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ABSTRACT
CRITICAL PROPERTIES OF THE DRIVEN-DISSIPATIVE ISING MODEL
By

Daniel Paz

Driven-dissipative quantum systems have become an important paradigm of nonequilibrium quan-
tum systems, and aptly describe many common experimental setups in atomic, molecular, and
optical physics. However, they are not understood as well as their equilibrium counterparts, and
analytical solutions to the nonequilibrium dynamics are few and far between. Furthermore, phase
transitions in driven-dissipative systems may host new universality classes, or connect to universality
classes seen in equilibrium. In this work, we present a thorough analytical and numerical treat-
ment of the driven-dissipative Ising model with infinite-range interactions and local spontaneous
emission. This model is amenable to an exact field-theoretical solution via a quantum-to-classical
mapping. We primarily focus on the critical properties, which show interesting similarities and
differences in comparison with equilibrium and classical phase transitions. Notably, we identify
two distinct universality classes in the phase diagram. A generic point on along the phase boundary
falls under the same universality class as the infinite range classical Ising model with Glauber dy-
namics. However, in the weakly-dissipative limit we find that the system is in the same universality
class as the finite-temperature equilibrium transition of the quantum Ising model. Furthermore, we
discover a new notion of time-reversal symmetry which occurs near the phase boundary due to the
interplay of drive and dissipation. Finally, we characterize various measures of entanglement in
the model throughout the phase diagram by calculating the quantites known as the quantum Fisher
information, the logarithmic negativity, and spin squeezing. We complement these findings by also
calculating measures of total correlations in the system such as the von Neumann entropy and the

mutual information.
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CHAPTER 1

INTRODUCTION

1.1 Quantum Many-Body Physics and Critical Phenomena

A system of one or several atoms may be solved exactly. In contrast, realistic physical systems are
composed of a macroscopic number of particles that are interacting with one another, and it is this
fact that makes many-body systems difficult to solve but just as interesting in the phenomena they
produce.

A principal feature of interest in quantum many-body systems is the phase transition, where a
system transitions from one phase of matter to another. This transition may give rise to a critical
behavior. The object that distinguishes these two phases is the order parameter, which is typically
defined to be zero on one side while it assumes a finite value on the other. Second-order phase
transitions, the primary focus of this work, are accompanied by spontaneous symmetry breaking,
where a symmetry of the state is broken upon crossing the phase boundary. The symmetry-breaking
is driven by the interactions of the model, not an external field. In addition, the fluctuations of the
order parameter diverge at the phase boundary and the dynamics slows to a crawl, a primary signal
of the phase transition.

Systems that exhibit the above properties are deemed critical. However, most critical phenomena
is understood from the perspective of thermal equilibrium, where a many-body system is weakly

coupled to a bath, and the state p is given by the Gibbs state
peg=e T, (1.1)

where H is the system Hamiltonian and 7 is the bath temperature. In this work, we will instead be
focusing on the phase transitions of nonequilibrium systems, where the state is no longer described
by the thermal state in Eq. (1.1), and the dynamics is not governed by a hermitian, time-independent

Hamiltonian (or a Hamiltonian at all!).



1.2 Driven-Dissipative Systems

Equilibrium physics describes many systems of interest, yet it only occupies a small corner of the
space of physics. There are various nonequilibrium paradigms such as non-hermitian Hamiltonians,
Floquet systems, and quench dynamics, each yielding their own plethora of rich physics. Of
interest to us are driven-dissipative systems, or open quantum systems, where a Hamiltonian system
is externally driven by a classical drive while weakly coupled to a bath. In this paradigm, the
competition between the external drive and the dissipation due to the bath lead to a nonequilibrium
steady state (NESS) at long times, which we denote as pss. In general, this state is not equivalent
to the thermal state, i.e. pss # PEQ.

Open quantum systems have received much attention both experimentally and theoretically in
the past decade due to recent experimental advancements in AMO systems that allow for precise
control over physical systems and, therefore, enable the engineering of various kinds of Hamiltonian
and non-Hamiltonian dynamics. Dissipation is naturally present in any physical system. While
dissipation is commonly considered detrimental to quantum behavior, together with specific drive
fields, it can even lead to quantum coherence and entanglement. In this thesis, we will explore this
point further by investigating the entanglement in a many-body NESS of dissipative dynamics.

The dynamics of open quantum systems is governed, under generic approximations, by a
quantum master equation. Hence, these systems are more difficult to treat both analytically and

numerically, and necessitate new techniques such as Keldysh field theory, which we discuss next.

1.3 Keldysh Field Theory

Many-body systems have a macroscopic number of degrees of freedom, and thus have a large Hilbert
space. Specifically, the interaction leads to complicated many-body states. One cannot generally
solve these systems exactly in a fashion similar to one, or few, particle systems. Therefore, many-
body systems require a different framework. The natural language for a broad range of quantum
many-body systems is quantum field theory, a description of the system that encodes the individual

degrees of freedom into coarse-grained fields. This powerful representation significantly reduces



the variables one needs to keep track of. Field theory also has the added advantage of making
many concepts of phase transitions and criticality explicit in the formalism. For example, the
symmetry corresponding to the phase transition can always be made apparent at the level of the
action. Furthermore, perturbative expansions with respect to the interaction strength can be made
systematic, and semi-classical approximations are readily available. In addition to these benefits,
field theory provides access to correlation and response functions, the principle objects of interest
in many-body systems.

We will investigate nonequilibrium dynamics of driven-dissipative systems. This requires a
more general kind of field theory, known as Keldysh field theory, to tackle. This field theory can
be seen as the real-time path integral formulation, as opposed to the imaginary time formulation
commonly used in equilibrium. While we gain the advantage of working in real time, and thus
straightforward access to dynamics, we pay the price in additional degrees of freedom and a sign
problem. More explicitly, Keldysh field theory requires twice the number of fields when compared
with the imaginary time and Feynman path integral formulations. In addition to this, the field

theory comes with additional properties and quirks which we will discuss later in the text.

1.4 Thesis Overview

The thesis will be organized as follows: Chapter 2 will introduce the fundamental concepts required
to understand the rest of the thesis. These fundamental concepts range from the density matrix
formalism, necessary to treat open systems, to Keldysh field theory and mapping open quantum
system to Keldysh path integrals. In Ch. 3, we discuss the relevant models that we will be
investigating, namely the open Dicke model and the driven-dissipative Ising model. Furthermore,
we show how one would map the driven-dissipative Ising model to a field theory as well as the
tools necessary to treat such a field theory. Our primary tools will be the saddle-point solution of
the Keldysh action, a quadratic expansion of said action, and diagrammatics. Up to this point, we
have only discussed analytical techniques, however, it is important to utilize numerical simulations

to supplement analytical results; we introduce the required numerical techniques in Ch. 4. In this



chapter, we discuss exact diagonalization and quantum trajectories, and show how they are modified
to take advantage of the system’s permutation symmetry. Chapter 5 utilizes the concepts developed
in Ch. 3 and Ch. 4 to investigate the critical properties of the driven-dissipative Ising model. We
focus on the effective temperature of the steady state, as well as the critical exponents and finite-
size scaling of the correlation and response functions near the phase boundary. Next, we shift
focus in Ch. 6 to the emergent modified time-reversal symmetry exhibited by the driven-dissipative
Ising model near the phase transition. We show how this symmetry emerges by constructing an
effective field theory. Finally, Ch. 7 reports the entanglement features of the steady state in the
driven-dissipative Ising model throughout the entire phase diagram. We calculate entanglement
quantities such as the logarithmic negativity, the quantum Fisher information, and the spin squeezing
parameter. These quantities are compared with measures of total correlations, i.e. the von Neumann

entropy and the mutual information.



CHAPTER 2

OPEN SYSTEMS FUNDAMENTALS

In this chapter we introduce the reader to the fundamental concepts upon which the rest of the
thesis is built upon. We begin by introducing the density matrix, a powerful representation of
a quantum state, and discuss its important properties. Next, we discuss the dynamical equation
governing the time-evolution of a subsystem of a larger quantum system, the so-called Lindblad
equation. The Lindblad equation will describe the dynamics of all models considered in this
thesis. Finally, we require the tools to handle open many-body quantum systems and so we
provide a compact introduction to Keldysh field theory. This field theory is capable of describing
nonequilibrium dynamics of open many-body systems and will prove necessary for our analysis.
Before proceeding, we note that most of what we will be covering in this chapter is more thoroughly
described in the textbooks of the field. Extensive discussions on density matrices and open quantum

systems can be found in Refs. [1-3], and a comprehensive text on Keldysh field theory in Ref. [4].

2.1 The Density Matrix

The dynamics of any closed system in Quantum Mechanics is governed by the Schrodinger equation,

0|y (1)) = Hly (1)), 2.1)

where |/ (#)) is a state at time ¢, and H is a general Hamiltonian. This equation governs the dynamics

of the quantum state at all times, and (for a time-independent Hamiltonian) has the solution

() = ey (0)). (2.2)

Quantum states have the unique property of posibbly being entangled, where a wavefunction
describing two or more particles cannot be separated into a product state. As an example, consider
two particles where each particle can be in either the |1) state or the |0) state. The wavefunction of

the two-particle state can be a product state

) = 1) [¥2) (2.3)



where |} 2) is the wavefunction for particle 1 or 2. However, it is also possible for [¢/) to be an

entangled state, where [/) # |¥) [¥2). An example of an entangled state is

|w=%mﬂwﬂmmy 2.4)

Equation (2.4) cannot be separated into a product of single-particle states like we see in Eq. (2.3),
which is the definition of entangled. It is important to emphasize that there exists no analogue
of this phenomena in classical systems, and that entanglement is a signature feature of quantum
mechanics and the source of much of the interesting physics observed in quantum systems.

At the level of the wavefunction, we learn that the expectation value of an operator O with

respect to a state |y) is given by
(O)r =W (D)0l (1)) . (2.5)

However, this is a specific case of a more general form of the expectation value. More generally,

the expectation value can be written in terms of the density matrix p as

(0(1)) =Tr(O(1)p) . (2.6)

In the case that

p(1) =y (@)Y D)l , 2.7)

the density matrix is in a pure state, and we reproduce the expectation value in Eq. (2.5). Density

matrices can also be mixed,
p=> pilp)pil (2.8)
i

where p; and |p;) are the eigenvalues and eigenvectors of p respectively. The density matrix has

three important properties: it is
1. Hermitian: p" = p, where we have taken the adjoint of the density matrix.
2. Positive semi-definite: All eigenvalues p; of the density matrix satisfy p; > 0Vi.

3. Unit trace: Tr(p) = X, p; = 1, i.e. the state is normalized.



Properties 2 & 3 imply that the eigenvalues of the density matrix can be interpreted as probabilities of
being in the corresponding quantum state. In other words, the density matrix is a classical mixture
over quantum states, where the probability of being in the eigenstate |p;) is the corresponding
eigenvalue p;. For a pure state like we have in Eq. (2.7), we only have one non-zero eigenvalue
which equals one. We can take this as the definition of a pure state. In the more general case of a
mixed state, there will be more than one non-zero eigenvalue of the density matrix. Taking the time

derivative of Eq. (2.7), we obtain the equation that governs the dynamics of the density matrix,

where the brackets denote the commutator. This equation is known as the von Neumann equation,
and is essentially the Schrodinger equation for density matrices. It has the same form as the

Heisenberg equation that describes operator dynamics, up to a minus sign,
0,0 =i[H,O0], (2.10)

where O is a generic operator.

It is often the case that the entire quantum system is composed of multiple subsystems, however,
we are typically only interested in one of the subsystems. More formally, suppose we had two
subsystems denoted by A and B with the state |¢45) and Hamiltonian H4p, and we chose the
basis states |is) € Hy,|jp) € Hp, where Hy, Hp are the Hilbert spaces for subsystems A and B
respectively. The basis states of the composite system reside in the composite space spanned by
lia) ® |jB) € Ha ® Hp. If we are interested in only subsystem A, then we must introduce some
operation that integrates over the degrees of freedom in subsystem B. To perform this operation,
we require the density matrix picture. When starting from a wavefunction describing the entire

system, the density matrix is a pure state given by

p = ¥as){¥asl, (2.11)
where
lWaB) = Z CinjgliadjB) - (2.12)
iA,JB



In the case that p already describes a subsystem entangled with a larger quantum system, we instead
have a mixed state. We now introduce the partial trace operation, which traces over the Hilbert
space of one subsystem,
pa=Trp(p) = Z (Z CiA,jBC,Z’jB) lia) Tyl - (2.13)
ia,iy \ jB
The resultant reduced density matrix py4 is still a bonafide density matrix that satisfies properties
1 through 3. However, the density matrix describing subsystem A is, in general, a mixed state, as
opposed to the pure state in Eq. (2.11) describing the entire system. This is a common feature
of tracing out degrees of freedom. We reduce the size of the state and the number of degrees of
freedom to keep track of, but lose the explicit information pertaining to the traced out degrees of
freedom. Furthermore, correlations between the two subsystems appear as a classical mixture of
different quantum states in the resultant reduced density matrix. Once can see this final point by
supposing that p = p4 ® pp is a product state and tracing out subsystem B. It is straightforward
to see that the state of the subsystem A remains unchanged, which is purely due to the absence of
correlations between the two subsystems.
Expectation values are handled straightforwardly when the Hilbert space is composed of mul-

tiple subsystems. For operators O 4 : Hy — Ha (and similarly for subsystem B), we have

(04) =Te((0a®1I5)p). (OB =Te((Ia® Op)p). (2.14)

Most importantly, the reduced density matrix defined in Eq. (2.13) preserves the expectation values

of the original density matrix,

(04) = Tr(Oapa) = Tr((0a ® Ip)p) - (2.15)
This shows that we still have access to all observables in system A once we trace out system B.

2.2 Lindblad Equation

To determine the dynamics of the reduced density matrix, we must take the partial trace of Eq.

(2.9). In general, this is a non-trivial task for interacting subsystems. To make analytical progress,



let us take subsystem B to consist of a bath or a reservoir of many degrees of freedom. Furthermore,
we assume that the bath and our system of interest are weakly coupled (the Born approximation)
and that the bath has a short-time memory of its interactions with the system of interest (the
Markov approximation). We define H = H4 + Hp + H;, where H4 and Hp are the system and
bath Hamiltonians respectively, and H; characterizes the interactions between the bath and the
system. Taking the partial trace over subsystem B in Eq. (2.9), in combination with the above

approximations, leads to the well-known Lindblad equation [5, 6],

L1,
dp = LIp] = ~i[H.p] + ) LapL] - 5{L;La,p} . (2.16)

In an abuse of notation, we denote the density matrix of subsystem A as p. We also neglect the
Lamb shift, which is typically small compared to the energy scales of the Hamiltonian [3].

In its entirety, the Lindblad equation is composed of two parts: the first term is simply the von
Neumann term for subsystem A and characterizes the coherent dynamics of the state, and the sum
over « is the dissipative contribution that was introduced after tracing out the bath. The operators
L, are called Lindblad operators, or jump operators, in the literature, and they represent dissipative
processes whose origin lies in the interaction between the environment and the system. The exact
form of the Lindblad operators depends on the form of the system Hamiltonian, as well as the
system-bath interaction. A microscopic derivation of the master equation may be found in many
textbooks; see for example [3, 5, 7].

The object L is called the Liouvillian and is what is known as a superoperator, an object that
takes operators to operators and acts on them from both sides. It is the principle object of interest
in open quantum systems that satisfy the Born-Markov approximation, including many quantum
optical systems and those with light-matter interactions; examples are cavity QED and circuit QED
[8—11].

The Liouvillian generates non-unitary dynamics, as seen by the dissipative terms, but still

preserves the three important properties of the density matrix:

1. Hermiticity: L[p]" = L[p].



2. (Complete) Positivity: L[p] > 0.
3. Unit Trace: Tr(e'<[p]) = 1.

In fact, Eq. (2.16) is the most general equation that satisfies these requirements [12]. Complete
positivity (Point 2 above) states that £ is completely positive if (£ ® 15)[p] > 0, where we have
enlarged the Hilbert space to include subsystem B, and 15 is the identity in this new subspace. The
three properties listed above make £ a completely positive trace preserving (CPTP) map.

As an operator of operators, the Liouvillian has eigenoperators with corresponding eigenvalues,
as opposed to eigenvectors in the case of the Hamiltonian, such that £[p;] = 4;0;. The eigenvalues
of the Liouvillian always have Re[4;] < 0, and are purely real or come in complex conjugate
pairs. The condition on the real part of the eigenvalues tells us that most of the eigenoperators
are short-lived and decay away, as any state evolving under Liouvillian dynamics can be written as
p(t) = 3, c;eti' p; where c; are constants. Most notably, the Liouvillian typically has at least one
eigenoperator with a corresponding eigenvalue of zero, i.e. L[ps] = 0. This is the steady state of

the system, and is what we will be focusing on in the rest of this thesis.

2.2.1 Vectorization

It is difficult, in general, to solve a many-body Hamiltonian system due to interactions as well as the
size of the Hilbert space. For example, for a Hamiltonian comprised of N 2-level systems, the Hilbert
space will have dimension 2V. This limits numerical techniques like exact diagonalization to a
system size of about N = 25 with state of the art methods. Analytically, if we are interested in ground
state physics, then we must deal with the non-trivial problem of finding the ground state eigenvector
of the Hamiltonian (or use many-body methods such as field theory or statistical mechanics). Now
consider the Liouvillian superoperator £. To learn about its long-time behavior we must now
solve for the steady state eigenoperator as opposed to a vector, for which the Hamiltonian toolbox
does not necessarily apply. However, we can transform the superoperator into a matrix (albeit a

non-hermitian one!) by performing a simple procedure called vectorization. There are different

10



ways to define vectorization. Here, we define the following operation

p=> cij DGl =Y cijldljy,  ApB—A®B |p)),  (217)
i.j ij
where A and B are any operator. Applying this operation to £, we find
1
L=—i(Hel-18H ) +) L,&L, - (L;L(,®1+1®L§L;;) . (2.18)

For the rest of this work, we use the double angle brackets on vectorized states which we call
superkets, and we use the blackboard font to denote vectorized superoperators that now take the
form of matrices in a larger space. From now on, we also define the “upper” and “lower” branches
of the vectorized Liouvillian, such that 0 = O ® I and 0 = I ® O denote operators on the
upper and lower branches respectively.

With this transformation, we have successfully converted the Liouvillian into a matrix but at the
cost of doubling the size of the Hilbert space. This means that numerical simulations are restricted
to roughly half of the system size available to Hamiltonian systems. In addition, the matrix L can
be viewed as a non-hermitian Hamiltonian, L # L, which prohibits the use of certain numerical
techniques that require hermiticity. The vectorization procedure, however, does make analytical
treatment easier as it makes the mapping of Hamiltonian/equilibrium tools to this nonequilibrium
setting straightforward. We will see this explicitly when we take advantage of the form in Eq.
(2.18) to map the system to a field theory using a quantum-to-classical mapping in Sec. 2.3.

Expectation values of operators take on a different form in this vectorized representation. We
first note that the space of operators acting on H4 can also be interpreted as a vector space for
the space of superoperators (i.e. £ or L). This interpretation is directly related to the vectorized

picture, as exhibited by the inner prodcut,
Tr(A"B) = ((A[B)) (2.19)

for two operators A and B. It is simple to prove this equality by vectorization of the left-hand
side. Applying this to the relation Tr(p) = 1, we find that we can alternatively represent the trace

condition as

Tr(p) =1 = (lp)) =1, (2.20)

11



where |I)) is the vectorized Identity matrix. Applying the same procedure to Eq. (2.6), we find

(0) =<(0lp)) , (2.21)

the vectorized representation of the expectation value of the operator O. However, we can con-
struct two other, equivalent, forms for the expectation value of O in the vectorized representation.
Recalling that Op — 0™ |p)) and pO — 0T |p)), we can equivalently define the expectation
value as

(0) = (110" |p)y = (110" |py) . (2.22)

In the rest of the thesis, we will use whichever of the three definitions is most suitable.

2.3 Keldysh Field Theory Crash Course

The treatment of nonequilibrium many-body systems demands powerful tools. The presence
of interactions drastically increases the complexity of the many-body states due to non-trivial
correlations between system constituents. One such tool is Keldysh field theory, a field theory
designed to handle nonequilibrium dynamics of a density matrix. In this section we will describe
the damped quantum harmonic oscillator with a field theory in the form of a path integral, and
discuss some basic properties of Keldysh field theories. Most of this section will be taken from
the review in [13] as well as section III of [14]. Also helpful is the bible of Keldysh field theory,
Kamenev’s thorough textbook [4].

Our starting point is the Lindblad equation for a single cavity mode coupled to the external
vacuum. The QED vaccuum is to be taken as the bath and is assumed to satisfy the Born-Markov
approximation. In this case, the Hamiltonian H = wga'a is simply that of a harmonic oscillator
with detuning wy, and the Lindblad operator L = +/ka represents the dissipative process of the
cavity leaking a photon out to the environment at a rate . The resultant Lindblad equation takes
the form

Lp] = —iwpla’a, p] + k(apa’ - %{aTa,p}) ) (2.23)
The operators a and a' are the bosonic raising and lowering operators, and satisfy the bosonic

commutation relation [a', a] = 1.

