z. However, for the a09m310, al5m310 en-
semble, x?/dof can go as large as 4.2(1.3) and 6.0(2.0) respectively. We
suspect that higher-twist effects are enhanced at this coarse lattice spac-
ing such that the fit fails to accurately describe the lattice data. Possible
future work including NNLO matching may help to improve the fit on this

ensemble.

1.4 1.4 1.4

* z=5 * z=5

Figure 5.19: The RpITDs .# with the reconstructed bands from fits in Eq. on the

a09m310, al2m310, al5m310 lattice ensembles for nucleon respectively.

The unpolarized nucleon gluon PDF zg(z) can be extracted by taking
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the ratio of f,(z, n) = xg(x, n)/(x)4(p) and the gluon momentum fraction
obtained (z),(u) in Sec. p.3.2, The statistic error of zg(z) comes from
the Jackknife error of the ratio of the f,(x, ) and (z),(u) samples, and
there is another error inherits from the error of the NPR factor of (x),(p).
A comparison of our unpolarized nucleon gluon PDF with CT18 NNLO
and NNPDF3.1 NNLO at x4 = 2 GeV in the MS scheme is shown in left
plot in Fig. .20l We compare our zg(z, ;) with the phenomenological
curves in the left panel. We found that our gluon PDF is consistent with
the one from CT18 NNLO and NNPDF3.1 NNLO within one sigma error.
The strong deviation between our lattice results and the global fits in
our previous work [194] is not there anymore. One of the most major
reason for the disappearing of the differences is that the gluon momentum
fractions (x)lg\TS are different, ours (x)ETS ~ 0.5 and the global fits (x)ETS ~
0.4. Other possible reasons are the statistics improvement and the fit
strategy changes. To better see the large-x behavior, we zoom into the
large-x region with = € [0.5, 1] for nucleon gluon PDFs, as shown in the
Fig. [5.200 Our large-z results are consistent with global fits over = €
[0.5, 1], especially well for the smallest lattice spacing a09m310 ensemble

results.

5.3.4 Summary

We extract the nucleon z-dependent gluon PDFs zg(z) using clover fermions
as valence action and 310-MeV 24141 HISQ configurations generated by

the MILC collaboration at three pion masses and three lattice spacings
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Figure 5.20: The unpolarized gluon PDF, zg(x, 1) in the large-z region as a function
of x and its zoomed in plot, obtained from the fit to the different lattice ensembles data
compared with the CT18 NNLO (red band with dot-dashed line) and NNPDF3.1 NNLO
(orange band with solid line) gluon PDFs. Our PDF results are consistent with the CT18
NNLO and NNPDF3.1 NNLO unpolarized gluon PDFs at y = 2 GeV in the MS scheme

within errors.

and find their dependence to be weak under the current statistics. We
carefully studied the excited-state contributions to the matrix elements
using a two-state fitting strategy and made sure that our ground-state
matrix elements were stably obtained. We then calculated the reduced
pseudo-ITD using the obtained fitted ground-state matrix elements and
extracted the gluon parton distribution. We extract the bare ground mo-
mentum fraction on the operator provided better signal-to-noise ratio and
the NPR factors using a truncation method of lattices. The renormalized

()} is obtain by combining the bare results and renormalized factors.
At last, we extract the zg(z) by the combination of zg(x)/(z), through
the pseudo-PDF matching of the RpITD and <x>F Our lattice calculated
unpolarized nucleon gluon PDF xg(x) is consistent with the current global

fit PDFs up to small-z region. There are systematics yet to be studied

for the nucleon gluon PDF, such as quark PDF mixing, and the finite v
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extent of the EpITD data. Thus, in our following work, we will study
the the nucleon and pion gluon PDF's with improved statistics and better

systematic control.
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Chapter 6

Conclusion

In this thesis, we mainly focus on the unpolarized nucleon and pion
gluon PDFs. Gluon PDF g(z) contributes to the next-to-leading order
(NLO) in the deep inelastic scattering (DIS) cross section, and enters at
leading order in jet production. Gluon PDF dominates at low-x region es-
pecially at large scale . However, g(x) is still the least known unpolarized
PDF experimentally because the gluon does not couple to electromagnetic
probes. Lattice QCD can be used to calculate the g(x) since it is the main
numerical tool to study the nonperturbative QCD. There are approaches
such as, quasi-PDF, pseudo-PDF, "good lattice cross sections” and etc
that make the z-dependent PDF' calculations possible through lattice sim-
ulation.