12



The density matrix at time ¢ is given by p(¢) = e'£[p], where the exponential of the super-
operator is defined with the usual power series. We define the nonequilibrium partition function
Z =Tr(p(t)) = 1, different from the equilibrium partition function which could take any (positive)
value. Our goal now is to map Z to a path integral over the fields. We apply our vectorization

process to the nonequilibrium partition function to find
Z =" p)) . (224)
The vectorized form of the Liouvillian is
L = —iwg(a™Ta® — aOTq0*) 4 g [a® q®* - %(a(“”a(”) +aBT g (2.25)

The form of this equation should be reminiscent of the starting point for the derivation of the
Feynman path integral. Following a similar process, we perform a Trotter decomposition [15] of

the time translation generator

e 1oy = tim a1 (e)" jo)) 2.26)

where 6t = /M. This relation is exact. After every time step k we introduce a resolution of the

identity in the basis of the coherent states,

(u) ()= (1) (1)*
¢ ¢ ¢ ¢ (u)* , (u) (D= (1) " " . .
" :/ / A Y - NI e Y S IR )

T T

where the coherent states are defined by a |¢) = ¢ |¢) and, through complex conjugation, a* |¢p*) =
¢ |¢*). In writing Eq. (2.27), we have used the (over)completeness relation of the coherent states
[13]. While it is not convention to define coherent states with a conjugate parameter as |¢*), we do
so for future convenience.

Now the partition function looks like

Z= lim ( / DIg"] / D[¢,(f)]e‘¢f(<”)*¢i“>e-¢i”*¢i”)

M—>oo

(2.28)
x ({1145, <”*>]_[(<¢<“> o1 191" ")) (65" 8 o))
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where we use the D to denote the measures of the integrals in Eq. (2.27). Consider one factor of
the exponential and expand to linear order in 6¢, i.e. e'™ ~ 1 + 67L + O(6¢%). This expansion is
valid in the M — oo limit, which is identical to taking 6t — 0. Then, using the overlap between
two coherent states (¢|y) = e?’¥, we evaluate the matrix element between the coherent states at
time step k and k — 1,

(u) D)

@0 (1+ 6Ly 162, 60 = e At AN (1 4 L9 6 0 0} ])

(2.29)
* 1 1) * 1 1)
S (TR

We have taken advantage of the fact that Eq. (2.25) is normal ordered so that the operators can be
replaced by the corresponding coherent state fields. Inserting Eq. (2.29) into Eq. (2.28) we find,

(u) (), - (1) )+ () (1) () (D)
/D ¢(M) ¢(l)] l—[e’&( i 10002y 4182, Ory —ILLO, by by 8y ) % const. (2.30)
k=1

We have used the notation 9,;¢x = (¢ — ¢r—1)/6t and have grouped the boundary terms (which
will soon be neglected) into the constant multiplicative factor at the end.

We may now take the continuum limit, extend the range of time evolution from (0,7) —
(—00, ), and push the boundaries out to infinity. As we are interested in the steady state which is
assumed to be unique, we ignore the initial conditions. The contribution from the final state that
connects the two branches at # = oo (i.e. enforces the trace) is also negligible as the boundary has

been pushed out to infinity. This leaves us with the (almost) final form of our Keldysh path integral

Z:/D[¢(“) ¢(l)]eiff:odt(—iq>(“)6,qb(“)*—igb(l)*a,;ﬁ(”—iL[¢(u)*,¢(l),¢(u)’¢(l)*]) 2.31)
where

L[, 90, ¢, 60 = (<iwg = )¢ ¢") + (i = 5)¢"¢" + kg " (232)

The partition function retains its normalization, Z = 1, as we have done nothing but map the trace
to a path integral. This path integral, due to the limits on the time integral, describes the field

theory of the steady state of the system (which we have assumed to be unique).
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2.3.1 Keldysh Action

The final ingredient necessary to bring the path integral into our desired form is the Keldysh
rotation, ¢/D = (¢, + bq)/ V2. The field ¢, is called the “classical” field as it is allowed to have
a finite expectation value (¢.) # 0. On the other hand, the field ¢, is called the “quantum” field as
it is related to fluctuations and always obeys (¢,) = 0. We also introduce the Fourier transform of
the fields ¢(¢) = ﬁ / dwd(w)e @', After the Keldysh rotation and Fourier transform, we arrive

at the Keldysh action for a single mode cavity coupled to the vacuum,

i A
_ bc 0 P be
s= [ (o) (e 2, (), e
where
PR(w) = PM(w)* = w — wo + % . PK(w) =ik, (2.34)

and we have used the compact notation fw = f ‘é—;‘r’. The path integral now takes the concise form

Z:/D[gbc,(pq]eis =1. (2.35)

We note that the measure of the path integral has changed according to the Keldysh rotation, while
we still have Z = 1. The mapping to the path integral preserves the partition function’s value of
unity. Furthermore, the Keldysh action exhibits a general feature that S[¢., ¢, = 0] = 0. This is
equivalent to the statement that the Liouvillian dynamics conserves the probabilities of the density
matrix. One can see this by realizing that ¢, = 0 «— ¢ = ¢ which is identical to taking the
trace. A consequence of this feature is that every term in the action has at least one quantum field,
and therefore it is a property of all quadratic Keldysh actions that the ¢7¢. element is zero.

The matrix elements of the kernel in Eq. (2.33) take on the typical Keldysh structure [4, 13, 14].
The retarded/advanced elements P®/4 characterize the dynamics of the field, while the Keldysh

element PX represents the noise. The inverse of this kernel yields the Green’s functions

G (w) = GH(w)" = —i(pc(w)¢); (w)) = (2.36)

PR (w)

GX(w) = —i{pc(w)pe(w)*) = —GR(w) P (w)GH(w). (2.37)
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The Green’s functions G®/4 are the retarded/advanced response functions, and GX is the Keldysh
correlation function. These can be recast in terms of the original operators we started with. Going

back to the time domain,

GR(t—1) = -i®@t)([a(t),a’ (1)]) (2.38)

GX(t-1) =-il{a(t),d"(t)}) . (2.39)

We have used the fact that the steady state is time translation invariant in time to write the Green’s
functions as functions of only the time difference. A derivation of these relations can be found in
Ref. [13]. Returning to the frequency domain for a moment, we can compute the Keldysh Green’s

function:
K

K —
G (@)= (w—wp)2+ k2[4~

(2.40)

Performing the frequency integral, we find - [~ dwiGX(w) = iGX(t = 0) = 1. Recalling that
GX(0) = ({a,a'}), we use the bosonic commutation relation to find GX(0) = 2(a’a) +1 = 1
which implies {(a"a) = 0. In other words, the steady state of the cavity is the vacuum state! This
result is intuitive. The dissipation from the environment, taking of the form of photons leaking
from the cavity, always depletes the cavity in the long-time limit.

This simple exercise, while overkill for a single mode cavity, demonstrates the use of the
Keldysh formalism. We have been able to translate the Liouvillian superoperator into a classical
action in a path integral that makes the correlation and response functions readily apparent. Once
we include interactions, the field theory will contain terms beyond quadratic order, complicating
the analysis. In this thesis, we focus on a nontrivial model which is, however, amenable to an exact

field-theoretical description.

2.3.2 Source Fields

Because the nonequilibrium partition function always takes the value Z = 1, there is no functional
dependence on the system’s parameters to take derivatives w.r.t. and generate expectation values

as one does in equilibrium. In other words, there is no object like the free energy as In(Z) = 0. To

16



circumvent this, we introduce source terms j® (¢) and j)(¢) into the Liouvillian, which couple to
an operator (a or a' for example) which we are interested in. The new terms arise in the coherent

part of the Liouvillian, and modify the commutator:
L[, ;0] = - (Hw) + jWow _ g1 _ j(l>0<z>r) , (2.41)

where O is the operator whose expectation values we are interested in. These source terms have the
crucial property of being distinct on each branch of the vectorized Liouvillian, i.e. j® # j®. This
spoils the conservation of probability of the dynamics and directly implies that Z[j®), j] # 1.
The advantage now is that we may take derivatives of Z with respect to these source fields to
generate correlation and response functions. This connection is made transparent after applying
the Keldysh rotation to the source fields in the path integral representation. Introducing source

fields for the bosonic annihilation operator a, we may write [13]
Zljerjgl = <e—" [ iz0q(+i /,j;<r>¢c<t>> , (2.42)

where the expectation value is taken with respect to the Keldysh path integral. One could also
introduce source fields for the conjugate bosonic fields if desired. Equation (2.42) is the so called
characteristic function. We can define a more convenient quantity akin to a free energy, which we
call the generating function:

Wlje,jgl = —iInZ[je, jql - (2.43)
Functional derivatives of the generating function produce connected correlation functions. For
example, 6°W/6j:(1)6);(t")| = ((¢c(1) = (b)) (Pe(t') = {pe))) = (pe()¢e(r'))c. Connected
correlation functions subtract out the contribution from lower order averages (in this case the first
moment). This is relevant when one is interested in the fluctuations in a system and wants to remove

the trivial extensive contribution.

2.4 Keldysh Field Theory for a Spin Coupled to a Cavity

In the previous section we derived the path integral for a single bosonic mode. Here, we introduce

a mapping to represent a dissipative two-level system coupled to a cavity as a Keldysh path integral
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over a real field. We take a spin-cavity system coupled to the vacuum with The Lindblad equation

Llp] =-i[H, p] +TDs-[p] + kDylp], (2.44)
Dile]=LeL’ - %{LT L,e}, (2.45)
H=woa'a+Ac*+go*(a" +a). (2.46)

The operators o, @ € {x, y, z} are the Pauli matrices

ot = ((1) _Ol) o) = (?z (l)) ot = ((1) (1)) , (2.47)

)T = (6 —i0”)/2. The Hamiltonian is known as the Tavis-Cummings model [5].

with o~ = (o
We can take this model to be phenomenological. The only jump operator for the spin is the lowering
operator corresponding to spontaneous emission at a rate I'. Photons leak out of the cavity to the

environment at a rate k. We denote the spin-cavity interaction strength as g. Following the same

procedure as before, we vectorize the Liouvillian to obtain

1 1
Lz—i(H@I—I@HT)+F(0'_®0'_—50'_0'+®I—§I®0'_0'+)

(2.48)
o (a(")aU)* _ %(awa(u) N a(l)Tam*)) _

This Liouvillian can be interpreted as a non-hermitian Hamiltonian describing two spins coupled
through the dissipative terms, and these spins are each separately coupled to their own cavity. These
cavities are also interacting with each other through the dissipative coupling. This is a feature of
vectorization that the doubled degrees of freedom interact with each other through the dissipative
terms in the Liouvillian.

Now we repeat the process of of obtaining the path integral by trotterizing the partition function
as before, Z = limy_ oo ({I| (¢*™)M |po)). Furthermore, we can split the exponential into two
parts, e 5 o000ty \where I contains the atom-cavity interaction term and L; = Lgpin + Leay
all of the non-interacting terms. This split is exact due to the M — oo limit. Separating the
exponentials this way allows us to insert resolutions of the identity in a basis that makes treating

Lo easy, i.e. we expand in the basis Ispin x ® Leay x, Where

Ipink = ), lo” o) e ol (2.49)

0'(”)’0-(1)
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with *#/D | ) )y = /D | ) o (D): the quantity L4y« is given by Eq. (2.27). Once again,
we label each resolution with the time-step k. Inserting these resolutions after every time-step, we

find

() ¢ () | ()% @) (oD (D

= lim Z/D ¢(u) ¢(l) 1 fnfo l—[ ( Trat (P10t )= (P + ¢k+1))

M—oo

(2.50)

(u) (l)
k+1’ k+1

* 1) 1 . * l 1)
StLpin (1)> ldt( i\ 9\ ~ig " 9 ~iLea [#10" 0 0L B ])_

X (o K IU,E ,
The coeflicients f,, fo are the the boundary terms for both the spin and the cavity. Now, we can

pull the exponential factor that is linear in /" into the (U(”) !

6tLispin
k+1° k+1

|e |<T,§”), U,El)) matrix

element, and turn it back into an operator while absorbing it into e®~rin, We define this new matrix

as Tk. At this intermediate step, our partition function takes the form

Z= lim / D[g™, ¢ V]e" <<1pm|]_[(spmke ) 1osping)) (251)

The action S¢,y is given by Eq. (2.33). We have assumed that the initial state is a product state
between the spin and the cavity. Furthermore, we have resummed the resolution of identities,
allowing us to return back to an operator form. Removing the identities and taking the M — oo

limit (i.e. the continuum limit) while extending the integration limits to infinity, we find
= / D e, pqle”. (2.52)
where we have recalled the Keldysh rotation and defined the action
§ = Seay —iInTe (Teh ™) . (2.53)

The object 7 is the time-ordering operator and is required as T is a function of time. The matrix

T(z), in our chosen basis that diagonalizes o™, is given by

~L—iV2gx, iA —iA L
in-T 30 iDgx, -L —iA-T
T(7) = ? ! ! >, (2.54)
—zA—g —% —%H‘\/igxc zA—g
% —iA iA -5+ i\/igxq
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with xc/q = (¢ejq + B /q) /V2 the classical and quantum components of the cavity quadrature. We
have also made the simplification of setting ({I|®|po)) — Tr(e), which is valid due to expanding the
integration limits out to infinity in combination with the fact that T captures dissipative dynamics
and will take any initial state to a unique steady state. Furthermore, in making this simplification
we have assumed the initial state of the cavity and spin is separable.

Equation (2.53) represents our mapping of the Liouvillian dynamics of a single spin coupled
to a cavity to a path integral over a pair of fields, and at this point is exact. We will see that the
action for the driven-dissipative Ising model takes a very similar form and is obtained using almost
exactly the same procedure. The action in Eq. (2.53) is a formal expression, but it can be expanded
in powers of the cavity quadrature. If there is some small expansion parameter, it is possible to
truncate this expansion and obtain a relatively simpler description of the field theory that well
describes the original model. While there is no obvious expansion parameter in the present model,

we show in Sec. 3.2 how this would be done on a closely related model.
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CHAPTER 3

MODELS AND FIELD THEORY

In this chapter we will introduce the relevant models to our work. While this thesis primarily
focus on the DDIM, we will begin this chapter by first introducing the closely related open Dicke
model as it provides experimental motivation and is required in the derivation of the DDIM. Then,
the equilibrium properties of the Ising model will be discussed; they provide a useful point of
comparison for the nonequilibrium results we obtain later. We then elaborate on the various
symmetries of the model, their physical significance, as well as how we can take advantage of these
symmetries when studying these models. Finally, we will map the DDIM Liouvillian to a Keldysh
path integral using the techniques established in the previous chapter. This path integral will serve

as the starting point for the rest of our analysis.

3.1 Open Dicke Model

The Dicke model [16, 17] is a paradigmatic model of light-matter interactions. It describes a cavity
mode coupled to atoms modeled as 2-level systems. At sufficiently large coupling strengths, this
system exhibits a phase transition from a normal phase to a superradiant phase where the cavity
is macroscopically occupied and the spins spontaneously align. In principle, the cavity and the
atoms are coupled through the underlying dipole coupling, but the coupling strength would be much
smaller than the cavity frequency and the atom energy splitting. Furthermore, there is the subtlety
known as the diamagnetic term (or the A2 term) which has sparked much debate on the existence
of a no-go theorem [18] for the superradiant transition. However, both of these problems can be
circumvented by utilizing driving schemes [17, 19] to generate the atom-cavity coupling. These
schemes have the added benefit of bringing the detuned cavity frequency (in the rotating frame of
the drive) within the same order of magnitude as the coupling strength. Using this scheme, in the

rotating frame of the drive the Hamiltonian can be modeled as [17]

2
Hpice = woa'a +AS, + 2.5 (a" + a) 3.1)
VN
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o 1)

|0)

Figure 3.1 (Note: From Ref. [19]) Balanced Raman channels used to derive the Dicke
Hamiltonian in [19]. The cavity couples two sets of levels, 1 <> s and 0 < r. Two drives of
frequency Qg and Q, couple O <» s and 1 < r. By detuning the drive frequencies from the
excited states, these states can be adiabatically eliminated to leave an effective two level system
consisting of |1) and |0) with level splitting w.

where S, = X; o are the collective spin operators. We have wq the detuned cavity frequency, A
the atom level splitting, and g is the atom-cavity coupling generated by the drive (time-independent
as we are in the rotating frame).

There are different microscopic physical systems that yield Eq. (3.1) in certain regimes. One
of the primary examples was proposed by Charmichael et. al. [19], where the system consists
of actual atoms with two pairs of internal levels coupled to the cavity. In addition, two driving
lasers are applied to the atoms that couple these two pairs of internal levels; see Fig. 3.1. The
lasers are detuned such that the higher excited states of each pair of levels can be adiabatically
eliminated, and we are left with an effective two level system comprised of the ground state of each
original pair. This scheme was experimentally realized in [20]. A different scheme involves using a
Bose-Einstein condensate (BEC) in a driven cavity, where at high enough pump strengths the BEC
self-organizes into even and odd checkerboard lattices [8, 21]. The cavity couples to the motional
states of the BEC, and this interaction can be mapped to a similar type of Dicke model as in Eq.

(3.1).
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Now we consider the more general case where the atom and the cavity are coupled to the QED
vacuum. The atom-vacuum coupling (i.e. sponteaneous emission of the individual atoms) was
typically assumed to be negligible in comparison with photon leakage from the cavity, however,
it has been shown to have observable effects on the behaviour of system [20, 22]. Therefore,
we consider both types of coupling here. Assuming that the bath satisfies the Born-Markov
approximation discussed in Sec. 2.2, and that the driving strength is weak compared to the bare
cavity frequency and internal level splittings of the atom, we can justifiably write down the Lindblad

equation for the open Dicke model (ODM) [8, 14, 17, 19, 22-25]

LIp] = ~i[Hpicke: p1 +T ) Do [p] + kD[] . (3.2)

We have included the most probable kinds of dissipation, namely photon loss and spontaneous
emission.

The Liouvillian has a Z, symmetry, which can be seen by its invariance under the transformation
a — —a, 0" — —o*. However, in contrast to Hamiltonian systems this does not imply conservation
of parity [26]. Atlarge enough atom-cavity coupling strengths, the system undergoes a superradiant
phase transition which is of the Ising type, i.e. itis a second-order phase transition that corresponds
to a broken Z; symmetry. In the normal phase (a) = (oc*) = 0, and in the ordered phase
these quantities become finite and spontaneously choose to be positive or negative in accordance
with the broken symmetry. It has been shown [22] that spontaneous emission is non-negligible
in determining the location of the critical point in the ODM. Furthermore, there is a permutation
symmetry that can be seen by swapping i < j for any two spins i and j which leaves the Liouvillian
invariant. This symmetry will prove useful when performing numerical simulations as it reduces
the dimensionality of the steady state Hilbert space from 4" to O(N?) (for details on how this is

done see Sec. 4.1).

3.2 Driven-Dissipative Ising Model

In this work, we are interested in the critical properties of the NESS as it undergoes the phase

transition. However, the ODM can actually be simplified further to an atom-only description that

23



still captures much of the essential physics; see Sec. 3.4. In other words, we seek a minimal
model with which we can perform our analysis. There are various limits that can be taken to yield
an atom-only description, most of them yielding non-Lindbladian dynamics [27], but we will be
focusing on the large-detuning limit (wo, k > g,I", A) which preserves the Lindblad form. In this
case, the cavity dynamics occur on a much shorter timescale than that of the spins and therefore

can be adiabatically eliminated. This yields a new Liouvillian,

Llpl =~i[H,p] +T ) Do-[p] + T Ds,[p] , (3.3)
i
with the Hamiltonian
-J
H= 782 4+AS., (3.4)

where J = 16g%wo/ (k> + 4w%) and I'y = J«x/wg. We see that elimination of the cavity mode
introduces collective dephasing in the x-direction. In the limit that wg > «, we can neglect this

term to arrive at the final form of the DDIM,
Llp] = -i[H,p] +T'Ds-[p] . (3.5)

This represents the minimal many-body model that is host to a phase transition and will be the
focus of the rest of this thesis. We emphasize that Eq. (3.5) is a driven-dissipative model despite
the absence of an explicit driving term. We are several steps removed from the microscopic
dynamics and are operating in the rotating frame of the drive. Furthermore, one can check that a
system is driven-dissipative when the Lindblad operators do not take you between eigenstates of the
Hamiltonian. This is equivalent to the condition [H, L(w)] = —wL(w), where L(w) are Lindblad
operators that take you between all eigenstates with energy difference w [6].

In the absence of dissipation, the Hamiltonian in Eq. (3.4) is known as the Lipkin-Meshkov-
Glick (LMG) model and has been studied extensively [28—33]. This model is integrable, i.e. it has
infinitely many conserved quantities in the thermodynamic limit, and is therefore exactly solvable.
The infinite-ranged nature of the interactions means that the collection of spins can be interpreted

as a single large spin, and can be treated semi-classically in the thermodynamic limit [28, 34]. The
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Figure 3.2 (a) Schematic diagram of the DDIM. There is an infinite-range interaction of strength J
between the all of the spins, while each spin experiences spontaneous emission at a rate I'. In
addition, the spins experience a transverse field of strength A. (b) The phase diagram of the
DDIM. Shaded regions represent the ordered phase where (S,) # 0. The weakly-dissipative point
at A = 2J represents a unique limit of the model and coincides with the critical point of the
equilibrium model at zero temperature.

most important conserved quantity is the total spin operator S = §2 + S§ + S?, which satisfies
[H, S] = 0. However, this feature of the model is spoiled by spontaneous emission which does not
conserve total spin. The lack of conservation of total spin in the DDIM can be interpreted as a
positive as it enriches the possible space of states. Despite this, Eq. (3.5) is still exactly solvable.
Equation (3.5) is a descendent of the ODM and, therefore, has the same symmetries, namely the
Z, and permutation symmetries. It also experiences the same Ising phase transition from a normal
phase, where (S;) = 0, to an ordered phase with (Sy) # 0; see Fig. 3.2(b). In equilibrium, at zero
temperature, this model has a quantum phase transition at A = 2J [28] as shown in Fig. 5.11(b).
The driven-dissipative model instead has the ordered phase extend outwards in the parameter space
to finite I'. We note that the nature of phase transitions in driven-dissipative systems is distinct
from those of equilibrium. Driven-dissipative phase transitions occur in the NESS of the dynamics,
while zero-temperature phase transitions occur in the ground state and finite-temperature phase
transitions in the thermal state. As we will show in Ch. 35, the steady state of the DDIM is host to
two different universality classes. The system exhibits different sets of critical exponents when I

is finite compared to the weakly-dissipative critical point where I' — 0, A = 2J.
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3.2.1 Mean-Field Theory

Mean-field theory is the simplest analysis one can perform on an interacting theory. It is based on
the notion that the interaction may be replaced by a single field proportional to the single-particle
expectation value of a spin. In other words, mean-field theory reduces a many-body theory to
a single-particle theory, a tremendous simplification. The DDIM is what is known as a “mean-
field” type model, meaning that the phase diagram is exactly given by the mean-field solution in
the thermodynamic limit. Before proceeding with an exact treatment of the model that includes
fluctuations, we perform a simple mean-field analysis.

The standard mean-field equations of motion are obtained by calculating the expectation values

(o) and assuming that the density matrix is factorized in space and is uniform:

o= ®pi = pSN (3.6)

where ppr is the mean-field density matrix, uniform across all sites. Using this approximation, we

find the mean-field Heisenberg equations of motion (in the N — oo limit)

0 (o) = 2A(c0”) — g((r") , (3.7a)
0(0”) = (4J{T*) + 2A){c") — g(ay) , (3.7b)
0(0%)y = =4J (") (o*) = T'(1 + (o%)), (3.7¢)

where we have dropped the spatial index due to the uniform ansatz. By setting the LHS to zero,
we can solve for the nonequilibrium steady-state values of the three observables. In the normal
phase, the only solution is the trivial one: (0¥)s = 0, (07)ss = 0, (0%)ss = —1 with the subscript

indicating the steady state. In the ordered phase, we identify two stable solutions as

32JA — 16A2 -T2
(0")ss = i\/ ) (3.8a)

42
_TV32JA - 16A2 -T2

(0)ss = F , (3.8b)
» 16V2JA
2 + 16A2
(0%)ss = “ A (3.8¢)
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from which the phase boundary follows as
I+ 16A* - 32JA=0. (3.9)

The phase diagram defined by this equation is given in Fig. 3.2(b). The mean-field solution is exact
in the thermodynamic limit due to the collective interactions. However, to characterize fluctuations
and to identify the critical behavior of the model, we must go beyond mean field. Using a quantum-
to-classical mapping, we shall provide an exact field-theoretical description, allowing us to perform

a systematic study of fluctuations beyond mean field.

3.3 DDIM Field Theory

The DDIM Liouvillian, given by Eq. (3.5), is a many-body system and is better described in the field-
theoretical framework. Mapping the system to a field-theory will allow us to go beyond the simple
mean-field treatment performed in Sec. 3.2.1. In this section, we will map the nonequilibrium
partition function to a Keldysh path integral using the techniques developed in Ch. 2. Our starting

point is the vectorized partition function
Z = ((I1e"™ |po)) - (3.10)

We trotterize the evolution operator and split the Liouvillian into interacting terms (i.e. the Ising

term), Lo, and non-interacting terms, L,
M
Z = Jim (1] (e pp)) . 3.11)

Next, we introduce resolutions of the identity I; labeled in accordance with the time steps, their
form is given by Eq. (2.49), but expanded to include all N spins. Inserting these resolutions of the

identity and taking advantage of the fact that L is diagonalized by our chosen basis, we find

M-1
. il S(u) 2 S(l) 2 " / ; ;
Z = A}linotomfo 1—[ e N(( (8 ) <{O-IE )},{O-IE)}le&L] |{O.l£_)l}’{0_l§_)l>}’ (3.12)
{0} k=1

where S/ = ¥ Ui("/l) is the classical collective spin and fy = (({Ué”)},{co(l)}lpo)),fm =

(| {O‘IE/I; ) 1, {0'13) })) arise from the boundary terms. The curly brackets around spins, {o }, represent
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the collection of all N spins. At this point we require one additional ingredient to proceed with the

recipe established in Sec. 2.4. We introduce the Hubbard-Stratonovich transformation [4, 15],

ei%((Siu))z—(S,ﬁ”)z) _1 /oo dml((u)dm}({l)e—iétJN[(m,({"))2—(m,i’))2]+i2J6t(ml(cu)S,i“)—m,({l)S,((l)) (3.13)
N J_w '

where N is an unimportant normalization factor such that we retrieve the left hand side after
performing the Gaussian integration over the real fields m /).

The Hubbard-Stratonovich transformation allows us to decouple the Ising interaction at the cost
of introducing new fields, and linearizes the argument of the exponential with respect to the classical
spins. This allows us to proceed with the usual recipe and pull the now linearized exponential inside
of the inner product ({0'15“)}, {o'lgl)}l et |{0',§'f)1}, {O'IEZ_)I}> and absorb the new term into L;; we
call this new matrix Tk. We point out that Tk = ».; Tk is actually a sum of identical terms,

Tei =i2J (mo " = m o7 0) — i (o7 - 07

_ _ r _ _
+ o, (”)0'[ O 5 (o-;r(”)O'l. ) 4 0'l.+(l)0'l. (1)) )

(3.14)

After we sum up and remove the resolution of identities, we can take advantage of the above fact to

write

7 = [l}li)noo Z)[m(”), m(l)]e—iétJN[(m,((m)z—(m]((l))z] ((<I| 1_[ 01Tk |p0>>)N (3.15)
k

where we have replaced Ty ; with Ty as they are all equivalent. In writing the above equation,

we have assumed that the initial state is a product state of identical spin states which is valid

considering we are only interested in the steady state. We have also defined the measure for the

Hubbard-Stratonovich fields, Z)[m(“), m(l)] =11z M.

Taking the continuum limit, extending the initial and final times out to infinity, and performing

the Keldysh rotation on the Hubbard-Stratonovich fields, we arrive at the DDIM Keldysh path

integral Z = f Dime, mq]e’S, where
S=-2JN / me(£)my (1) — iN In'Tr (Teft T<’>) . (3.16)
t

We have repeated the simplification made in Sec. 2.4, where extending the initial time out to

infinity allows us to make the replacement ({I| ® [p9)) — Tr(e) as the matrix T will yield a unique

28



steady state no matter the initial state. The matrix T is almost identical to Eq. (2.54),

~L+i2V2um, iA —iA L
in-F =3 +i2V2Jm, - ~in-§
T(r) = (3.17)
—iA- % - —3L —i2V2Jm, iN-L
L —iA iA ~L —i2V2im,

This matrix is akin to a transfer matrix for two spins on the upper and lower branch of the Keldysh
contour respectively. Imaginary matrix elements describe coherent evolution, and real matrix
elements describe dissipation. This matrix will be an important object in the rest of our analysis,
and we will show how to manipulate it and the In Tr term of the action. Most importantly, we will be
able to truncate an expansion of the action thanks to the overall factor of N. In the thermodynamic
limit, this overall factor of N makes the saddle-point solution exact and only allows for quadratic

fluctuations, which we will show in the following sections.

3.3.1 Field-Spin Relationship

The quantum-to-classical mapping utilizes the Hubbard-Stratonovich transformation to introduce
a real field m®/? in place of the classical total spin S®/?). Therefore, expectation values of m, /q
should be naturally related to those of the original spin operator S,. To derive this relationship, we
introduce time-dependent source fields &“/") (¢) coupled to S, on both the upper and lower branches
of the vectorized DDIM Liouvillian, i (a/(”)S)(C”) —a® S)(Cl)), where we can have a® # ") so that
the nonequilibrium partition function Z # 1 as discussed in Sec. 2.3.2 [13]. The source fields do
not alter the mapping to the field theory, they simply introduce new elements to the matrix T as

@ 0 0 0
0 a0 0 0
0 0 —-a 0|
0 0 0 -a

T' (1) = T(r) +iV2 (3.18)

where we have performed the Keldysh rotation a./, = (@™ + aW)/ V2 on the source fields.

The fields m.;, are dummy variables under the path integral. Making the change of variables
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Meyq(t) — meyq(t) + acq(t)/2J, we can move the source terms out into the quadratic portion of

the action to find (using the same field variables)

ag(tac(1)

S = N/t(mc(t)ozq(t) +mg(t)ac(t) - 7

+So[mesql, (3.19)

where S is the original action without the source fields in Eq. (3.16). Taking derivatives of the
generating functional Z[a(#)] with respect to the source fields generates correlation functions [13].

Specifically, taking a derivative with respect to @, yields

V2 . 0Z
W<Sx(t)> = -1 (961’(1([) oo

= (mc(1)) , (3.20)

which provides a clear translation between the two descriptions (the factor of V2 arises due to the

Keldysh rotation). Next, we consider the two-point correlation function and response function,

respectively:
| My 92
m({Sx(t), Sx(t )}> - 5Cl’q(l)(5(l’q(t,) ac/q=0 (321)
= <mc(t)mc(t/)>’
and
. o 57 ~ 0Z
m [Sx(t)a SX(t )]> - 5aq(t)5(lc(t’) 5QC(I)6a‘1(t,)) @c/q=0 (322)

= (mc(Dmg (1)) = (mg()m(1')) .
This establishes the relationships between the spin operator and the fields. The Hubbard-Stratonovich
fields essentially represent S, /N, which could have been inferred from the Hubbard-Stratonovich
transformation in Eq. (3.13). It is straightforward to find the analogs of these relations at higher
orders by taking appropriate derivatives with respect to the source fields.
Source fields can also be introduced to calculate expectation values of S, and S, however, the
procedure is more complicated as the relationship between m./, and these expectation values is not

straightforward. These calculations will be expanded upon in Ch. 6.
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3.3.2 Saddle-Point Solution

The overall factor of N in Eq. (3.16) signifies that the saddle-point solution to the path integral
is valid when N is large [13]. While the saddle-point solution is essentially equivalent to the
mean-field solution and neglects fluctuations, it provides a good starting point for further analysis.
More importantly, we will expand the action around the saddle-point solution. First, we take the

functional derivative of the action with respect to both m. and m, and set them to zero:

oS oS

=0, =0. (3.23)
omc(t) ﬁ;i’(’)' omy(t) n’;;'g

The solutions for the fields (m.) = m, (m,) = O that satisfy these conditions are the saddle-point
solutions. Because we are interested in the steady state, we are guaranteed that m is a constant, and
(mg) is always zero by definition of the Keldysh path integral as discussed in Sec. 2.3. Furthermore,
because every term in the action contains at least one quantum field, the first condition in Eq. (3.23)

is trivially zero. The second condition will give us the saddle-point solution m,

58 Tr (e(tf—t)Tque(t—ti)To)
o =—2JNm—iN =i
Smgy(t) e Tr(er=1)7%0) (3.24)

=-2JNm —iN ({I| Ty |pss)) = 0.

There are quite a few important points to take into account when going from the first to the second
line of Eq. (3.24). First, we take the derivative of the time-ordered exponential which inserts the
matrix 0T/0m,(¢) at time ¢ in the product of the resultant time-ordered exponentials. For clarity,

we define the three matrices

To =T(me =m,my =0) (3.25)
oT
Te = ———|m.—m = i2V2J diag{0, 1,-1,0}, (3.26)
6mc(t) mg=0
oT . .
= mo=m = i2V2J diag{1,0,0, -1} . (3.27)
6mq(t) mg=0

Next, we take advantage of the fact that T is non-hermitian and has a left and right eigenvector with

eigenvalue zero (i.e. the steady states). We know that it must have such an eigenvalue because Ty is
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equivalent to a fully-fledged single-particle Liouvillian. The left eigenvector with eigenvalue zero
is simply the vectorized identity matrix ({I| = (1,0,0, 1)7. The right eigenvector is the mean-field

steady state

L, 8V2AIm _I2416A%+4iV2lJm  T?+16A* —4iV2lUm 1 8V2AIm
2 T2+416A%+16J2m?" 2(I% + 16A% + 16J2m?)" 2 (T2 + 16A2 + 16J2m2)" 2 T2+ 16A2 + 16J2m?

(3.28)

|pss)) =

Using the property of the steady state, lim;_,, ¢/"0|i) = |pg)) for the right eigenvector in addition
to limy_,o0 (i|e’™ = ((I| for some vector i), we can simplify the trace in the numerator of Eq. (3.24).
The trace in the denominator simplifies to unity because the left and right eigenvectors of Ty are
bi-orthonormal, i.e. ({I|pss)) = 1. The second line of Eq. (3.24) may be solved for m, where we

find three solutions:

0 Normal Phase
m= . (3.29)

+V-T2 — 16A2 + 32AJ/4J Ordered Phase

We see that this solution agrees with Eq. (3.7) up to a factor of V2 which comes from the Keldysh

rotation. Equipped with the saddle-point solutions, we are now able to expand the action.

3.3.3 Quadratic Expansion

Equipped with the saddle-point solutions, we can now investigate Gaussian fluctuations; i.e. the
quadratic terms in the expansion of the action around the saddle-point solution. Expanding Eq.

(3.16) to second-order around the saddle-point solutions in the normal phase (m = 0), we have

1 0 PA me
s -1 /H/ (e, mq)t(PR PK),_,r (mq),,’ (3.30)

where a factor of VN has been absorbed into the fields for convenience. Note that the kernel is a
function of the time difference only, reflecting the fact that time translation symmetry is restored
in the NESS. The kernel also exhibits the Keldysh structure [4, 13, 14] as discussed in Sec. 2.3.1,

therefore the elements PR/4 can be interpreted as the retarded/advanced inverse Green’s functions
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and PX as the Keldysh component. These terms are given by

0S8

Rty =pPA(~t) = —————
P = P = S eme ) me=)

= —276(t) — iO(1) ((I| Tye" 0T, |pss))

= —2J6(1) + ©(1)8J%e 2" sin (2A1) (3.31a)

and

oS

K —
PR = omgy(t)om4(0) rrzczg

= —i ((/| qu|t|TOTq |pss))

— i8J%¢ 1 cos (2A1) . (3.31b)

The above elements take a relatively simple form, with the dissipation leading to the exponential
decay and the transverse field to oscillations. In addition, a delta function emerges in (3.31a) as a
remnant of the Hubbard-Stratonovich transformation and ensures the proper normalization of the
partition function. This delta function dissapears when calculating correlations of the original spin
operators, as seen in Eq. (3.22) where it is subtracted out. The step function in the second and third
line comes from ({I| Tce’TOTq loss)) = 0, and enforces the proper time ordering of the matrices.
Because we absorbed a factor of VN into the fields, higher-order terms in the expansion are at least
of the order O(1/N), rendering Eq. (3.30) exact in the thermodynamic limit.

It will be convenient to recast these expressions in frequency space. With the Fourier transform

meq(t) = [ 42mejq(w)e ™, the kernel elements are

Re o 1 ) 1
PHw) = =2/ - 4i (—F/2—i(2A—w) —F/2+i(2A+w))’ (3-322)

and

+
[2/4+ (w-2M)?% T?/4+ (w+2A)2
These analytic expressions follow from the simple form of the steady-state vector in the normal
phase’ |pss>> = (1$ _la _1’ I)T/Z

An advantage of our quantum-to-classical mapping and resultant exact action, is that we are

PX(w) = 4iJ2F( ! ! ) (3.32b)

not limited to the normal phase, we can instead explore the entire phase diagram. In the ordered
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phase, evaluating expressions like Eq. (3.31) becomes difficult as they require the nontrivial form
of |pss)) shown in Eq. (3.28), as well as the fact that the T matrix is now evaluated at finite m. We
nevertheless derive formal expressions for the above functions as follows. We first decompose the
exponential matrix e'T™m_ where T,, = T (mc(t) =m,my(t) = O), into its spectral form

3
et = 3" M) (A

i=0

3 (3.33)
= lpss)) (C11+ D M 1Af)) (aF| .
i=1

The vectors ((/ll.Ll and Mf}) denote the i’th left and right eigenvectors of T,, with eigenvalue 4;,
respectively, and are normalized as ((ﬂflﬁf)) = 0;;; the bi-orthonormal structure is due to T,
being non-Hermitian. The expressions for the inverse response and Keldysh components in the
frequency domain are then

3

3 . 1
PR(w) = -2J - z;: G [ E'O(t) et = —2J +i 2 G i (3.34a)
and
K S it A 3 A;

PK(w) = —i ;: C; /te"‘”e il = 21'; Ciﬂ? eh (3.34b)

The accompanying coefficients are given by
Ci = ({1 Tq 15 (CAF | Te |pss)) » (3.352)
Ci = (I Ty 1) (€A | Tg pss)) - (3.35b)

PR(w) and PX (w) can be obtained by numerically solving for the eigenvalues and the eigenvectors

of T,,.

3.3.4 Diagrammatics

Despite the quadratic action being exact in the thermodynamic limit, we need to include quartic

terms when considering finite-size effects. It is also at times necessary to calculate terms beyond
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(a) (b) (c)

GE(t,1)
”:Lq Me U(t, t/) —ae t1 to t3 14 .
i l TRVAVAVAY GK(t, t/) ; = _ﬁzﬂqccc(t)
° —

Figure 3.3 Left: Diagrammatic representation of the action expansion. (a) The solid and dashed
legs in (a) represent classical (m.) and quantum (m,) fields, respectively. (b) The wavy line
represents the time evolution where time ordering is understood from right to left. (c) Connected
legs correspond to Green’s functions with G® the response function and GX the Keldysh
correlation function. Right: A representative (classical) vertex. The interaction coefficient
Ugcee(t) is time ordered such that ¢ > £, > f3 > 14, and is given explicitly by Eq. (3.38).

quartic when performing perturbative expansions about the critical point in the ordered phase. To
go beyond the quadratic action, we introduce a diagrammatic representation of the interaction terms
in the expansion of the action. These terms can be found by first expanding the argument of the
logarithm in Eq. (3.16) in powers of the fields as
S=-2J /mc(t)mq(t) —iNIn (1 £y z),-,w) : (3.36)
! i
where, as stated before, a factor of VN has been absorbed into me/q, and D; o is the i’th-order

connected diagram:

Do = — / T (o, (1) - - eyt )y (1). (337)
N2 Jt

Here, we have used ¢ as a shorthand for {71, --- ,#;_1,t;} and @ = (ay,--- , ;) withay € {c,q}. The
sum over « in Eq. (3.36) is only over distinct orderings of c¢/q to avoid overcounting. The rules for
constructing these diagrams can be found in Fig. 3.3. Connected diagrams are time ordered from
right to left, therefore the interaction coeflicient u, is time ordered too with t; > --- > t;,_1 > ;.

These coeflicients are given by
Uy = Tr (To,U(t1,22)To, - U(tiz1, 1) To,) (3.38)

where we have defined the “trace” operation Tr(e) = ((I| e |py)), have utilized the matrices T, /q
defined earlier, and have introduced the propagators U(t —t') = ¢*")T0 with Ty = T(m = 0). The

latter propagators are depicted as wavy lines in our diagrammatic notation; see Fig. 3.3(b). This
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time-ordered representation of the interaction coefficients (and diagrams) is best understood in a
scattering picture. The superket |py,)) describes the nonequilibrium steady state of a pair of spins
on the upper and lower branch of the vectorized space, and is taken as the “in” state. This state
propagates freely (via U) while scattering off the mean-field (m.,) intermittently. In other words,
the interaction coefficients follow from the time-dependent perturbation theory in the expansion of
the evolution operator Teh T with T(r) = To + me(£)Te + mg(t)T,, in powers of the scattering
potentials m.;;T¢/4.

The scattering interpretation becomes manifest in Fourier space. Let’s first consider the free

propagator in Fourier space:

: 1
U(w) = / e WMo = T (3.39)
>0 0—lw

Here, we have used the fact that the matrix Ty is diagonalizable, and that the real part of its
eigenvalues A is non-positive. For an eigenvalue with a zero real part, we substitute w — w —ie due
to causality with the understanding that the limit e — O is taken at the end of the calculation. The
above expression is reminiscent of the Lippmann-Schwinger equation with T taking the role of the
Hamiltonian, though we must recall that T is non-Hermitian and acts on two copies of a spin. Itis

often convenient to compute the interaction coefficient in the Fourier space. Some algebra yields

(W) =Tr (To,U(D1)Ta, - - - U(@)Ty,) » (3.40)

where w; = w1+ ...+ W; —Wjy1 — ... — W;.