The pion and nucleon z-dependent gluon PDFs are extracted using
lattice simulation via quasi-PDF and pseudo-PDF methods in this theis.
We use an improved gluon operator that is proved to be multiplicatively

renormalizable. The use of the improved sources in the nucleon two-point
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correlators allowed us to reach higher nucleon boost momentum up to
2.3 GeV. The gluon nucleon matrix elements were obtained using two-
state fits. The pion mass and lattice spacing dependents are studied, the
systematics from functional forms used in the reconstruction fits and quark
contribution in the matching are investigated.

In Chap. [, we presented the first calculation of the pion gluon PDF
using the pseudo-PDF approach using a 2-step fit on EpITDs. We em-
ployed clover valence fermions on ensembles with Ny = 241+ 1 HISQ at
two lattice spacings and three pion masses, the pion mass and lattice spac-
ing dependence appears to be weak. Our pion gluon PDF for the lightest
pion mass is consistent with JAM’21 and DSE’20 for x > 0.2, and with
xFitter’20 for x > 0.5 within uncertainty. We also studied the asymptotic
behavior of the pion gluon PDF in the large-z region in terms of (1 — )¢,
C' > 3 is implied from our study at two lattice spacings and three pion
masses.

In Chap. [5] we presented an exploratory study of the nucleon gluon
PDF using the quasi-PDF approach, two studies of the nucleon gluon
PDF using pseudo-PDF approach on one ensemble based on 2-step fit on
EpITDs and on four ensembles based on 1-step fit on RpI'TDs, respectively.
In the exploratory study using quasi-PDF, the renormalized quasi-PDF
matrix elements are compared with the F'T of the global-fit PDF and they
are consistent within statistical uncertainty. In the study using pseudo-
PDF approach via 2-step fit, the zg(x)/(x), extrapolated to the physical

pion mass M, = 135 MeV is obtained, which is consistent with the one
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from CT18 NNLO and NNPDF3.1 NNLO within one sigma in the z >
0.3 region. In the study using pseudo-PDF approach via 1-step fit, we
calculate gluon momentum fraction langlex),, i.e. the first moment of
gluon PDF under proper renomalization. The xg(z) is then calculated on

four ensembles with three lattice spacings and three pion masses.
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Appendices

In this section, we present the parameters that were not listed in Tab. [5.3].
The plots for the 4 ensembles are shown as following order, the 2-point
energy fit, effective mass, dispersion relation plots, the matrix element
ratio plots, bare matrix element as function of z plots, RpITD as function

of z/v plots, and 2y, fits RpITDs and zg(x) plots.

Two-point Energy Fit

The nucleons two-point correlators are then fitted to a two-state ansatz
in Eq. 4.3 We use N; to denote a nucleon composed of quarks such that
M, ~ 690 MeV and N; to denote a nucleon composed of quarks such
that M, ~ 310 MeV. We perform an analysis of two exponential fits on
2-point correlators to obtain more reliable results for the excited state
energies. We used E as a prior to performed more stable two-exponential
fits. The FEj results as function of the fit range [ti,, 11] from the two-
state exponential fits at P, € [0,5] x 27/L for a09m310, al2m310, and

albm310 ensembles, P, € [0,7] x 27 /L for al2m220 ensemble are shown

in Figs. 6.1}, 6.2}, [6.3], 6.4}, [6.5] 16.6], [6.7. Taking al2m310 light nucleon at

pion masses M, =~ 310 MeV as an example, the Fj results reach a plateau

at tmin, therefore, t,,;, = 4 is used in the final 2-state fits for a12m310 light
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ensemble a09m310 | al2m220 al2m310 albm310

a (fmn) 0.0888(8) | 0.1184(10) | 0.1207(11) | 0.1510(20)

L3xT 323 x 96 | 323 x 64 243 x 64 163 x 48

M (MeV) | 313.1(13) | 226.6(3) | 309.0(11) | 319.1(31)

My (MeV) | 698.0(7) | 696.9(2) | 684.1(6) | 687.3(13)

P, (GeV) 0,2.18] [0,2.29] [0,2.14] [0, 2.56]
Nineas 193,728 | 1,466,944 | 324,160 21,600
{a, Nigteration} | 13,60} {3,60} {3,60} {3,60}
k 3.9 3.5 2.9 2.3
my -0.075 -0.05138 | -0.0695 -0.0893
ms -0.019938 | -0.017 -0.0194 -0.021
tsep {6,789} | {56,7.8} | {56,7.8} | {6,7,8,9}

Table 6.1: Lattice spacing a, valence pion mass M* and 7, mass M,:jl, lattice size L x T,
number of configurations N, number of total two-point correlator measurements N2bt
the Gaussian smearing parameters {a, Nmteration}, the momentum smearing parameters
king(z)+a); U (2)e Tk g (2 +¢;), mass parameters m; and m, for light and strange
quarks respectively, and separation times s, used in the three-point correlator fits of

Ny = 2+ 1+ 1 clover valence fermions on HISQ ensembles generated by the MILC

collaboration and analyzed in this study.
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nucleon 2-point correlators.

Strange Nucleon
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Figure 6.1: The fitted ground state energy and the x?/dof of 2-state fit as function of the
2-point correlator fit range [tmn, 11] for the al2m220 ensemble strange nucleon at pion
masses M, ~ 700 MeV, at the momentum P, € [0,7] X 27/L. tp, = 4 is used in the

final 2-state fits for a12m220 strange nucleon 2-point correlators.

Light Nucleon

Effective mass plot and fits

Figures [6.8], [6.9] [6.10], [6.11], [6.12, [6.13] and shows the effective-mass

plots for the nucleon two-point functions with at P, € [0,5] x 27/L
for a09m310, al2m310, and al5m310 ensembles, P, € [0,7] x 27/L for

al2m220 ensemble. The bands show the corresponding reconstructed
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Figure 6.2: The fitted ground state energy and the x?/dof of 2-state fit as function of the
2-point correlator fit range [tymn, 11] for the a12m310 ensemble strange nucleon at pion
masses M, ~ 690 MeV, at the momentum P, € [0,5] x 27/L. ty;, = 4 is used in the

final 2-state fits for a12m310 strange nucleon 2-point correlators.
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Figure 6.3: The fitted ground state energy and the x?/dof of 2-state fit as function of the
2-point correlator fit range [tpnm, 10] for the al5m310 ensemble strange nucleon at pion
masses M, ~ 690 MeV, at the momentum P, € [0,5] X 27/L. tp, = 1 is used in the

final 2-state fits for al5m310 strange nucleon 2-point correlators.
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Figure 6.4: The fitted ground state energy and the x?/dof of 2-state fit as function of
the 2-point correlator fit range [tym, 11] for the al12m220 ensemble light nucleon at pion
masses M, ~ 220 MeV, at the momentum P, € [0,7] x 27/L. tn, = 4 is used in the

final 2-state fits for a12m220 light nucleon 2-point correlators.
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fits using Eq. with fit range [4,13] for a09m310 ensemble, [4,11] for
al2m310 and a12m220 ensembles, [1, 10] for al5m310 ensemble. The bands
are consistent with the data except where P, and t are both large. The
error of the effective masses at large P, and t region is too large to fit.
However, our reconstructed effective mass bands still match the the data
points for the smaller ¢ values even for the largest P, = 5 x 27/L. We
check the dispersion-relation E? = E? + ¢2P? of the nucleon energy as a
function of the momentum, as shown in Fig. [5.7. The speed of light ¢ for
the light quark is consistent with 1 within two sigma errors for a09m310,
al1l2m220, al2m310 ensembles, however, deviated from 1 for the alb5m310

ensemble light quark and all ensembles strange quark.