So far, we have considered the connected diagrams that arise inside the logarithm in Eq. (3.36).
However, the full diagrammatic expansion of the action requires an expansion of the logarithm
too. Expanding Eq. (3.36) in powers of the connected diagrams, we obtain all interaction vertices
comprising connected as well as disconnected diagrams. Formally, a multi-legged diagram with

M = Zle [; disconnected parts is given by

(M - DI=nY

) l l
N-1 l—[jp lj‘ (Dil,a'l) l(z)iz,a’z) 2o (Di],,(l'l;) P (341)
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where each D;,, integrated over the corresponding time coordinates, represents one of the p

unique connected diagrams with multiplicity /;. The combinatorial factor %Hﬁp’l ;', = % is
A A
M!

included, where the factor of ﬁ is due to the expansion of the logarithm, and accounts for

each set of identical disconnected diagrams with multiplicity /;. As an example, Fig. 3.3 depicts
the diagrammatic representation of the “classical vertex” _ﬁ’ ftﬁqccc(t)mq(tl)mc(tz)mc(t3)mc(t4)
with the time integral constrained as ;1 > f, > f3 > t4. We remark that the disconnected
diagrams discussed here emerge at the level of the action, before expanding the exponential factor
in the partition function. Expanding the latter exponential factor will further generate disconnected
diagrams whose coefficients should be properly determined from the combinatorial factors reported
above. In this sense, we must keep track of the origin of various disconnected diagrams (whether
they appear in the action itself or result from the expansion of the exponential factor). This
pattern is in contrast with the standard diagrammatic representation and is a unique feature of our
nonequilibrium setting.

The diagrams discussed here have certain causal properties. First, each diagram must come
with at least one quantum leg (dashed line), reflecting the property of the Keldysh action that
S(me,my = 0) = 0. Furthermore, the last leg of all connected diagrams is always a quantum field
which enforces causality and ensures that the partition function retains its normalization (Z = 1).
Curiously, only certain orderings of classical and quantum legs are allowed. The diagrammatic
notation developed here will prove very useful when calculating quantities such as self-energy

corrections as well as expanding the action in the ordered phase. The former can be determined

systematically by contracting quantum and classical fields in these diagrams.

3.4 Mapping ODM to DDIM

Here, we show that the model in Eq. (3.5) exactly follows from the open Dicke model given by Eq.
(3.2) in the limit of large cavity detuning. We emphasize that this procedure is exact and does not

rely on any assumptions about the cavity mode. Beginning with Eq. (3.2), the full quantum master
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equation takes the form

dp _

1
dr — i[Hpicke, P] + & (apaT - E{aTa,p})

1 (3.42)
+ FZ (a'l-_pofr - 5{0’,*0'[,/)}) .

Following the same steps as outlined in Sec. 2.4, we obtain an action that consists of cavity, atomic
and interaction terms:

Sp = Scav + Sint + Sspin . (3.43)

The cavity term in the action is given by

T .
_ ac 0 w—wo—i7) [ac
Seav = /w (aq) (w —wo +15 iK ) (aq) ) (3.44)

Defining @ = (x — ip)/2, we can integrate out the imaginary component of the cavity field, p,
exactly as Sin; does not depend on p. Tracing out the spins (see Sec. ??), we then find an exact

expression for the action
Sp = / X (~w)D(w)x(w) — iN In Tr(Te/t TD(Xc/q@), (3.45)

where X(w) = (x.(w),x,(w))" and the kernel D(w) is given by

_( 0 D*w)
D(w) = (DR((L)) DK((J))
L (_ (k+2iw)? 3.46
0 L (3.46)
1 (k=2iw)? ik (K +4(w*+w]))
4 (_ dwg a)()) 16w(2) ;
The matrix Tp is rather similar to that in Eq. (2.54):
—% - i%xq(t) iA —iA %
iA-T BT EAET N r ~iA-T
T (xe(1). x4 (1)) = ’ LW ) ’
—iA—g —% —T+l&xc(t) iA—g
r —iA iA Ly l%xq(t)
(3.47)
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We then make the transformation m, = Dgxc/\/ﬁg and m, = Dgxq/\/ﬁg with Dy = D(w = 0),

and further define J = —g?/Df = 16gwo/(k* + 4w]) and 'y = Jx/wy. The action is then cast as
Sp = / m’ (—w)P(w)m(w) — iN InTr (Tefr T“"c/q(f))) : (3.48)

where m(w) = (m.(w), my(w))7, the kernel P is given by

0 —J (1 + dixe=io”
P(w) =N B (3.49)
. 2 . 2
I - ) ir (14

and the matrix T(m(t), m,(t)) is identical to that in Eq. (3.17).

Now we consider the limit of large wo and «, in which case we can ignore those terms in
Eq. (3.49) that are suppressed by a factor of 1/(x* + a)(z)). This eliminates the frequency-dependent
terms and yields the kernel

0 -J
P(w) ~ N : (3.50)

-J il
Using the quantum-to-classical mapping, one can show that the diagonal term (~ il'y) can be
identified with dephasing in the form of the Lindblad operator L, = \/m Sy. Indeed, this agrees
with the large-detuning limit discussed in Ref. [27]. Our model is different, however, due to the
atomic spontaneous emission, which allows for a nontrivial nonequilibrium steady state. Finally,
to obtain the DDIM, we consider the detuning wq to be the largest frequency frequency scale,
even compared to k. In this limit, we can neglect the dephasing term, since I'y = J«x/wo < J,
and recover the driven-dissipative Ising model introduced in Eq. (3.16). The advantage of this
process compared to the usual adiabatic elimination procedure, is that we have not discarded any
information about the cavity. We are simply showing that the action of the open Dicke model in

the large detuning limit is exactly identical to the DDIM action.
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CHAPTER 4

NUMERICAL METHODS

In the previous chapter, we developed a field theoretical description of the DDIM that will prove
useful for analytical calculations. At the same time, it is important to benchmark analytical results
against numerical simulations. This is done for a variety of reasons: the analytics often involves
approximations and we want to make sure these approximations are valid and produce correct
results which can be becnhmarked against numerics, or perhaps the analytics describe an effective
theory of a microscopic system and we need numerics to simulate the microscopics for comparison.
In our case, the analytics are performed in the thermodynamic limit, but we are also interested in
finite-size scaling effects. For this, we utilize numerical simulation to obtain explicit results for
finite system sizes and compare these with our scaling predictions and results in the thermodynamic
limit.

In this chapter, we will discuss the two main numerical techniques we used to calculate observ-
able quantities such as dynamical correlations and entanglement. The first is the standard exact
diagonalization which makes no approximations beyond machine error, however, we take advantage
of the permutation symmetry of the DDIM which requires a special basis. The second technique
is the well established quantum trajectories [35], but with the added twist of using different jump
operators that incorporate the permutation symmetry. Although both numerical techniques used in
this work are prevalent in the literature, we must adapt them to our specific model and its symme-
tries. A reader mainly interested in analytical techniques and/or the physics and results, may skip

this chapter without issue.

4.1 Exact Diagonalization

The simplest approach to solving for eigenstates in any quantum system is to construct the matrix
governing the dynamics, e.g. a Hamiltonian or a vectorized Liouvillian, and decompose it into

its eigenvectors and eigenvalues using freely available linear algebra packages in any standard
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computational language. Equipped with the eigenvectors and eigenvalues, we know everything
about the system and can compute any quantity we wish. A fundamental issue is that exact
diagonalization must deal with the entire Hilbert space, which grows exponentially with the system
size. Typically, this would heavily limit the maximum possible system size that can be ran on
even high-performance computing clusters. In certain cases, we can take advantage of the system’s
symmetries to reduce the size of the relevant Hilbert space.

As discussed in Sec. 3.2, Eq. (3.5) has a permutation symmetry, which means that the

Liouvillian remains invariant under permutation of the site indices. More rigorously, we have
PiL=CL, 4.1)

where P4 is the permutation operator that permutes the site indices according to the permutation
& € Sy, and Sy is the permutation group (or symmetric group) [36]. This symmetry lends structure
to the form of the vectorized Liouvillian, breaking it into block-diagonal matrices where each block
corresponds to a different permutation symmetry sector. This is analogous to Hamiltonian systems
where symmetries of the Hamiltonian lead to separate sectors defined by the eigenvalues of the
symmetry operator.

We are only interested in the sector that contains the steady state, which we reasonably assume
(and later prove) belongs in the totally-symmetric sector, i.e. the sector where P »[p] = p for all
& and eigenstate p. An example of another sector is the completely anti-symmetric sector, where
P& [p] = p for even permutations and P [p] = —p for odd permutations. The totally symmetric
sector of the Liouvillian must have eigenstates that respect this symmetry, therefore, we introduce
a permutation symmetric basis

1
_ y
PN Ny N, = N E Pyp(of®..® O'I’f,x @0y 1 ®...® TN+,
z “4.2)

z z
® O-Nx+Ny+l R...Q O-Nx+Ny+Nz ® INx+Ny+Nz+l ®...Q IN) s

with the normalization factor N = \/N IN(!Ny!N_ !N!. The sum is over all permutations & of the

indices, making the overall state clearly symmetric under any permutation. These basis elements are
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normalized as Tr(p,0,)/2Y = 6., where u = (Ny, Ny, N;), and the Liouvillian matrix elements
are given by

1
L,y= 2—NTr (0uLlpv]) - 4.3)

In this basis, the dimensionality of totally symmetric subspace grows polynomially with the system
size as (N + 1)(N +2)(N +3)/6 ~ O(N?) in contrast with the exponential growth in a generic
many-body system. This scaling can also be contrasted with the O(N*) growth of the angular-
momentum basis with basis elements (J, m|J'.m"); each of the quantum numbers is proportional
to N.

Because the Liouvillian is permutation symmetric, action of £ on this basis will keep us in the
fully symmetric subspace. To efficiently construct the matrix £, from the permutation symmetric
basis given by Eq. (4.2), we should identify how the basis itself is transformed by £ defined in Eq.
(3.5). The action of the Liouvillian on a state can be determined analytically by inspecting how the

total-spin operators act on one of our basis elements:

SxPN Ny N, =VNx(Np+ 1) pn 1.8y N, + iy Ny(N: + 1) oy, Ny-1.8,+1

“4.4)
—iy/(Ny + DN pn, Ny+1N,-1 + V(Ny + 1)Np pN 118, N, 5
SyoN Ny N, =Ny (N1 + 1) pn vy -1, +HIVN(Ny + 1) pns1v, N, -1
y y Yy (4 5)
— iV (N; + )Ny pn 1Ny N.+1 + {/ (Ny + DN pn, Ny+1N. 5
SZPNX,Ny,Nz = NZ(N[ + 1) pNx,Ny,Nz—l + l'w[Nx(Ny + 1) pNx—l,Ny+1,NZ (4 6)

— iy (Nx + DNy pn 1.8y -1N, + V(N + DN PN Ny N+ s

where Ny = N — N, — N, — N, and the action from the right can be found by taking the adjoint of
the RHS. The only other non-trivial term is the dissipative term };; o7 po ", whose action on the

basis elements is given by

[(N = N)pn, vy, + VNZ(NE+ D pw, vy N,-1 = VNI(N + Doy, vy v+t -

| =

— + _
D07 PN, N =
i

4.7)
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Using the above relations, we find the action of the Liouvillian on our basis as

4J
Llpw,w, ) =75 (N + DOV + DNNG oyttt + 4 NeVy + DNV + Dot st

- \/NxNy(Nz + D(Nr+ 1) o -1, Ny~ 1N 41 = \/(Nx +1)N, (N, + 1)N; pNx+1,Ny—1,NZ+1)

+ 2A(\/Nx(Ny + 1) PN - 1Ny 41N, = A/ Ny(Ny + 1) pNX+1,Ny—1,Nz)

I
+ 5((1\/1 - N; = N)pn,. NN, — 2V (N + 1)NIPNX,Ny,NZ+1) :

(4.8)

Using this equation, it is possible to construct the Liouvillian matrix as defined in Eq. (4.3). In the
rest of this section, we take £ to mean the matrix constructed in the numerics using Eq. (4.3), not
the superoperator form.

Equipped with Eq. (4.2), we can efficiently construct the Liouvillian matrix. However, for large
system sizes it is still prohibitive to store the entire matrix in memory, so it must be stored as a
sparse matrix. Furthermore, finding the full spectrum of a sparse matrix is not efficient. We are
only interested in the extremal state of the spectrum, namely the steady state with eigenvalue zero.
In this case we can more efficiently find the steady state by employing the so-called shifted-inverse

power method [37]. This technique consists of performing the iteration

Nn—-1
o) =) (£)_lpw) 4.9)

(L) ol
where k is the iteration step, L = L —€l, and |p)) = X, ¢y [pu)) » p = (Nx, Ny, N;) are the states
represented in our permutation symmetric basis. The quantity € is chosen such that the iteration
converges on the eigenstate with eigenvalue closest to €, i.e. the state |4;)) where (4, — €)~!is the
largest. While this procedure is iterative, it typically converges after only one iteration as we know
that the desired state has eigenvalue zero, so we choose € ~ 10714,

The iterative procedure showed in Eq. (4.9) involves the inversion of the Liouvillian matrix L.
Inverting a matrix is resource intensive, especially if needed at every step of the iteration, however,
we can instead equivalently solve the linear equation £’ |v)) = |px)) for some vector |v)). There

are a myriad of linear solvers in every popular coding language. For systems sizes N < 90, it is
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efficient to solve this linear equation by direct LU decomposition [38], but for larger system sizes
more approximate methods are required (such as BICGSTAB [39]).

To characterize the dynamics, we typically investigate correlation and response functions of
the collective spin operators S,/y/.. As an example, we will consider observables of S, only.
We define the correlation function C(z) = ({Sx(¢),Sx(0)})/N and response function y(¢) =

—i{[Sx(2), Sx(0)])/N. The two-time expectation values can be calculated as [5]

{S:(1), Se(O)) = Tr (Sce L [Supys] + Sxe L [pSi1) = 2ReTr (S, [Seps]) . (10)

LSS0 = T (S, 2 [Supus]  Sue L 1pssS.]) = 2mTr (S, [Sepnsl) . (@11

with p, being the steady state density matrix. We can instead represent the above equations in a

vectorized form using our permutation symmetric basis:

_ 2 tL _ z ((Sxl et |Sx055))
C(1) = TReTr (Sxe [Sxp”]) = R (4.12)
_ 2 tL _ 2 <<Sx| et£ |Sxpss>>
x(1) = SImTe (Sxe [Sxpss]) = Iy (4.13)
where we have defined the vectorized state
) = cu(®) lpy)) - (4.14)

7

The denominator in Eq. (4.12) is due to the normalization of the steady state (this is equivalent to
dividing the state by ¢ ,0). In the case of static correlations, one can see that the auto-correlation

function takes the simple form

2
C(0) = 5— (\/ZN(N “eaoo + Nco,o,o) . (4.15)
€0,0,0

Using these techniques, we are able to numerically investigate dynamical correlations with system
sizesupto N ~ 200. However, this permutation symmetric basis does not provide the density matrix
elements, only the vector of coefficients c,,. This means we do not have access to entanglement
quantities that require eigenvalues of the density matrix. We will introduce another numerical

technique in the next section to remedy this.

44



4.2 Quantum Trajectories for a Permutation Symmetric Liouvillian

We wish to calculate various entanglement measures that each require explicit access to the density
matrix and its eigenvalues. To do this, we utilize the numerical technique known as quantum
trajectories [35, 40]. This technique simulates the dynamics of open systems through stochastic
evolution of the wavefunction. To do this, it utilizes an effective non-hermitian Hamiltonian in
addition to stochastic quantum jumps taking the place of the Lindblad operators from the Lindblad
equation. Formally, given a Liouvillian of the form Eq. (2.16) with Lindblad operators L,, we can
write an equivalent dynamics as follows: we evolve the wavefunction according to the Schrodinger
equation

(0 |y) = Hegr Y1) (4.16)

where the effective Hamiltonian is given by
i
Heg=H— 5;LQL(,. (4.17)

We discretize this differential equation and have o, |y (1)) = (|¢ (¢ + 6t)) — |¥(t)))/5t, where 6t
is chosen to be smaller than all other timescales in the system. A quantum jump occurs at each

timestep with probability

p=5t ) WOILLa W (D)) = ) Pa (4.18)

and leaves the wave function in the state

Lo [y (1))
VPa/0t

where the specific Lindblad operator that acts on the state is chosen with probability p,/p. No

|y (t + 61)) = (4.19)

jump occurs with probability 1 — p, in which case we simply renormalize the wave function that
has been evolved with respect to the effective Hamiltonian,

1
N

The renormalization is necessary because the norm of the wavefunction decays as the state evolves

[y (1 +61)) = (1 —id6tHe) [ (1)) (4.20)

with respect to a non-hermitian Hamiltonian.
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This procedure can be repeated for as many timesteps as desired, and produces the dynamics
for a single trajectory of the quantum state. Clearly, we must repeat this dynamics for many initial
states to generate enough trajectories such that we sufficiently sample the entire state space. With

enough trajectories, we can average over them to produce an approximate density matrix,

M
pul) = 22 D Wk W ) @21
k

which equals the exact density matrix given by the original Lindblad equation in the limit M — oo.
This final density matrix can then be used to calculate desired observables.

In this work, we aim to take advantage of the permutation symmetry of the DDIM Liouvillian
in the context of quantum trajectories. This has been established in previous works [40—42], so we
will briefly introduce it here for the convenience of the reader.

Consider the angular momentum basis |J, m, i) where J is the total angular momentum quantum
number, m is the projection along the z-axis, and i is the degeneracy label of the state. Any state of N
spin-1/2’s may be represented completely in this basis, we simply have J € {N/2,N/2—-1,---,0}
(assuming N is even), m € —J,—-J +1,---,J, and the degeneracy of each total angular moment

sector is given by
B N!'(2J+1)
C(N2-DNN2+T+ 1)

3, (4.22)

As shown in Ref. [41], for a Liouvillian that exhibits permutation symmetry it is convenient to

introduce the so-called collective basis

[omy = —= > om,i) (4.23)

which groups together all states with the same J and m, but different degeneracy labels i. The insight
here is that permutation symmetric processes do not distinguish between the different degenerate
sectors, and therefore allows for a more compact representation by utilizing the collective basis.
With this representation, we can represent a quantum state as

Wy = comillmiy = 3 Jdhesmldom) . (4.24)
Jm

J,m,i
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where we have taken advantage of the fact that different degenerate sectors are indistinguishable to
enforce ¢y, = cym; V i. This representation can be extended to density matrices as well,
0= Z Z AL | Lm)m| T, m) (| = de Z \,m,iy(J,m,i| . (4.25)
J ma’ N i

The factor of d]Jv in the definition of the collective states preserves normalization, and can actually
be omitted when performing calculations until expectation values or traces or performed. We note
that the density matrix element |J, m)(J, m’| in the collective basis is not the outer product of Eq.
(4.24) with itself, as that would lead to two sums over the degeneracy label. We are abusing notation
for convenience.

In Ref. [41], it was shown that a permutation symmetric Liouvillian preserves collective states,
ie.

LIS mWT = 3 fmm \m) ) (4.26)

' my,my
J'smy,my

where f is simply a function of its indices. Note that after action by the Liouvillian we retrieve
a linear combination of collective states, and that the Liouvillian does not introduce coherence’s
between sectors of different J. Therefore, the collective states are a good basis with which to
characterize the dynamics of the state with respect to the permutation symmetric Liouvillian. In
fact, this basis represents the same subspace as the permutation symmetric basis introduced in Eq.
(4.2), as they both scale with system size as (N + 1)(N +2)(N + 3)/6.

We aim to utilize this representation in the context of quantum trajectories, which means we
need to determine how the jump operators behave in this collective basis representation. In Ref.

[40], it was shown that the permutation symmetric decay channels of the form
1
D,-[o] =T Z o e — 5{0‘{“0‘[, o} 4.27)
i
can be described by three separate jump operators which transform the state amplitudes as follows

Craqm-1(t +61) = VSIT P cp (1), (4.28)
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where g € {1, 1,0} and each channel occurs with probability p, = 6thJJ\, >om |Pé’mc Jm(t)|?. The

coeflicients Pé’m are given by

Tm (N+2J+2)(J+m)(J+M -1)
P = _\/ 47(2J + 1) (+:29)

sm_ |QENYT+m)(J —m+1)
Fo _\/ 4J(J +1) (4.30)

Jm (N =20 =m+1)(J —m +2)
i ‘\/ 4T +1)(2J + 1) *3D

These are all the ingredients necessary to evaluate the quantum trajectory dynamics of the DDIM
Liouvillian in the collective state basis. Furthermore, we can see from Eq. (4.28) the origin of the
properties of Eq. (4.26). Most notably, the wavefunction has one definite value of J at any given
time such that when the outer product is taken to obtain the density matrix, there are no coherences
generated between states with different J’s.

In this work, we apply this formalism to the case where we split the system in to two subsystems.
Consider the case where we have N spins, and we wish to divide the system into to two equally
sized subsystems A and B. It is straightforward to define the split system collective spin operators

Se =S4+ 8B for a € {x,y, z}, and to write the Liouvillian in terms of the two subsystems:

L[e] =—i[H, o] + D2 +DE_, (4.32)
where
_ J A B 2 A B
H_—N(SX+SX) +A (S8 +5E). (4.33)

Each of the dissipators D4/8 strictly act on their respective subsystem. We now introduce the split

system collective basis,

vy = Z Z s [ Taima) [ Jp.mg) Z Z d’Ad’E|cple 12 =1 (4.34)

Ja,Jp ma,mp Ja,Jp ma,mp

where we have defined d]{, n= = d’ for each of the multiplicities as it is always understood that we

have divided the system in half. The density matrix follows straightforwadly,

p= Z Z Z inAAJ,ﬁ ay Masma)(Tasmiy | @ |, mp){Jp, mip| . (4.35)

JA, JBmAm mBm
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with normalization

DN dde e =1 (4.36)

Ja,Jp ma,mp

Now, it is easy to see that Eq. (4.32) preserves the collective basis states, even in this split basis.
The Hamiltonian portion is given purely in terms of collective operators which are guaranteed to
keep the state in the collective basis. The dissipative terms act solely on system A and system B
individually and are permutation symmetric within the given subsystem. More explicitly, we have
DA 4, ma){Ja, m’,|] (and similarly for B), which is of the same form as Eq. (4.26) and thus
takes collective states to collective states. Therefore, we have shown that the formalism developed
in [41] applies to the split system collective basis as well.

Finally, we discuss what various entanglement quantities are formally in terms of the collective
basis. Care must be taken with the placement of the multiplicity factor. To make sure it is in the
correct place, simply perform the calculation while including the degeneracy label explicitly and
then drop the label at the end. This should yield an expression with the multiplicity factor in the
correct place. For example, consider the von Neumann entropy, Syn = —Tr(p log p). Writing this
in terms of the eigenvalues of the complete density matrix ﬂfn’ ; with i the degeneracy label, we find

Sw== > A logdh == d}a;,log A, (4.37)

Jom =1 Jom
To obtain the final equality, we utilized the property of the collective states to set 47 ; = 4;, V i.
The quantities A/, are the eigenvalues of the density matrix o’ in angular momentum sector J.
From this simple procedure, we have identified the correct location for the multiplicity factor dIJV.
The structure shown here can be used for studying any non-linear function of the density matrix,

i.e. the logarithmic negativity.
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CHAPTER 5

CRITICAL PROPERTIES

In this chapter we utilize the formalism developed in the previous chapter to calculate a host of
interesting features near the phase boundary of the DDIM. Namely, we investigate the effective
temperature, which can be defined for nonequilibrium systems, as well as the critical exponents that
characterize the phase transition. Furthermore, we find that the DDIM has two distinct universality
classes. The details of these two universality classes will be discussed in Sec. ??, but we briefly
introduce them here. Along the entire phase boundary, except for a single point, the DDIM is in
the same universality class as the classical Ising model with Glauber dynamics. The singular point,
which we denote as the weakly-dissipative critical point, is at A = 2J,I" — 0 and has the system in
the same universality class as the infinite-range transverse-field Ising model at finite temperature.

We characterize these classes and their exponents using a simple finite-size scaling analysis.

5.1 Correlation and Response Functions

The principle quantities of interest in a many-body system are correlation and response functions.
Correlation functions characterize fluctuations in the system, and are signatures for many physical
phenomena such as phase transitions and dynamics [4, 43]. Response functions tell us how a
system responds to a small perturbation (as they are derived from linear response theory [43], and
this response contains information about the excitation spectrum of the system as well as how it
relaxes [4, 13, 14].

In the thermodynamic limit, where the quadratic action in Eq. (3.30) is exact, we can easily
find the correlation and response functions by inverting the kernel. This inversion is more easily

done in frequency space, where we find

Clw) = %%<{Sx(t)’sx(0)}> = (mc(w)me(-w))
B —iPX(w)
= RPN (5.12)
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and the response function
1
x (@) = = Fo([8:(1), Sx(0)])

1
=~ (g (@)me(=w) = me(@)my(-0)
1 1
- PRw)  PAw)’
We have defined the Fourier transform operation, ¥, (f(t)) = /teiwt f(t). The explicit forms of

(5.1b)

these functions can be obtained from Eqgs. (3.32a) and (3.32b) as
C(T? + 4(4A% + w?))

C = , 5.2
@) = o (@ =)@ - ) (&) -2
and
(w-w)(w-w}) - (v-w)(w-w)
=4A ) 5.2b
x(@) (@ — )@ - w) (@ - &) (w3 20
The poles in these equations are given by
wi=-3(C-T),  wy=-3(+I0), (5.3)

where I', = 4\/m. We thus observe that w; is the “soft mode” which vanishes at the
phase transition, while we can identify w; as the “fast mode” that remains finite. The soft
mode is responsible for critical dynamics and signifies the critical slowdown as we approach the
phase transition. The intuition behind this can be seen by writing the correlation function as
C(t) = cre @l 4 cpeimalil gnd considering the case where I' — I'.. At long times, we see that
C(t) ~ c1e~®\ survives, while ¢, dies out because wy > w;. We also see that the time-scale
of the dynamics, 1/w;, diverges as we approach the phase boundary which is the reason for the
nomenclature critical slowdown. Therefore, ¢; and w; will determine the static and dynamical
critical behaviour of the correlation function respectively. The limit I, — 0, where both poles
become soft, gives rise to qualitatively different behavior as we shall discuss later.

We can easily Fourier transform Egs. (5.2a) and (5.2b) back to the time domain by performing
the contour integral over their simple poles. In the time domain, the correlation and response

function are given by

e T2 (TTe + 16(J = M)A _rjpp, TTe =160 = M)A o
e ¢ e ¢ 5
FC I'+ FC I' - Fc

C(r) =

(5.4a)
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Figure 5.1 The response function (a) and correlation function (b) in the ordered phase

(J =1,A = 1) for different values of I". (a) As we move away from the phase boundary, y (w) at
low frequencies plateaus before changing sign, indicating a gainy rather than lossy behavior. (b)
The peak at w = 0, signifying the dominant soft mode near the phase boundary, splits into two as
I" is decreased. For sufficiently small I (< 2.3), another peak appears at w = 0.

and

x(1) = sgn(t)i—Ae—F'”/2 (el = Telr2) (5.4b)
Cc

We can identify two distinct regimes in the disordered phase. For A < 2J, we see that I, is real,
and that both C(¢) and y(¢) are purely relaxational. On the other hand, I'. becomes imaginary for
A > 2J, hence complex-valued poles, and the dynamics becomes underdamped. In this regime,
the overall decay rate is controlled by I', and the oscillation time scale is set by I'.. This behavior
arises due to the competition between the interaction J and the transverse field A. For sufficiently
large A, the transverse field is dominant and causes the large spin to precess about the z-axis;
while on average the longitudinal spin components are zero, their temporal correlations expose the
oscillations.

In the ordered phase, the correlation and response function can be evaluated numerically starting
with the inverse response and Keldysh elements in Eqgs. (3.34a) and (3.34b). In Fig. 5.2, we plot
x(w) and C(w) within the ordered phase and for different values of I'. As I' is decreased, the
low-frequency region of y(w) changes sign, indicating that the system is no longer lossy and is
rather “gainy” at low frequencies. This behavior is of course related to the driven nature of the

system. Similarly, the correlation function shows a single peak at w = 0O for larger I" close to the
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Figure 5.2 The response function (a) and correlation function (b) in the ordered phase

(J =1,A = 1) for different values of I". (a) As we move away from the phase boundary, y (w) at
low frequencies plateaus before changing sign, indicating a gainy rather than lossy behavior. (b)
The peak at w = 0, signifying the dominant soft mode near the phase boundary, splits into two as
I" is decreased. For sufficiently small I (< 2.3), another peak appears at w = 0.

phase boundary (within the ordered phase); this behavior can be attributed to the soft mode. As we
move away from the phase boundary, this peak splits into two and eventually gives rise to a smaller
peak at w = 0. Indeed, this appears at the same point where the low-frequency behavior of y
changes qualitatively. In Sec. 5.2, we show that this behavior can be interpreted as the emergence

of a negative effective temperature.

5.2 Effective Thermalization Near Criticality

Driven-dissipative systems are inherently nonequilibrium, and therefore there is no intrinsic notion
of temperature. However, a standard procedure is to define an effective temperature by imposing a

fluctuation-dissipation relation (FDR)[13, 14, 33, 44-46],
PX(w) = F(w) (PR(w) - PA(w)) (5.5)

where F(w) is a distribution function defined by this equation. In equilibrium, and at finite
temperature, the distribution function only depends on temperature and takes the form F(w) =
coth(w/2T). Specifically, the low-frequency limit of the distribution function yields the classical
FDR with F(w) = 2T /w. While there is no intrinsic temperature in our driven-dissipative system,

we can still impose the classical form of the FDR (to be justified later) to identify the effective
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Figure 5.3 Numerical plot of the correlation and response functions with a system size of N = 100
obeying the classical FDR near the phase boundary. (Left) Generic critical point

(J=1,A=1,T =4), where we see that the classical FDR y(¢) = d,C(t) /2T holds at long times
(t 2 T~1) with Tg = J. (Right) The weakly-dissipative critical point (J/ = 1, A =2,T" = 0.1) where
the classical FDR holds for exact numerics almost perfectly at all times with Teg = J.

temperature; in the normal phase, we find

Cw PX(w) I + 16A?
Tup = lim 2 = . .
of = 0502 PR(w) — PA(w) 324 (5-6)

The effective temperature diverges as A — 0 in harmony with the observation in Ref. [47] that,
in the absence of a transverse field, the population (in the S, basis) is that of a fully mixed state,
hence infinite temperature. We must note however that an effective temperature defined at low
frequencies is only sensible near a critical point where a slow mode dominates the dynamics. In
contrast, various modes contribute to the effective temperature away from criticality, i.e., away from
the phase boundary, which further complicates the interpretation of the low-frequency effective
temperature.

Exactly at the phase transition, we find that the effective temperature is simply given by Teg = J
everywhere along the phase boundary. Equation (5.6) can also be expressed in the time domain,
x (1) = 0,C(t)/2T., which provides another form of the classical FDR [48]. This relationship
holds analytically for the correlation and response functions in Egs. (5.4a) and (5.4b) with Tog = J.
We can further inspect the classical FDR at criticality using exact numerics: in Fig. 5.3(Left),
we show that, with the exception of short times differences, this relation holds at criticality. We

further inspect the behavior at the weakly dissipative critical point I' — 0 in Fig. 5.3(Right) and
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Figure 5.4 Density plot of |T.g| in the ordered phase as a function of A and I'; we have set J = 1.
The thick curve indicates the phase boundary and the highlighted region indicates the region with
negative effective temperature. (Inset) The effective temperature in the ordered phase

(J =1,A =0.5) as a function of I, taken along the dashed line in the main figure. As I" decreases,
the effective temperature diverges and then flips sign.

find that the classical FDR holds remarkably well at all times. The agreement between T in
the time and frequency domains at the phase boundary further cements the applicability of the
fluctuation-dissipation relation near phase transitions.

In the ordered phase, we can numerically evaluate the effective temperature by combining the
expressions given in Egs. (3.34a) and (3.34b) together with the definition of the effective temperature
in Eq. (5.5). Interestingly, as I' is lowered, the effective temperature diverges deep in the ordered
phase and then flips sign; see the inset of Fig. 5.4. This behavior occurs due to the change in sign
of the low-frequency behavior of y (w) as was pointed out in Fig. 5.2(a). The curve corresponding
to infinite temperature ends at the weakly dissipative critical point ' — 0 and A = 2J. We can thus
employ our field-theoretical toolbox to analytically investigate the origin of this behavior.

At a technical level, we want to characterize the fluctuations around the ordered field, m, within
the ordered phase. To this end, we consider the action describing the fluctuations around the ordered

field as

S = / myPR (w)ome + -+ (5.7)
w

where 6m.(t) = m.(t) — m and Pfrd(a)) is given exactly by Eq. (3.34a) (recall that (m,) = 0
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always!) This quadratic description is found by first expanding Eq. (3.16) to the necessary order
about m, = 0, and then expanding that expression to second-order about m,. = m. To probe the

effective temperature 7., we must expand P(’fr 4(w) at low frequencies as
R .
Pord(w) ~ —r + l’yOrdw + - (5.8)

Now, vora > 0 indicates dissipation, while yoq < 0 implies gain as this coefficient characterizes
friction in the low-frequency dynamics. Due to the definition of the low-frequency effective
temperature in Eq. (5.6), there is no straightforward analogy with the equilibrium notion of
population inversion. While the full expression for PX in the ordered phase is not analytically
tractable, we can utilize the diagrammatics developed in Sec. 3.3.4: the diagrams that contribute to
P(’fr 4 In the ordered-phase can be found in Fig. 5.5. The explicit forms of the interaction coefficients,
and an example calculation, can be found in Appendix 5.A. It turns out that to capture the negative

temperature, we must include the sixth-order terms in the diagrammatic expansion. We find
PR (w) = PR (w) + m*PR(w) + m* PR (w) +- -, (5.9)
where m is given by Eq. (3.29), P®(w) by Eq. (3.32a), PX(w) is given by

in(a)) :ﬁqccc(_w’ w, 0, 0) + ﬁqccc(_a)a 0, w, O)

+ ﬁqccc(_U), 0,0,w), (5.10)
and PX(w) is given by

in(w) = ﬁqccccc(_w’ w,0,0,0,0) (5.11)
+ ﬁqccccc(_a)a 0,,0,0,0) + ﬁqccccc(_w, 0,0,w,0,0)

+ ﬁqccccc(_a)a 0,0,0,w,0) + ﬁqccccc(_w’ 0,0,0,0, a)) .

Expanding Eq. (5.9) to first order in w, we find the friction coefficient

127J2A

— 1260 — 4096A*(A — 2J)%+
(2 +16A2)4 ( )

Yord =
(5.12)

16T*A(53A — 84J) + 2561 A*(68J° — 80JA + 25A%) | ,
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(a)

(b)

Figure 5.5 Diagrams contributing to (a) Pf and (b) P§ in calculating yorq. A cross (x) at the end
of a leg corresponds to evaluating the corresponding classical field at its saddle-point value.

which indeed captures the negative effective temperature in the ordered phase near the phase
boundary at A = 2J and I' — 0; see Fig. 5.4. Indeed, we find that the infinite-temperature curve
near the weakly dissipative critical point is given by the line I' = 2v2(2J — A), in harmony with
Fig. 5.4. We finally remark that, for A < 2J, the effective temperature Teg — 0~ in the limit I" — 0.

Before closing this section, a remark about the effective temperature is in order. The latter
temperature characterizes fluctuations and dissipation of the system at low frequencies. However,

it does not imply that the steady state is a thermal state, i.e. p # e H/Ter,

This can be seen by
comparing the equilibrium phase diagram [28] versus the nonequilibrium phase diagram in Fig.
3.2. Specifically, the infinite-range Ising model in a transverse field undergoes a phase transition at

a critical value of the transverse field that is A.(T') < 2J at any finite temperature, a behavior that

should be contrasted with our driven-dissipative model where at A = 0 there is no phase transition.

5.3 Critical Behavior

Just like their equilibrium counterparts, nonequilibrium steady states may undergo phase transitions
and exhibit critical phenomena. A characteristic feature of criticality is a diverging correlation
length, where the length-scale of two-body correlations grows as the system approaches criticality
[43]. The dynamical analog of this phenomena is called critical slowdown and is signaled by a

diverging time scale in the dynamics of correlations [48] (as discussed in Sec. 5.1. While there
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is no intrinsic length scale in an infinite-ranged model, we will identify the dynamical critical
behavior of the model considered here and investigate the finite-size scaling with the system size N
[31, 49] using standard scaling techniques. Interestingly, we shall see that two distinct dynamical
critical behaviors emerge depending on the strength of dissipation.

It is well known that phase-transitions, in their exact sense, occur only in the thermodynamic
limit [50]. However, signatures of the phase transition remain visible at finite system sizes. For
example, suppose we have a correlation function C(r, N) that is a function of the distance from
the critical point as well as the system size. We know that in the limit N — oo, the correlation
function should diverge as r — 0, and at finite N the correlation function C(r, N) remains finite.
These two limits imply that the correlation function must scale in a way with N such that it diverges
in the thermodynamic limit, i.e. C(r = 0, N) ~ N where « is the static scaling exponent. This
exponent is a feature of the physics at the phase transition, and is one of the properties that defines
the phase transition’s universality class. A similar framework may be applied to the dynamics. As
discussed previously, the dynamics of the correlation function experience critical slowdown, where
the timescale of the dynamics diverges in the limit » — 0. This occurs because the “gap”, i.e. the
distance of the Liouvillian’s eigenvalue with the smallest real part from zero, closes at criticality.
However, the gap remains finite for a finite system size N, therefore, critical slowdown is a feature
of the thermodynamic limit. The timescale of the dynamics must then also scale with the system
size, t ~ N¢, where  is the dynamical exponent. The static exponent @ and dynamical exponent ¢
together characterize the universality class of the phase transition, and are our primary quantities

of investigation in this section.

5.3.1 Ciriticality at Finite I’

Before investigating the finite-size scaling, we first determine the scaling dimensions of the fields
at the quadratic level of the action. A low-frequency expansion of Eq. (3.30) yields the quadratic

action

1
S~ /tmq(—yﬁ, —r)me+ EDm?] , (5.13)
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Figure 5.6 Exact numerics of the finite-size scaling behavior of the correlation function at a
generic critical point (/ = 1,A = 1,T" = 4). The critical dynamics is overdamped and is governed
by a characteristic time scale that scales as r ~ N'/2, typical of critical driven-dissipative systems.

with r the distance from the critical point, y a damping parameter, and D the strength of the noise:

2J[I? = 16A(2J — A)]

r=-PXw=0)= STV , (5.14a)
256J°TA
— R —
Y = =0, P" (W) |w=0 = m, (5.14b)
32iJ°T
—_ pkK — —
D=P (M—O)—m (514C)

The mg term is referred to as “noise” because Eq. (5.13) may be mapped to a dynamical equation
with a random noise term with strength D; see Sec. 5.4. To find the scaling dimensions of the
fields, we demand that the action be scale invariant at the critical point (» = 0). One can see that

the action is invariant upon rescaling [23]

1
t—> A, m.— \/zmc , Mg > —myg, (5.15)

Va
with A an arbitrary scaling parameter that can be chosen freely. These scaling relations determine
the scaling dimensions of the fields to be [m.] = %, [my] = —%; simply their dimensions with
respect to time. These scaling dimensions in turn determine the scaling behavior of the correlation
and response functions, and are consistent with Egs. (5.4a) and (5.4b) in the limit I" — I';; see also

[51].
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To determine the finite-size scaling behavior of the model, we must include finite-size correc-
tions to the quadratic action in Eq. (5.13). To lowest order in O(N~!), the finite-size corrections are
given by the 4-legged diagrams derived in Sec. 3.3.4. Furthermore, it follows from the above scal-
ing dimensions that the most relevant correction (in a renormalization-group sense) is the classical

vertex which has a low-frequency limit of [14]

—Uu
Sint = 537 /tmgmq +oee, (5.16)

with
2048J4A
(I'2 + 16A2)2°

To see that this is true, perform the rescaling according to the prescription in Eq. (5.15) on the

U = 2lipeeq(@ = 0) = (5.17)

classical vertex and the quantum vertex. The classical vertex scales as A2 /t mimq and the quantum
vertex scales as ~ A° /t mcmz. Ignoring the subtlety about the quantum vertex being marginally
relevant (which is actually not a problem when we consider the scaling of N next), we see that the
classical vertex grows with 4 — oo.

We now demand that the full low-frequency expansion of the action, with the inclusion of the
classical vertex and at a finite distance from the critical point (r # 0), remains scale invariant. This

is achieved upon rescaling

1
t—o A, m,— \/ch, my — —mygy,

Va

1
r— o, N — >N, (5.18)

where the first line, also given by Eq. (5.15), is included for completeness. Equipped with these

scaling dimensions, the correlation function takes on the scaling form
C(1) = (me(Nme(0)) = 7' C(Alt], A7 r, 72N (5.19)

with C a universal scaling function with scale invariant arguments. Setting A = r, ¢ = 0, and taking
the thermodynamic limit N — oo, we obtain the “photon-flux” exponent C ~ 1/r” through the
relation

C(0) = %é(o, 1,0), (5.20)
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Figure 5.7 Finite-size scaling behavior of the response function at a generic critical point

(J =1,A=1,T =4) from exact numerics. The amplitude of the response function does not scale
with N, while the characteristic time scale of the dynamics scales as ¢ ~ N'/2, identifying the
dynamical exponent { = 1/2.

which establishes the exponent v = 1 [14]. Next we determine the finite-size scaling at criticality

(r = 0). Here, we set 1 = N~1/2 in Eq. (5.19), which leads to the scaling form
C(t) = VNC(:/VN,0,1) . (5.21)

This equation identifies both static and dynamic finite-size critical exponents: the amplitude of
correlations (i.e., fluctuations) scale as C ~ N* with the exponent @ = 1/2, while a critical time
scale emerges as t ~ N¢ with the dynamical exponent £ = 1/2. A similar analysis yields the scaling
form of the response function:

x(#) = 2(t/VN,0,1). (5.22)

We thus see that the amplitude of the response function does not scale with N. We confirm the
(static as well as dynamic) scaling behavior of both the correlation and response functions in
Figs. 5.6 and 5.7, respectively. Additionally, we see that the critical dynamics observed here is
purely relaxational. In the next section, we show that a distinct dynamical critical behavior emerges

at low dissipation.
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5.3.2 CeriticalityatI' — 0

The effective classical behavior at a generic critical point is due to the competition between drive
and dissipation. It is then interesting to consider the limit ' — O where dissipation is small
compared to the energy scales in the system. Interestingly, the phase transition persists in this limit
and occurs at A = 2J as I' — 0; see Fig. 5.11. One must be careful when considering this point as
setting I" to zero would make the problem unphysical since dissipation is required to find a unique
nonequilibrium steady state. Rather, we shall consider the asymptotic behavior in the limit I’ — 0

at the level of the low-frequency expansion of Eq. (3.30). The resulting action then becomes
S~ [ mg(-ad? —yd, — r)m. + lez (5.23)
L t — YO ct3 q° .
where the parameters vy, r, and D are provided in Eq. (5.24) upon taking the appropriate limit:

2J(A-2J)
S A>2J

r=lim -P*(w=0) = , (5.24a)
I'—0 2
157 A=2J
J°T
= lim —id, P® (w)|w=0 = =—= 5.24b
y = lim —i0, P* (@)l = 55 (5.24b)
ok, i2J7T
D = %%P (w=0)= IV (5.24¢)
The new parameter a is given by
2 pk I
a= }11)1}) 0, P" (w)|w=0 = < (5.25)

Indeed, the inertial term in the action (proportional to a) is required in the limit of vanishing
dissipation, because the damping parameter v ~ I' and the noise D ~ I' both vanish with I". To
determine the new scaling dimensions of the fields, we once again seek a scaling transformation
that keeps the action scale invariant, but this time we also should include the scaling of I itself.