Strange Nucleon

Light Nucleon
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Figure 6.13: Nucleon effective-mass plots for M, ~ 310 MeV, at P, = [0, 5] x 2% on the

a12m310 ensemble. The bands are reconstructed from the two-state fitted parameters of

two-point correlators. The momentum P, = 52{ is the largest momentum we used, and

it is the noisiest data set.
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Figure 6.14: Nucleon effective-mass plots for M, ~ 310 MeV, at P, = [0,5] x 27“ on the
al5m310 ensemble. The bands are reconstructed from the two-state fitted parameters of

two-point correlators. The momentum P, = 52% is the largest momentum we used, and

it is the noisiest data set.
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Dispersion Plots

Strange Nucleon
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Figure 6.15: Dispersion relations of the nucleon energy from the two-state fits for
M, =~ {700,690, 690,690} MeV (left) on al2m220, a09m310, al2m310, al5m310 ensem-
bles respectively. The speed of ligt ¢ = 0.9638(24), 0.9695(48),0.9067(47) repespectively.

Light Nucleon
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Figure 6.16: Dispersion relations of the nucleon energy from the two-state fits for

M, ~ {220,310,310,310} MeV (left) on al2m220, a09m310, al2m310, al5m310 en-
sembles respectively. The speed of ligt ¢ = 0.986(12),1.0174(89),0.997(14),0.931(29)

repespectively.
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Bare Matrix Elements

Strange Nucleon

Figures. [6.17| show the fitted bare ground-state matrix elements without
normalization by kinematic factors as functions of z obtained from the
two-sim fit for M, ~ {700,690,690,690} MeV on al2m220, a09m310,

al2m310, al5m310 ensembles respectively.
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Figure 6.17: The fitted bare ground-state matrix elements without normalization
by kinematic factors as functions of z obtained from the two-sim fit for M, =~
{700,690, 690,690} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively.

Light Nucleon

Figures. [6.18 show the fitted bare ground-state matrix elements without

normalization by kinematic factors as functions of z obtained from the
two-sim fit for M, ~ {220,310,310,310} MeV on al2m220, a09m310,

al2m310, albm310 ensembles respectively. respectively.
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Figure 6.18: The fitted bare ground-state matrix elements without normalization
by kinematic factors as functions of z obtained from the two-sim fit for M, =

{220,310, 310,310} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively.

134



Lattice Spacing Dependence on RpITD

Strange Nucleon

2.0 2.0
v a12m700, P,=1.31 GeV e a12m690, P,=1.28 GeV v a12m700, P,=1.31 GeV e a12m690, P,=2.14 GeV
15 a15m690, P,=1.54 GeV 15 a15m690, P,=2.05 GeV
% N
S10p . =10
= sy ¥ 11 g D . ¥ i
os os !
09 1 2 3 4 5 6 7 09 1 2 3 4 5 6 7
v v

Figure 6.19: The RpITDs at boost momenta P, ~ 2 GeV and 1.3 GeV as func-
tions of v obtained from the fitted bare ground-state matrix elements for M, =~
{700,690, 690,690} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-
tively.
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Figure 6.20: The RpITDs at boost momenta P, ~ 2 GeV and 1.3 GeV as func-
tions of s obtained from the fitted bare ground-state matrix elements for M, =

{700,690, 690,690} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively.

Light Nucleon
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Figure 6.21: The RpITDs at boost momenta P, ~ 2 GeV and 1.3 GeV as func-
tions of v obtained from the fitted bare ground-state matrix elements for M, =
{220, 310,310,310} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively.
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Figure 6.22: The RpITDs at boost momenta P, ~ 2 GeV and 1.3 GeV as func-
tions of z obtained from the fitted bare ground-state matrix elements for M, =
{220,310, 310,310} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively.
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Zecut fits

Figures. [6.23] and [6.24] show the RpITD fit in Eq. with different fit

range 2 € [0, 2y, with the x?/dof of each fit listed in the plot legends.
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Figure 6.23: RplITD fits in Eq. with different fit range z € [0, zeue) for M, =~
{700,690, 690,690} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively. The x?/dof of the fits are listed in the plot legends.
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Figure 6.24: RpITD fits in

Eq. with different fit range z € [0, zeue) for M, =~

{220,310, 310,310} MeV on al2m220, a09m310, al2m310, al5m310 ensembles respec-

tively. The x?/dof of the fits are listed in the plot legends.
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