We find that the quadratic action at the critical point is invariant under

1
t — At, F—>ZF, me — Ame, mg — my, (5.26)
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establishing the new scaling dimensions [m.] = 1, [m,] = 0. The new scaling dimensions alter the
original scaling dimensions of the correlation and response functions, again in harmony with their
behavior in the limit I" — 0; see also Ref. [51].

To obtain the finite-size scaling behavior, we once again include the classical vertex, which
remains the most relevant interaction term. The full action (including the mass term) remain

invariant if we impose the rescaling

1
r— N — A*N, (5.27)

in addition to those in Eq. (5.26). From this, we find the scaling form for the correlation function
as

1 A
C(t) = ﬁco(ﬂltl,ﬂ_lr,ﬂ_zr,/l_4N_l), (5.28)

where the subscript O denotes the scaling function near the weakly dissipative critical point. Also,
notice the dependence of the nontrivial scaling of I" in contrast with a generic critical point; cf.
Eq. (5.19).

First, we consider the point A = 2J at finite yet small I". Setting 4 = I' and # = 0 in the

thermodynamic limit, we find

1

A 1
C(0) = =Cy(0, 1, const.,0) o« —, (5.29)
2 r

where the scaling behavior in the last step follows from the fact that » ~ I'2, rendering the same
photon-flux exponent v = 1.

Next, we shall focus on finite-size scaling. To this end, we consider a weakly-dissipative critical
point at finite yet small I"; we shall choose A < 2J to ensure criticality. Now, we set 1* = N~!
together with » = 0 to find

C(t) = VNCo([t|]N"3,TN%,0, 1) (5.30)

From this equation, we find that the weakly-dissipative limit does not affect the static scaling
exponent, @ = %, but it does change the dynamical exponent to { = %. We thus conclude that a

weakly dissipative point changes the dynamical critical behavior. Repeating the above analysis for
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Figure 5.8 Finite-size scaling of the correlation function near the weakly dissipative critical point
(J=1,A=2,T"=0.1). The dynamics is underdamped in contrast with the purely relaxational
behavior at a generic driven-dissipative phase transition, and exhibits the critical scaling t ~ N/4
to be contrasted with t ~ N'/2 of relaxational dynamics; cf. Fig. 5.6.

the response function, we find the finite-size scaling form
1 1 1
x(t) = Nigo(tN~4,TN%,0,1). (5.31)

In contrast with a generic critical point (Eq. (5.22)), the amplitude of the response function in the
above equation grows with the system size as y ~ N i, Figures 5.8 and 5.9 show the finite-size
critical behavior of the correlation and response function, respectively, and confirm the prediction
of the scaling analysis. In conclusion, while the static exponent a and the flux exponent v remain
the same everywhere on the phase boundary, the dynamical exponent { takes a different value in
the weakly-dissipative limit.

What further distinguishes the weakly dissipative critical point is the fact that the dynamics is
underdamped (see Figs. 5.8 and 5.9) in contrast with the typical relaxational/overdamped dynamics
seen at a generic critical point, and generally in driven-dissipative systems. As I"is further increased
along the phase boundary, one should expect a crossover to overdamped critical dynamics. This is
somewhat analogous to the quantum critical region and the crossover to thermal critical behavior
[52]. In the context of the infinite-range model that we have considered in this work, the crossover
behavior becomes manifest as a function of system size. Indeed, we can determine the crossover

behavior from Eq. (5.30): forI't < land " < N —%, the critical dynamics is underdamped, while
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Figure 5.9 Finite-size scaling of the response function near the weakly dissipative critical point
from exact numerics (J = 1,A =2,I" = 0.1). The dynamics is distinguished from a generic
critical point in that the dynamical critical exponent is different, { = 1/4 and that it is
underdamped; cf. Fig. 5.7.

for large times and/or large I" the system experiences a dynamical crossover where we recover the
usual relaxational behavior (while remaining on the phase boundary). To quantitatively investigate
the crossover, we define the first zero of the correlation function, denoted by 7, as a measure of
the oscillatory behavior of the underdamped dynamics. In Fig. 5.10, we plot T as a function of I
and for different system sizes. Indeed, we find that for sufficiently large values of I, this time scale
diverges where the dynamics becomes overdamped. Furthermore, this figure shows that this time
scalesas 7 ~ N if'(FN zlt) with 7 a universal scaling function, hence it confirms the scaling of the
crossover value, [, ~ N~1/4,

One can gain some intuition for the underdamped critical behavior near the weakly-dissipative
critical point from several different angles. First, the point A = 2J is exactly where I'. switches from
real to imaginary, as a result of which Eq. (5.4a) shows underdamped dynamics even away from the
phase boundary (when A > 2J). Second, one can imagine that the underlying coherent dynamics
generated by the first term in the Liouvillian in Eq. (3.5) could have a stronger effect in the limit
I' — 0. Additionally, the infinite-range Ising model is integrable in the absence of dissipation;
while dissipation generically spoils integrability, a property denoting systems with infinitely many

conserved quantities, the dynamics is approximately integrable in the limit I' — 0, which could
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Figure 5.10 The first zero of the correlation function, 7, as a function of the dissipation rate I" and
at different system sizes (J = 1). Transverse field values A are chosen to lie along the right side of
the phase boundary, A.(I') = J +4/J2 = T'2/16. Both 7 and I are scaled with system size to make
the scaling behavior manifest. The time scale 7 diverges at sufficiently large I" approximately
when I'N'/# ~ 6. The inset shows the unscaled plots for comparison.

lead to nontrivial dynamics [53-56]. Nevertheless, in Sec. 5.5, we show that the underdamped

dynamics survives to the first nontrivial order of integrability-breaking perturbations.

5.3.3 Comparison with Equilibrium

From the scaling dimensions and critical exponents, we can place each phase transition in its
respective universality class. Remarkably, both finite-I" and I' — 0 phase transitions are in
equilibrium universality classes, albeit with a classical and quantum flavor, respectively. For a
generic critical point at finite I, the scaling dimensions are [m.] = % [mg] = —% with the critical
exponents & = 1/2, { = 1/2. These quantities place this phase transition in the same universality
class as the classical infinite-ranged Ising model at finite temperature with Glauber-type dynamics
(i.e. non-conserving dynamics) [57], which itself belongs to the “model A” class of Hohenberg
& Halperin [58]. Despite the microscopic quantum dynamics, the combination of drive and
dissipation render the critical behavior effectively classical and equilibrium-like. This appears
to be the generic behavior in driven-dissipative phase transitions [13, 14, 59, 59-68]. However,

there are exceptions such as classical yet truly nonequilibrium critical behavior [69], as well as the
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emergence of quantum criticality in the limit of weak dissipation and drive [70, 71].

In the weakly-dissipative limit, we have found the scaling dimensions [m.] = 1, [m,] = 0, which
are distinct from both classical ([m.] = %, [my] = —%) and quantum ([m.] = %, [my] = %) cases
[14, 33]. These scaling dimensions lead to the new set of critical exponents @ = 1/2, { = 1/4,
as opposed to the quantum critical exponents @ = 1/3, ¢ = 1/3 [33]. The former exponents
place this phase transition in the same universality class as the finite-temperature transverse-field
infinite-range Ising model, i.e. the Hamiltonian in Eq. (3.4). Therefore, while the phase transition is
equilibrium-like, it resembles the quantum Ising model at finite temperature rather than the classical
stochastic Ising model. For comparison, see Fig. 5.B.1 in Appendix 5.B. Various exponents and
the comparison against classical and quantum equilibrium settings can be found in Table 5.1.

The comparison between the driven-dissipative and equilibrium behaviors can be taken one step
further due to the existence of a dynamical crossover in both cases. As shown previously, the weakly-
dissipative point is an unstable fixed point with respect to dissipation, where upon renormalization
the critical dynamics undergoes a crossover from underdamped to overdamped dynamics; see
Fig. 5.11(a). This crossover can be understood as I" scaling inversely to time upon rescaling at
the weakly-dissipative critical point, which then sets a crossover-time that scales as ~ N'/4. The
equilibrium analog of a dynamical crossover occurs at finite temperature. Upon renormalization, the
(perfectly oscillatory) coherent quantum critical dynamics undergoes a crossover to underdamped
dynamics, as shown in Fig. 5.11(b). Similarly to our driven-dissipative system, the temperature 7
scales inversely as that of time; one can see this from the equilibrium fluctuation-dissipation relation
C = icoth(w/2T)xy where w and T scale in the same way [14, 48]. A similar line of reasoning
indicates a crossover-time ~ N''/3. In short, the dynamical crossover of the driven-dissipative Ising
model is distinguished from its equilibrium analog not only by the critical exponents but also by
the nature of the crossover (underdamped-to-overdamped vs coherent-to-underdamped crossover,
respectively).

Despite both universality classes being equilibrium-like, there are still signatures of the mi-

croscopic nonequilibrium nature of the model. As we will discuss in Ch. ??, the FDR between
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Figure 5.11 Schematic phase diagrams of the infinite-range (a) driven-dissipative Ising model
(DDIM), and (b) equilibrium Ising model in a transverse field. The shaded regions denote the
ordered phase. The weakly dissipative critical point of the DDIM, I' — 0 in (a), exhibits
underdamped dynamics in contrast with the relaxational dynamics at a generic critical point.
Analogously, the equilibrium model in (b) exhibits distinct (quantum and thermal) dynamics at
zero and finite temperature. Both I' — 0 and T — 0 define unstable fixed points but with respect
to dissipation and thermal fluctuations, respectively. The weakly dissipative dynamics in (a)
exhibits identical critical scaling to a finite-temperature critical point in (b)

correlation and response functions for Sy and §, are modified from their equilibrium form, some-
thing that is only possible in nonequilibrium. The modified form of the FDR is indicative of the

breaking of detailed balance (i.e. time reversal symmetry).

5.4 Langevin Description

An alternative, and established, way of understanding the critical behavior of a driven-dissipative
system is through the lens of the Langevin equation, a stochastic differential equation used to
describe noisy systems [5]. Near a critical point, where we have shown the classical vertex is the
most relevant finite-size correction, we can map the low-frequency limit of the Keldysh action to
a Langevin equation [4, 13, 14]. Putting together the quadratic action from Eq. (3.30) with the

interaction in Eq. (5.16), the action reads

S ~ / [ = (y6, + r)me(t) - %mg(z) + %qu(t)]mq(t), (5.32)

with the action parameters given by Eqgs. (5.17), (5.24) and (5.25). The first step in mapping to the

Langevin equation is a Hubbard-Stratonovich transformation of the quantum field m, to introduce
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Driven-Diss. | Class. Quantum

I'r>0 r-0|7>0|T>0T7T—-0

~ N¢ 1 1 1 1 1
t~N 73 3 2 3 3
a 1 1 1 1 1
C~N 2 2 3 2 3

Table 5.1 Driven-dissipative vs. equilibrium classical/ quantum Ising models. A generic (finite-I")
critical point exhibits the same critical behavior as the classical stochastic Ising model, while the
weakly dissipative (I' — 0) critical point can be identified with the quantum Ising model at finite
temperature.

a noise field f(¢) as
$= [ 1= 084 meto) = Smd O+ V2 @)y 1)

1 2
- /th(z) . (5.33)

Now, integrating over m,, yields a delta function whose argument is the Langevin equation (m =
me/ \/E)
1
y&m(t) = —rm(t) — Num3(t) + f(1). (5.34)

The term f(z) characterizes a white noise with a Gaussian distribution, mean (f(¢)) = 0, and
variance (f(t)f(t')) = —i%Dd(t —t') = 2yTego(t — t’). 1Tt is now clear that Eq. (5.32) near
criticality is equivalent to an overdamped Langevin equation, with an effective temperature 7o and

in an effective potential given by

1 1
H = Erm2 + ﬁum“. (5.35)

Indeed, Eq. (5.34) reproduces the overdamped critical dynamics discussed in Sec.5.3.1. The
stochastic Langevin equation can be turned to a Fokker-Planck equation that describes the evolution
of the probability distribution [4, 48]; with the effective equilibrium dynamics, the steady-state

probability distribution of m takes the form
Peq(m) ~ e H/Ter (5.36)

The nature of the dynamics changes in the limit I' — 0. In this case, dissipation is vanishingly

small, y ~ I" — 0, therefore we should also include the term proportional to w? in the low-frequency
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expansion of PR (w). Following a similar procedure in this limit, we arrive at the Langevin equation
ad?m(t) +ydm(t) = —rm(t) - %m3(t) +f(r), (5.37)

with the parameters taken from Eq. (5.24) in the same limit. Incidentally, we have identified
underdamped dynamics and persistent oscillations in Sec. 5.3.2. Now, we can see that these
oscillations are due to the inertial term that can be of the same order as dissipation (since y — 0).
Again, one can identify the corresponding Fokker-Planck equation, also known as the Kramers-
Chandrasekhar equation, whose steady-state solution is just the Maxwell-Boltzmann distribution
[72]:

P(m, 1it) ~ e—(ﬁ+%an’12)/Teﬁ . (5.38)

This distribution only differs from Eq. (5.36) in the multiplicative Gaussian distribution of ri1. The
probability distribution of m in Eq. (5.38) is identical to that of Eq. (5.36) upon integrating out 7.
In other words, the static properties are identical irrespective of dissipation. In contrast, the critical
dynamics is markedly different as we have seen in the previous subsections.

Before closing this section, We emphasize that the Langevin equations derived here are only
valid near the phase boundary and outside the heated region, since they are based on the dynamics

of the slow mode.

5.5 Beyond the Infinite-Range Model

The infinite-range Ising model is rather special as the dynamics of the order parameter is exactly
determined by mean field, although fluctuations at, or close to, criticality require a separate treatment
as discussed in previous sections. In this section, we utilize the diagrammatical technology
developed in this work to investigate the effects of non-mean-field perturbations, and specifically
short-range interactions, on the dynamics. Most importantly, we show that the underdamped
dynamical critical behavior in the limit I’ — 0 persists even in the presence of the short-range

interactions.
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To investigate the role of integrability at the weakly-dissipative critical point, we add a nearest-

neighbour interaction to the Hamiltonian in Eq. (3.4):
Hw=H-1) ooy, (5.39)
i

We shall consider the perturbative limit 4 < J, A and assume periodic boundary conditions. The
short-range interaction alters the mean-field structure of the infinite-range Ising model, breaks its
integrability [73], and could modify the phase boundary. A standard way to study such perturbations
is to view them as spin-wave fluctuations, which have been investigated in other nonequilibrium
settings such as quantum quenches [34, 73, 74]. While our model is distinct due to its driven-

dissipative dynamics, we can still resort to a similar picture in terms of spin waves
N

~Q _ —ikj _«

j=1
where k = 2an/N withn € {0,1,--- ,N — 1}. We shall identify the collective spin as the k = 0

mode; without short-range interactions, there is no coupling between this and other modes with
k # 0, however, the short-range interaction couples them and thus spoils the mean-field nature
of the model. Naively, one might expect that spin waves act as an effective bath for the “large
spin” corresponding to the £ = 0 mode, which would lead to an effective dissipation (even in the
limit I" — 0). However, we will show using the diagrammatic techniques that this is not the case,
and therefore the underdamped critical dynamics at the weakly dissipative critical point is robust

against short-range interactions.

5.5.1 Short-Range Perturbation via Field Theory

The quantum-to-classical mapping process is not altered much by the inclusion of short-range inter-
actions. The steps leading to the Hubbard-Stratonovich transformation in Eq. (3.13) are identical,
except now we must also perform a multi-dimensional Hubbard-Stratonovich transformation on the
short-range interaction terms in the vectorized Liouvillian. The short-range Ising perturbation is

diagonalized in the o* basis, same as before. The Hubbard-Stratonovich transformation reads

i%/ldt(a'(“/l))TD_la'(”/l) — $ﬁ(m(”/l))TDm(”/” +i (m“NHT g/l (5.40)

71



E“/l), m](\;’/l)) denotes the scalar

where o = (07, ..., o) represents the spins, while m /") = (m
fields on the upper/lower branches of the vectorized space, respectively. The kernel D~!, represent-

ing the nearest-neighbour interaction, is given by

01 1
p'=| 1 - | (5.41)
S|
1 10

with 1 next to the diagonal (note the periodic boundary conditions) and O everywhere else. This
kernel is invertible for odd N or even N not divisible by 4; for simplicity, we take N to be odd. After
tracing out the spins, redefining the local fields m“/) /(2A61) — m“/! rotating to the Keldysh
basis m.;, = (m(”) + m(l))/ V2, and taking the continuum limit, we find the exact Keldysh action

including the short-range interaction:
S =-2JN / memg — 21 / m Pm —i Y InTe (7eh ™) (5.42)
t t i

Here, m denotes a column vector with m . stacked on top of m,. The kernel for the local fields is

given by

—~ 0D
P (D 0). (5.43)

Furthermore, the short-range interaction leads to an additional matrix added to the matrix T in the
exponential:

T) = i2N2A diag (m; g, My ¢, =i e, =i y) . (5.44)
Ideally, we must integrate out the local fields to obtain an effective action in terms of only the
original collective field m. In order to switch to a picture in terms of spin waves, we introduce the
Fourier transform of the local fields as

1 .
mj =~ > etimy, (5.45)
k

where k = 2zn/N with n € {0, 1, ..., N — 1}. The action too can be recast in the Fourier space. In

this basis, the matrix D = diag{ D, } takes a diagonal form with the matrix elements (recalling that
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N is odd)
N-1

e D, = —seck (5.46)
j=0

where j = [ — m with [ and m the row and column labels of the matrix D, respectively; here, we
have used the translational invariance due to periodic boundary condition.

Finally, we remark that mj—( too represents the collective field m that is originally introduced
through the Hubbard-Stratonovich transformation of the infinite-rang Ising interaction. Indeed, it
can be shown by introducing source fields that m and mj- are redundant. Therefore, to simplify
the subsequent treatment, we introduce the new fields m = VNm + y \/_mo, m=VNm - \/—ll_vmo,
where m serves as the new order parameter, while m is entirely decoupled from all other fields and
appears quadratically, and can be simply integrated out. Absorbing a factor of \/m into my, we
find the total action

_2J2 /mc(t)mq(r)—zZmTr(Te/ T+T) 2J Z(,’Z:::;)T(Dok Dok) (,’Zl,zc) (5.47)

k0 4

T =Ty + i2\/§—J diag(m,, me, —m., —my) (5.48)
0 2 2 b b .

with Ty defined in Eq. (3.25), and

8J4
=iy D e diag(mg e me e —me e ~mq) . (5.49)

k#0

Notice that m-¢ does not appear in the action, and the collective field is completely characterized

through m. (7).

5.5.2 Quadratic Action

We now follow a similar procedure as before and expand Eq. (5.47) to quadratic order in both m

and my:

1 a0 pA 7 1 m_\ (0 PA M e
LT LB LR R AL s
2 Jir \mg), PR pK o \Mg), 2;) e \M—kyq), Pf Pl \migl,
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The quadratic action takes the Keldysh structure with the elements (recalling that PR (1) = PA(~t))

2

Ry —
P(t)—J

(1) + ©(1)8J% 2 sin (2A7),
+4 (5.51)

PX(1) = i8J%¢ % cos (2At),
and

PR(1) = —41D5(r) + ©(1)8J A5V sin (2A1),
i (5.52)
PE (1) = i8J2e7 21" cos (2Ar).

One can immediately see that the collective field 7z is decoupled from spin waves m, at the level of
Eq. (5.50). This is because any (bi)linear coupling between m and my is forbidden by momentum
conservation. To investigate the effect of spin waves, we need to go to higher-order terms that
characterize the interaction between these fields. As we shall see, the nonlinear coupling will
dramatically change the effect of spin waves on the collective mode: while linear coupling of
the two fields will mimic a thermal bath (of spin waves) at finite temperature [75], the nonlinear
coupling will have no such effect. For another setting where nonlinear coupling changes the nature
of dissipation, see Ref. [76].

Next, we take advantage of the perturbative nature of spin waves and calculate their contribution
to the self-energy whose low-frequency behavior determines how spin waves impact the dynamics
of the order parameter 7. To this end, we first list the free Green’s functions describing spin waves

in the time domain:

1 21A B At
GR(t) = ——65(1) - O(t)e " sin | — | , 5.53
% (1) 27D, (1) IDIA, (t)e sin | — (5.53)
and
—ide~Tl/2 Ayt Arlt|
GK(1) = Ar(2T2 + A% + 16A%) cos — — I'(AZ — 16A? sin—], 5.54
e 4ID2 A (T2 +A2) el k ) cos ==~ (A, )sin—3 (5.54)

where Ay = 44/A(A — A/ Dy). It is also useful to cast the Green’s functions in frequency space:

1 -1 (w+w")(w+w”)

R _ —
k(@)= R @) = Dk (- wn (@ -wn)

(5.55)
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GR(t, 1) —>-n
GE(t,t) ——

Figure 5.12 (a) A representative diagram involving spin waves, my ./,. An additional prefactor of
\/4/J arises for each appearance of spin wave compared to that of the collective field; cf. Fig. ??.

The Kronecker delta enforces momentum conservation. (b) Contracted arrowed legs represent
spin-wave Green’s functions.

and

—iA (W +w)(w+w™) +(w+w ) (w+w™)

Gk - _pk GR 2 _ , 5.56
) = R NG = e v @ o @ - aw -y O
with "/~ =iT'/2 + 2A and w,yp = (=i + Ag) /2.
Finally, we identify the low-frequency effective temperature of spin waves:
Gi(w 2 +16A2
Tepr = lim = (@) . (5.57)

w02 GR(w) - Gi(w)  32A
Interestingly, this effective temperature is k-independent and is in fact equal to the effective tem-
perature of the collective mode; cf. Eq. (5.6). The equivalence of the effective temperature is
perhaps unsurprising given that at this quadratic level the system is not interacting, so the effective

temperature is simply that of a single-particle and would be equal for all modes.

5.5.3 Self-Energy

In this section, we compute the correction to the self-energy due to spin waves and investigate their
effect on the phase diagram and the dynamics, particularly at the weakly dissipative point. Our

starting point is the Keldysh form of the familiar Dyson equation [4],
G'=G"-x, (5.58)
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PUE

Figure 5.13 Diagrams contributing to the Keldysh component of the self-energy, £X, to the order
~ A%

EK

where G is the exact Green’s function for the collective field, and G™! is given by the kernel in the

first term in Eq. (5.50). The self-energy X has the typical Keldysh structure and takes the form

A
> = (ZOR g,() . (5.59)

The low-frequency expansion of the retarded and Keldysh elements of the self-energy will renor-
malize the parameters describing the dynamics of the collective field as 2% (w) ~ —6r +idyw and
>X(w = 0) = 6D. At any generic critical point, the spin waves will simply provide a correction
0y and 6D to the otherwise finite values of dissipation and fluctuations, respectively. However, the
weakly-dissipative critical point where I' — 0 is particularly susceptible to the coupling to the spin
waves, as they could very well generate dissipation (even when I" — 0).

To calculate the self-energy, we utilize the diagrammatic representation developed in Sec. 3.3.4;
we also include lines with an arrow to denote spin waves with a nonzero momentum in addition
to those without an arrow which refer to the collective field. The connected diagrams inside the
logarithm in Eq. (3.37) are modified accordingly: we include an additional prefactor of 4/1/J for
each appearance of the my fields, and keep track of momentum indices. The diagrams resultant
from expanding the logarithm in Eq. (3.41) should be summed over all momenta, with an overall
Kronecker delta enforcing momentum conservation. An example of the classical vertex for the spin
waves can be found in Fig. 5.12.

The lowest nontrivial correction to the self-energy arises at the order O (42) due to a combination
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Figure 5.14 Diagrams contributing to the retarded component of the self-energy, 2, to the order
~ A2

+i

of momentum conservation and the fact that D~! is traceless. The one-loop diagrams contributing
to X to the order O(A?) are depicted in Fig. 5.13, while those contributing to =¥ are given in
Fig. 5.14. All other diagrams are either higher order in A or are suppressed as O(1/N). Note
that only diagrams with two external quantum legs contribute to X, while those with one external
quantum and another classical leg contribute to ¥, in harmony with the Keldysh structure of the
action at the quadratic level. As an example calculation, the self-energy contribution to X due to
the uycc, one-loop diagram is given by

-1
K = —
2(qccq)(a)) ~ JN Z/

[ﬁqccq (~w, 0, 0, W) + Ugeeq(w, W', —, —w)] Gf,o (). (5.60)
k#0 '

The overall minus sign follows from a factor of —i from the perturbative expansion of the path
integral multiplied by another factor of —i from the connected four-legged diagrams in Eq. (3.41).
The above expression must be symmetrized with respect to the external frequency due to the same
symmetry of the Keldysh component PX. The interaction coefficient in frequency space is given
by
i256A%J*

Ugee = = s s 5.61
Ug q(w) 01+ @y _lrf(wl w4) ( )

where f(x,y) = 1/[(x —w")(x —w7)(y —w™)(y —w™)]. Setting w| = w4 = 0 and expanding to
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lowest non-zero order in A, we find the correction

—i49152J2AT A2
(I'2 + 16A2)2(92 + 16A2)°

zfq ceq(0) = (5.62)

where we have used the fact that >}, . 1/ D% = 2N —1/2 and neglected terms of O(1/N). Repeating
this calculation for all of the diagrams in Fig. 5.13, we find that the Keldysh component of the

self-energy at low frequencies is given by

i16384J°A’T ,

¥K(0) = 6D = ——— ——
© (T2 + 16A2)3

(5.63)

Similarly, the retarded component of the self-energy is determined by considering the diagrams in

Fig. 5.14. Performing the calculations, we find

153612J2A .\ 819212 J2AT
L .
(I'2 + 16A2)2 (I + 16A2)3

YR (w) ~ +6r + 8yiw = (5.64)

The above equations produce the first nontrivial correction to the self-energy due to the coupling
to spin waves. At a generic critical point, these corrections remain finite and simply act as shifts
to the noise and dissipation, as expected. Interestingly, we find from Eqgs. (5.63) and (5.64) that 6y
and 6D vanish in the limit I’ — 0. In other words, while spin waves renormalize the low-frequency
parameters, they do not qualitatively change the nature of the dynamics even in the limit I’ — 0.
We thus conclude that the underdamped critical dynamics at the weakly-dissipative point is robust
against generic perturbations in Eq. (3.4) exemplified by short-range interactions, at least to the
lowest nontrivial order (~ 12).

Finally, we can inspect the effect of spin waves on the phase boundary of the model. These
effects can be seen by setting the renormalized mass re, = r + 0r to zero, where r is the bare mass

defined in Eq. (5.24):

-3
7687 A
J 2-0, (5.65)

2 N™NI1(T 2
T2+ 16AA = 20) (7 = 0%+ (oA =

where we have defined J = J + A and dropped terms of O (%) or higher. We have redefined
J to include the contribution of the short-range interaction to the collective mode, and to solely

separate out the effect of spin waves. In Fig. 5.15, one can see that ordered region shrinks due to
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Figure 5.15 Phase boundary in the presence and absence of short-range interactions; here, J = 1
and an exaggerated value of A = .1 is chosen for better visualization. The feature around A ~ 4
could be an artifact of our perturbation scheme, which requires 1 < A.

the coupling to spin waves. This is expected as spin waves introduce more fluctuations and thus
disfavor ordering. Finally, we remark that Eq. (5.65) should not be trusted near A — 0 since it
was implicitly assumed that A > A in our perturbative calculation (to expand Ay in powers of A);
however, it is possible that short-range interactions dramatically alter the phase boundary near the
origin, in a fashion that could be related to the predicted first-order phase transition in the DDIM

in d dimensions [59, 66].
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APPENDIX

5.A Interaction coefficients

There are many relevant interaction coefficients necessary to compute the diagrams in Sec. 3.3.4.
They are defined by Eq. (3.38) in the time domain and in Eq. (3.40) in the frequency domain.
Here, we list the relevant interaction coefficients for the four-legged one-loop diagrams in Figs. 5.13

and 5.14 in the frequency domain:

—128AJ4H(T'/2 = iwy)

Tgece(@) = —— = f (w1, w4), (5.66)

aa(@) = ot SO0 ), (5.67

Hacqe(@) = (w1 + w2 %5166?(2;::- wy — iF)f(wl’ ws) (5.68)

Ugeeq(w) = %f (w1, w4) (5.69)

Uge (W1, W2)Uge (W3, w4) = —256A2J427r6(w1 + wy) f(wi,wy) . (5.70)

Ugq (W1, W)Uy (W3, wg) = —i128AJ* (iwy +T'/2)278 (w1 + w2) f (w1, wy) . (5.71)

Recall that in the definition of the diagrammatics, we introduce an infinitesimal regularization €
that we take to zero at the end of the calculation. This is necessary due to the pole at w = 0 from
the steady state eigenvalue of Eq. (3.25). When calculating the interaction coeflicients for terms
containing spin wave fields my, we simply multiply by these coefficients by \//m for each power
of the spin wave field, see Fig. 5.12 for an example.

We also list here the interaction coeflicient for the six-legged classical vertex used to calculate

the damping parameter in the ordered phase in Sec. 5.2,

—256J°A(T + 2i(w; + wy + w3) (T — 2iwe)
(W1 +wr+w3s —wH) (W) +wWr+w3 —wW™)
f(wi, ws)

(w1 +wy — i) (w5 + wg + i) ’

ﬁqcccccc (w) =

(5.72)
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where w = (w1, ..., w,) (foran n-legged diagram), f(x, y) = 1/[(x—w*) (x—w™) (y—w*™) (y—w™)],
and w*/~ = i['/2 + 2A. For self-energy calculations, it is useful to recall that ) k20 1/Dx = —1/2

and Y49 1/D7 = 2N — 1/2, where Dy is defined in Eq. (5.46).

5.B Equilibrium Quantum Ising Model

In this section, we report the dynamics of the equilibrium infinite-range Ising model at finite
temperature (in the absence of dissipation). Specifically, we demonstrate via exact numerical
simulation that the thermal critical point of this model belongs to the same (static and dynamic)
universality class as the driven-dissipative Ising model in the weakly dissipative regime. We start
with the same Hamiltonian

J
H= —Nsﬁmsz. (5.73)

This Hamiltonian features a thermal phase transition to an ordered phase where the Ising Z,

symmetry is broken at the critical temperature [28]

- (5.74)
In (1+A/2])
T=A/2J

The Hamiltonian conserves the total spin (i.e., [H, §] = () which thus defines a good quantum
number. In the angular-momentum basis defined by |S, m), the Hamiltonian becomes block diagonal
with each block corresponding to a total spin S. However, each sector is highly degenerate with a
multiplicity of D(S). The multiplicity is givenby D(N/2) = 1,D(N/2—-1)=N-1,D(N/2-2) =
N(N —3)/2, and

_N(N=1)..(N=p+2)

D(N/2 - p) P

(N=2p+1), (5.75)

for 3 < p < N/2 [28]. The thermal state is then given by

N/2 (D(S)
p(B) =P =P (@ e‘ﬁHS) : (5.76)
S$=0

i=1

which is to be understood as the direct sum over each unique spin sector with the corresponding
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Figure 5.B.1 Finite-size scaling behavior of the infinite-range Ising model at a thermal critical
point (J = 1,A =1,T = 1.82048). At this critical point, fluctuations scale as N 12 while the
critical dynamics is underdamped and is governed by a characteristic time scale r ~ N'/4. These
exponents are identical to those of the driven-dissipative Ising model in the weakly dissipative
regime (see Fig. 3 of the main text).

multiplicity D(S). We then numerically calculate the correlation function

C(1) = —((Sx(1). Sx(0)}) = =Re(S,(1)Sx(0))
g N (5.77)
= NReTr (e_iH’SxeiH’Sxp(ﬁ)) :

A plot of the correlation function and its finite-size scaling behavior can be found in Fig. 5.B.1.
There, we see that the dynamical exponent, defined via t ~ N¢, is given by ¢ = 1/4 and that the
dynamics is underdamped just like at the weakly-dissipative critical point of the driven-dissipative

Ising model discussed in Sec. 5.3.2.

5.C Classical (Stochastic) Ising Model

For completeness, here we introduce the classical stochastic Ising model [57]. The infinite-range
(classical) Ising Hamiltonian is given by

W:—%f, (5.78)

where S = va s; with the Ising spin variable s; = +1. While the Hamiltonian (being a ¢ number and

commuting with all observables) does not impose any intrinsic dynamics, a stochastic, Glauber-type
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dynamics can be imposed via the (classical) master equation

- _ Z W(si = =5, £)P(S1, s Sis oonr SN 1) (5.79)

N
+ Z W(=s; = s;,)P(s1, ..., =S, ..., SN 1) .
i=1

Here, P({s};t) denotes the probability that the system is in a spin configuration {s} at time ¢, and
W (s; — —s;, t) represents the transition probability rate of a spin flip at site i and at time 7. Under

equilibrium conditions, the probability and transition rates satisfy detailed balance [50],

W(s; — —s;) _ P(s1,...,=Siy ..., SN)
W(_Si - si) P(Sl’ ey iy eees SN) ’

(5.80)
with the transition rate being of the Glauber type (characterizing a non-conserved order parameter),

W(Sl' - —Sl') = 21 [1—s;tanh (ﬁE)] . (5.81)

27
Here, 1y defines the characteristic time scale of Glauber dynamics, and E = —(2J/N) va sj. From
here, one can simulate the relaxation of the system from a near-equilibrium state using Monte Carlo
methods combined with the transition rate given above. Monte-Carlo simulations of the this model

at criticality are consistent with a critical dynamical scaling where t ~ N'/2 [57].
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CHAPTER 6

MODIFIED TIME-REVERSAL SYMMETRY AT CRITICALITY

nonequilibrium systems are host to exciting physics because the general guiding principles of
equilibrium statistical mechanics are not directly applicable in this new domain. One such general
feature is the principle of detailed balance in equilibrium [77]. Extensions of this principle to the
quantum domain have been studied extensively for both closed and open systems [78-81]. In all
such settings, detailed balance is directly tied to time-reversal symmetry (TRS) under reversing the
direction of time (in two-time correlators, e.g.). A second defining characteristic of equilibrium
systems is the fluctuation-dissipation relations (FDRs) relating the dynamical response of the
system to their inherent fluctuations. Importantly, these two principles are not independent: a
proper formulation of the TRS leads to the FDRs [82].

The paradigm of driven-dissipative systems we are considering in this work constitutes a generic
nonequilibrium setting. The competition between drive and dissipation leads the system towards a
nonequilibrium steady state far from thermal equilibrium. Due to the nonequilibrium dissipative
dynamics, both TRS and FDR are generally broken in these steady states [83]; the guiding principles
of equilibrium physics are thus absent in their driven-dissipative counterparts.

Nonetheless, it has become increasingly clear that the critical properties of a large class of many-
body driven-dissipative systems (yet not all [69, 84—87]) are described by an effective equilibrium
behavior near their respective phase transitions [13, 14, 60—68, 88, 89]. We have shown in Ch. 5
that the DDIM appears to fall in this category as well.

In this chapter we will show that both FDR and TRS are broken even macroscopically at or near
criticality. This is shown by inspecting different observables that overlap with the order parameter
and crucially encompass both even and odd operators under time-reversal transformation. We show
that these observables satisfy emergent FDR-like relations but with effective temperatures that are
opposite in sign; we dub such relations FDR*. Moreover, while TRS is broken macroscopically, we

show that a modified form of the time-reversal symmetry of two-time correlators, dubbed TRS*,
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emerges at or near criticality where correlation and response functions exhibit definite, but possibly
opposite, parities under time-reversal transformation. This is in sharp contrast with equilibrium
where correlation and response functions exhibit the same parity.

We showcase our results using the DDIM, as it provides the minimal driven-dissipative model
with an Ising type phase transition. We also consider a short-range quadratic model of driven-
dissipative bosons with the Ising symmetry. These models provide an ideal testbed for the general
questions about the fate of the FDR and TRS in driven-dissipative systems, the role of the time-

reversal symmetry (breaking), and the emergence of modified fluctuation-dissipation relations.

6.1 Fluctuation-Dissipation Relations

Characteristic information about a given quantum system and a set of observables O; can be

obtained from the two-point functions

Co,0,(1) ={{0i(1),0;}), Xo,0,(1) = -iO(1)([0i(1), 0;]), (6.1)

which define the correlation function and the causal response function, respectively; the former
captures fluctuations (e.g., at equal times), while the latter describes the response of the system to a
perturbation at an earlier time. While we have defined the correlation and response functions earlier
in this text, we redefine them here in a more general fashion for the purposes of this chapter. The
function ©(z) is the Heaviside step function, used to enforce causality. The fluctuation-dissipation
theorem, a pillar of statistical mechanics, relates these two quantities in equilibrium. We write the

fluctuation-dissipation relation (FDR) as [48]
1
FDR : XOin(t) = ﬁ@(l‘)a[COioj, (6.2)

valid for classical systems (with the respective classical definitions of C(z) and y(t) [43]), as well
as quantum systems at finite temperature and long times [48]. An alternative representation of the

FDR in the frequency domain is

144 w
XOin(w) = HCOiO'j (CL)) ’ (63)
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where X,O/ioj (1) = %([0,- (), 0;]), and the Fourier transform has been defined as f(w) = /t e £ (1)
for a function f. Furthermore, if the system satisfies microreversiblity, or (quantum) detailed
balance, two-time correlators exhibit a time-reversal symmetry [79, 80]. Assuming that the operator
O, has a definite parity ¢ under time-reversal (in the absence of magnetic fields), the correlation

and response functions then satisfy [90]

Co,0,(t) = €€;Cop,0,(1), (6.4a)
XOin (t) = GierOjO,-(t) . (6.4b)

In this work, we shall refer to such relations as TRS of two-time correlators, or just TRS. Notice that
these set of equations are also consistent with the FDR in Eq. (6.2), and are valid in the frequency
domain as well. The above equations form the origin of the Onsager reciprocity relations [91].

FDR and TRS are both broken in driven-dissipative systems as they give rise to a nonequilibrium
steady states at long times. Extensive effort has gone into identifying the steady states of many-
body driven-dissipative systems as well as their phase transitions. A large body of work, however,
has shown that a variety of driven-dissipative many-body systems exhibit critical behavior that
is effectively equilibrium [13, 14, 60-68, 88, 89, 92]. Specifically, an effective temperature T.g¢
emerges that governs the critical properties (e.g., critical exponents) near their phase transitions at
long times/wavelengths. An effective TRS may be then expected to emerge as well given that TRS
and FDR are intimately tied [82].

We consider driven-dissipative systems whose Hamiltonian—in the rotating frame—is itself
time-reversal symmetric: THT~' = H with T the antiunitary operator associated with the time-
reversal transformation; here, T = K is simply complex conjugation. This is clearly satisfied by Eq.
(3.4), and is also satisfied by the bosonic lattice model we will consider here. Dissipative coupling
to the environment, however, explicitly breaks TRS and exposes the nonequilibrium nature of the
system. Additionally, for both models the dynamics under the Liouvillian £ comes with an Ising
Z, symmetry that defines the order parameter at the phase transition. nonequilibrium systems with
the Z, symmetry are generally expected to fall under the familiar Ising universality class at their

phase transitions. Previous work on driven-dissipative Ising-type systems has reported an emergent
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FDR governing the order-parameter dynamics for some Tes [14, 44, 89, 92-94], and the DDIM is
no exception (see Ch. 5).

Notwithstanding the evidence for emergent equilibrium near criticality, here we show that
FDR and TRS are both macroscopically broken in quadratic driven-dissipative Ising-type systems.
This becomes manifest by considering other observables that overlap with the order parameter,
i.e., observables that share the same Z, symmetry. In the Ising model, for example, beside S,
typically signifying the order parameter, we will also consider S, (with the transverse field along
the z direction). This expanded set of observables exhibits critical scaling, but they do not obey
an effective equilibrium FDR. Interestingly, however, we show that a modified form of the FDR
emerges at long times,

1

T ®(Z)01C0,‘0j, (65)

FDR* : Xo.o(t) =
0,0 (1) o

where the ~ sign means we have neglected noncritical corrections here and throughout the rest
of this chapter; we dub this modified relation FDR*. Here, we have assumed that the O;’s are
Hermitian operators ! which have the same Ising symmetry as the order parameter; we have also
defined O;‘. =TO J-T_l (recall that 7 = K). In the example of the Ising spin model, S} = S, while
Sy = —Sy. We emphasize that FDR* is only applicable for this subset of observables, and not for
all observables as is the case in Eq. (6.2). In the frequency domain, FDR* takes the form

w
4Teﬂ"

ImXo¢, 0 (w) = Co,0;(w), (6.6)

which does not reduce to Eq. (6.3), in particular when the two operators have opposite parities.
The FDR* is radically different from its equilibrium counterpart, and has important consequences.
To see this, let us again assume that the operator O; has a definite parity ¢ under time-reversal
transformation. In this case, the FDR can be written as

€

ZTGHG‘)(Z‘)atCOin. (6.7)

Xo,0,(t) =

This means that an emergent FDR is satisfied with Xp,0; = (1/2T,~,-)(9,C0i0j but with different

temperatures for different observables, T;; = €; T, same in magnitude but possibly with opposite

!'Unlike the standard FDR, the FDR* is sensitive to the operators being Hermitian or not; see Section 6.6.2.
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signs depending on the observables. For example, if O is even under time-reversal (¢; = 1) and
02 is odd (62 = —1), we find T11 = —le = T21 = —T22 = Teff.

We further show that an unusual form of TRS holds at or near criticality:

COiO_,'(t) = CO_,-Oi(t)’ (683)

XOiO_,-(t) =~ EiEjXOjOi(t)- (6.8b)

In parallel with FDR*, the above relations will be referred to as TRS*. Notice that the above
equations are consistent with the FDR* in Eq. (6.7). Interestingly, the correlation and response
functions transform differently under time-reversal transformation, in sharp contrast with equi-
librium; cf. Eq. (6.4). While violating TRS, these functions still have a definite parity under
time-reversal transformation. Moreover, combining Egs. (6.7) and (6.8), we further show that the
Onsager reciprocity relation finds a modified form with the opposite parity. This is surprising in
light of the broken TRS, but is a direct consequence of the emergent TRS*.

We will derive these results in the following sections using the Keldysh field-theory we have
developed in the previous chapters, and we connect the slow mode discussed in Sec. 5.1 to the
emergence of TRS*. We show that the FDR* and TRS* are a consequence of the non-Hermitian
form of the dynamics generator, due to the TRS of the Hamiltonian, THT~' = H, combined with

the Ising Z; symmetry of the Liouvillian L.

6.2 Time-Reversal in the DDIM

In this section, we briefly go over the implications of time-reversal symmetry in the DDIM. The
LMG Hamiltonian given by Eq. (3.4), as well as the DDIM Liouvillian, has been discussed

extensively in Ch. 3. We repeat it here for the sake of the reader

J
H = —NS)% +AS. . (6.9)

In general, the form of the time-reversal operator depends on the form of the Hamiltonian, but
it is always anti-unitary. Here, the time-reversal operator T = K is simply complex conjugation.

The Hamiltonian in Eq. (3.4) is time-reversal symmetric because it is real, which can be seen by
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writing out all of the Pauli matrices in the basis of o*. Time-reversal transformation (i.e., acting
with the anti-unitary operator T together with sending t+ — —¢) leaves the von Neumann equation
0;p = —i[H, p] invariant. In the ground state, this symmetry enforces (S,) = 0 as TSyT‘1 ==Sy;
this is true even in the ordered phase where (S,) = 0 while (S,) # 0, see Eq. (3.8). Furthermore,
correlators such as ({S,, Sy}) that are odd under time-reversal must be zero.

These symmetry considerations can be extended to thermal states under unitary dynamics as
they satisfy the KMS condition and exhibit an equilibrium symmetry that involves time-reversal
[95, 96]. Two time-correlators then satisfy the symmetry relations in Eq. (6.8). However, the
driven-dissipative model in Eq. (3.5) breaks such symmetries. This is because Eq. (3.5) is derived
in the rotating frame of the drive, hence breaking detailed balance. The resulting steady state is
then not a thermal state, and TRS of two-time correlators no longer holds [97]. Specifically, this
allows for nonzero expectation values of odd observables such as (Sy) (in the ordered phase) and
correlators such as ({Sy, Sy}). In fact, as we will see in the following sections, the fact that S, can

now spontaneously order is deeply connected to the existence of TRSx*.

6.3 Correlation and Response Functions For S, and S,

We will now utilize the field theory that we established in Ch. 3 to calculate the necessary
observables to showcase the modified TRS and FDR. To obtain the correlation and response
functions for Sy and the cross-correlations with S, we introduce source fields a®/D and B/ to

L, the vectorized form of Eq. (3.5), which couple to S, and S, respectively:

Sy

L'()=L+ia™ (@)=L oI-ia® () Sy i,3<">(t)i @ I+iBP (1) ® Sy . (6.10)
N VN VN VN

and perform the nonequilibrium quantum-to-classical mapping as usual. The absence of a minus
sign on the last term stems from the vectorization transformation in the mapping. Introducing the

sources does not affect the quadratic term in m in Eq. (3.16), but changes the T matrix to the new
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matrix T" = T + T, + T where

a; 0 0 0

1210 a O 0
Ty =1 ~lo o0 —a o (6.11)

0 O 0 -a
and
0 _IBC + ﬁq _,Bc - ﬁq 0
1 | B.-B 0 0 —Bc—B

Tp= — q a1, 6.12
A V2N _IBC - :Bq 0 0 _,Bc +:8q ( )

0 _IBC - IBq ﬁc - ﬁq 0
We have performed the Keldysh rotation a./, = (@™ + o) /2, Berg = (B™ + B) /2 for

convenience. Next, we expand the action to quadratic order in both m./, and the source fields

around me;q = @cjq = Bejg =0,

T
me m,
| P 0 0 m,
a a
S== / ‘ |, (6.13)
> ) ay | |4/ Pao O o,
Be Be

Ba), 4JPgy 2Pgy Ppp o \Bd),
where the kernel becomes a lower triangular block matrix. The block matrices take the usual

Keldysh structure

P= (POR Z;) ’ Poa = ﬁ [P” (2./2(;) 212(;))] ’
oS B e
and the matrix elements for each block matrix are
PR(1) = PA(=1) = —2J6(1) + ©(1)8J%e 2" sin (2A1) (6.14)
PE (1) = i8J%e 2" cos (2A1), (6.14b)
PR (1) = =P, (1) = —©(1)2¢" =" cos(2Ar) , (6.14¢)
PX (1) = ~i2¢" " sin(2A1), (6.14d)

Equation (6.13) is exact in the thermodynamic limit, as higher-order terms in the expansion are at

least of the order O(1/N) for the same reasons discussed in Ch. 3.
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After Fourier transformation, defined as m(t) = /w e “'m(w) with the integration measure

fw = f_ O; dw/2m, we integrate out the m.., fields to obtain the generating functional W a4, B¢/q] =

—iInZ as ;
@q @q
1 ﬁq GK GR IBq
W=— ) (6.15)
2 Jo| @ ®c

G 0
’Bcw w’BCw

The Green’s function block matrices are given by

GK GX GR  GR

G" = ( X Ky) G" = ( X 3?) , (6.16)
ny ny ny ny

and satisfy GX(w) = —[GX]T(w) and GR(w) = [G*]"(w). In terms of the original observ-

ables Sy, Sy, the Green’s functions become ij,(a)) = —i%,({S;(?),S5;-(0)})/N and ij,(a)) =

—iF,O)([S;(¢),S;7(0)])/N, with Fi,(f(¢)) = f_o; dte™! f(t). The elements of Eq. (6.16) are

given by
Gr(w) = 2w - C;:;Ejiti;‘(‘fj;ﬁ’;ﬁy —wy)’ (6.172)

R e P T (©-170

Giy(w) = 2(will;)[11;§af iiﬁj{(; é)iﬁ?ff 2—] )’ (6.17¢)

G (0) = . (6.174)

Gl () = _21_) (26’:"_ -t (6.17¢)

GR (w) = o __(jl;”(i)i‘i ot 6.17f)

GH (w) = — 2T ) (6.17g)

(w-w)(w=-w)’
where w;/, = —%(F F¥T.), [, = 4y/A(2J — A). The quantities G and GX_should be familiar,
as they were calculated in Sec. 5.1, but we list them here for completeness. The correlation and

response functions contain S, are new and require the sources to be calculated as the m field is not

directly related to S,.
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6.4 Nonequilibrium Signatures

In this section, we discuss the macroscopic, critical behavior of the DDIM. It is generally believed
that such Ising models find an emergent equilibrium behavior near their phase transition. This is
often argued by considering a single observable such as the order parameter and showing that it
satisfies an effective FDR [14, 44, 89, 93, 94], or by inspecting the critical exponents and determining
that the phase transition falls under an equilibrium universality class as we have showed is the case
for the DDIM in Ch. 5. In contrast, we consider different observables and show that the associated
FDR and TRS are both violated even macroscopically. Beyond the violation of FDR and TRS,
we show that a modified form of these relations emerge, dubbed as the FDR* and TRS*, which
govern the critical behavior of this system. In the following subsections, we derive the effective
temperatures for different set of observables, discuss the breaking and emergence of (modified)

TRS, and finally discuss our results in the limit of vanishing dissipation.

6.4.1 Effective temperature

At thermal equilibrium and at low frequencies, the FDR in frequency space can be written as
GF(w) - Gh(w) = -GE () (6.18)
ij(w ij(@) = 5-Gij(w). .

We focus on the low-frequency limit as we will investigate the system at or near criticality where
the dynamics is governed by a soft mode. To compare against the FDR in the time domain, we
identify Co,0, (1) = iGg(t) and Xp,0,(t) = ij.(t).2 The above equation follows from another

version of the FDR given by [48]
LRV44 1
_’)(Oioj(t) = ﬁa,coioj(z), (6.19)

where XIO,,-OJ- (r) = %([0,- (1),0/]) = 2% (G{; (r)— Gl{} (7)); the retarded and advanced Green functions
are defined directly from the operators as Gs./ A(t) = FiO(+1)([0;(1),0,]). While Eq. (6.2) is

restricted to ¢ > 0, the above equation is valid at all #, making it more suitable for the transition to

2We are including a normalization factor 1/N in the definition of correlation and response functions for convenience.
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Fourier space, i.e., Eq. (6.18). Of course, the two (causal and non-causal) versions of the FDR are
equivalent in equilibrium.

Equation (6.18) has been extensively used to identify an effective temperature even for nonequi-
librium systems [44, 93, 98]. In the nonequilibrium setting of our model, however, we would
immediately run into a problem for i # j when the corresponding operators have different parities
under time-reversal transformation (e.g., 7. becomes infinite or complex valued). To see why, let
us anticipate that the TRS* relations reported in Eq. (6.8) indeed hold, a fact that we will later

justify near criticality and at long times. It is then easy to see that

COin(t) = COjO,'(_t) = COin(_t) > (620)

while
X0.0,(t) = =X0 0,(-1) = —€i€;X0,0,(-1) . (6.21)

Now for two distinct operators O; and O; where €; = —¢;, we find that both Cop,0, () and X 0:0; (1)
are even in time (for a fixed set of operators). However, this is not compatible with Eq. (6.19) as it
requires Co,0,(t) and X ¢,0,(?) to have opposite parities. Postulating an effective FDR in this case,

valid for all ¢, forces us to include a sign function, sgn(¢). That is, we should substitute

Xo0,(1) = (GE(1) - G(n)/2i — sgn()X(,0.(1) = (G B0 +Gh(n) /2, (6.22)

on the left hand side of Eq. (6.19) when €; = —¢;. Notice that the extended FDR is consistent with
the causal FDR in Eq. (6.2) when ¢ > 0, but is now conveniently valid at all times. This extension
is informed by the anticipated form of the TRS* which we will justify later. The fluctuation-
dissipation relation is now conveniently cast in frequency space: for arbitrary operators O; and O

(with 7 and j being the same or distinct), the updated FDR takes the form

Gf}(a)) - €€;G (a)) = Kw), (6.23)

2T,]( w) Cu

where we have now allowed for a frequency- and operator-dependent effective temperature 7;; (w).

It is now clear that, while for € = €; the above equation recovers the structure of the FDR (cf.
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Eq. (6.18)), a different combination, ij. (w) + G{} (w), appears on the left hand side when €; = —e;.
The above equation can be brought into a more compact version again by anticipating the TRS* in
Eq. (6.8b) to write eiejG;‘}(w) ~ G, (w). Utilizing the relation G/ (w) = ij.(w)*, we are finally
in a position to write an equation for the effective temperature in the low-frequency limit:

Gk -iGK
T, = lim = d = lim ~——7 .
w—0 2 Gf;. (w) — G‘J‘.‘i(w) ©=0 4Im G/} (w)

(6.24)

We have taken the low-frequency limit appropriate near criticality. Again we stress that the above
equation is consistent with the standard form of the effective FDR for i = j, and it correctly
incorporates the TRS* for i # j with opposite parities.

A shorter, but perhaps less physically motivated, route to the above equation is to start directly
from the causal form of the FDR in Eq. (6.2). The Fourier transform of this equation is given by

[90]

1 do' o N W
Xo0,0,(w) = T [P/ o o — oy COi0s (') - jcoioj(w) , (6.25)

where P stands for the principal part. Here too, we shall assume the TRS* in Eq. (6.8a): with
Co,0,;(t) = Co,0,(t) = Cp,0,;(~—1) regardless of the operators’ parities, the correlation function
Cij(?) is even in time, hence its Fourier transform, Co,0,(w), is purely real. Taking the imaginary
part of the above equation then yields

w

ImX¢,0,(w) = a7

Co,0,(w) (6.26)

where T has to be identified with the effective temperature 7;;(w). Therefore, we arrive at the same
definition of the effective temperature in Eq. (6.24).
Using Eq. (6.24), we can now identify the effective temperature in the driven-dissipative Ising

model (defining i, j € {x, y})

I + 16A?
T = —— 6.27
32A (6.272)
2+ 16(A - 27)?
= , 6.27b
Y 32(A -2J) ( )
—2J1?
Tey = =Ty = . 6.27
YT T T R 16A (2T — A) (6.27¢)
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Figure 6.4.1 (a) Effective temperatures Ty, Ty, Ty, and Ty, as a function of A at or away from the
phase boundary; we choose the parameters J = 1, " = 4 with the point A = 1 representing the
critical point at the tip of the phase boundary (see the red dot in panel (b)). The effective
temperatures become equal up to a sign at the critical point. The same pattern emerges on any
point along the phase boundary and away from I' = 0. (b) The phase diagram of the DDIM. The
shaded region is the ordered phase where (S ) # 0.

These expressions are calculated everywhere in the normal phase and generally take different
values (see also [93]), underscoring the nonequilibrium nature of the model at the microscopic
level. We note that the effective temperatures reported above have a physical significance only near
the phase transition where the slow mode governs the dynamics. This is because we have neglected
noncritical contributions in the derivation of Eq. (6.23) by invoking TRS*. Equations (6.27a)
and (6.27b) display non-analytic behaviour, though in different regions of the phase diagram. 7,
diverges when A — 0, in agreement with Ref. [47] that reports an infinite temperature in the o*
basis. In contrast, 7}, diverges when A = 2J for any finite value of I'. This divergence coincides
with the change in the dynamical behaviour from overdamped to underdamped dynamics as pointed
out in [98]. Finally, Ty, = —-T,, are everywhere finite but opposite for the opposite order of the
observables; this is tied to the TRS* as we will discuss later.

The definition of the low-frequency effective temperature is particularly motivated near the
phase boundary where there exists a soft mode that characterizes the low-frequency dynamics [98].

Interestingly, at (or near) the phase transition, we find
T = -Ty =Ty =Ty, = J. (6.28)

Remarkably, these effective temperatures find the same magnitude, but possibly with different signs.
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While focusing on a single observable (say S,) and its dynamics, one might be led to conclude
that the system is in effective equilibrium. However, a different observable (say S,) exhibits the
opposite effective temperature. Notice that all correlation functions (involving S, and/or §,) are
divergent at the phase transition, i.e., they are all sensitive to the soft mode; we will make this
more precise in Section 6.5 where we develop an effective field theory. This suggests that although
the critical behavior is governed by a single (soft) mode at the transition, the system is genuinely
nonequilibrium even macroscopically.

To support these analytical results, we have numerically simulated [94] the FDR in the time
domain (cf. Eq. (6.2)) and at a representative critical point on the phase boundary for a finite, yet
large, system with N = 100 spins. Correlation and response functions at criticality and at a finite
system size require an analysis beyond the quadratic treatment presented here and thus serves as
a nontrivial check of our results. Also, working in the time domain and restricting to ¢t > 0, we
circumvent the issues that arise in the frequency domain; see the discussion in the beginning of
this subsection. Indeed, we find an excellent agreement in Fig. 6.4.2 between the analytical results
(in frequency space) and the numerical results (in the time domain) with the exception of short
time differences; the discrepancy at short times is a consequence of the fact that the (observable-
dependent) effective temperature is defined in the zero-frequency limit of Eq. (6.23), therefore
characterizing the long-time dynamics. In fact, the agreement is remarkably good even at relatively
short times J¢ > 1. Finally, we remark that the difference at short times is not due to finite-size

effects, and exists even in the limit N — oo.

6.4.2 TRS breaking

Broken TRS allows for nonzero correlators such as ({Sy, S,}) that are otherwise odd under the

time-reversal transformation. Indeed, we find that this correlator is nonzero and is even critical.
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Figure 6.4.2 Numerical plots of correlation and response functions at a representative critical
point with J = 1,A = 1,I" = 4 and the system size N = 100. A modified fluctuation-dissipation
relation, Xp,0,(t) = ©(t)Co,0,(t)/2T;;, emerges at long times. The effective temperatures take
the same value up to a sign: T, = =Ty, =Ty, = =T, = J.

More precisely, we find from Eq. (6.17b) that

—JT +sgn(t)(J - A)(T -T) o~
r-r.
—JT +sgn(t)(J = A)(T+T) Do
B T+, ¢ '

, 4
c

(6.29)

(For ease of notation, we have replaced Cy,s; by C;;; similarly for X;;.) Specifically, at equal
times, we have Cy, (t = 0) = -8JI'/ (I'2 —=T?2) . Indeed, the equal-time cross correlation diverges as
~ 1/(I" = T';) upon approaching the critical point I' — I'.. This is a stark manifestation of broken
TRS at a macroscopic level. We also note that both Cyy, Cy, ~ 1/(I' = I';) diverge in a similar
fashion. Again, this is because Sy and S, share the same soft mode, as will be shown in Section 6.5.

The macroscopic breaking of TRS alters the Onsager symmetry relations in an exotic fashion
that is distinct for the correlation and response functions. Indeed, the analytical expression in

Eq. (6.29) shows that, near criticality and at sufficiently long times,

4JF _%m

GO

(6.30)
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Figure 6.4.3 Cross-correlation and -response functions at criticality

J=1,A=1,T'=4,N =100). A modified form of TRS emerges at criticality where correlation
(panel a) and response (panel b) functions exhibit opposite parities under time-reversal
transformation.

hence, Cy,(t) = Cyy(—t), or equivalently, C,,(t) = Cy,(t) up to noncritical corrections; far from
criticality, the correlation functions do not generally satisfy this symmetry relation. Further-
more, the analytical expressions for the response functions in Egs. (6.17¢) and (6.17f) show that
Xyy(t) = =X, (t). Interestingly, the cross-correlation and -response functions exhibit opposite
parities. These analytical considerations are further supported by the numerical simulation shown

in Fig. 6.4.3 at criticality confirming
Cay(1) = Cyi(1) (6.31a)
Xy (1) = =Xy (1), (6.31b)

consistent with the TRS* in Eq. (6.8). Despite the broken TRS, the correlation and response

functions retain definite, though distinct, parities under time-reversal.

6.4.3 Weakly-dissipative limit

In this section, we briefly consider the weakly-dissipative critical point at at A — 2J and I" — 0;
see Fig. 6.4.1(b). It was shown in Sec. 6.4.3 that this limit leads to a different critical dynamics
than a generic critical point at finite I' [94, 98]. Here, we are interested in the TRS breaking and its
possible emergence in the limit of vanishing dissipation. Interestingly, we find that the fate of the

TRS depends on the way that this critical point is approached, and that this distinction only exists
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in the thermodynamic limit where the system is gapless at the phase boundary. We shall consider
two different scenarios below.
In the first scenario, let us set A = 2J and take the limit ' — 0. Fourier transforming Eq.

(6.17c¢) to the time domain gives
Cyy(1) = lim iGY\(1) = 2e2l (6.32)

We thus see that the Sy correlator is finite at the weakly-dissipative critical point, indicating that S
has become “gapped”. This appears to suggest a return to the equilibrium scenario where S, plays
no role in critical behaviour. However, the cross-correlation given by Eq. (6.29) remains nonzero
and even critical at the weakly-dissipative point: Cy,(t = 0) ~ 1/I". Therefore, even in the limit of
vanishing dissipation, TRS is macroscopically broken.

In the second scenario, we consider A > 2J and first take the limit I" — 0. In this case, we have
I'c =i\J/A(A —-2J) = iw., which then leads to

—_4(A —J) sin (w_J) .

6.33
o > (6.33)

i =
Flg%) Ciy(2)

This expression goes to zero at ¢ = 0 for any value of A including the weakly dissipative critical
point as A — 2J%, recovering the equilibrium result.

The different behavior in the two scenarios lies in the fact that the system has a finite dissipative
gap when we send I' — 0 before sending A — 2J but not vice versa. It has been shown that the
steady state of a system with a finite dissipative gap becomes purely a function of the Hamiltonian
in the limit of vanishing dissipation, i.e., pss = f(H) [56]; see also [53]. In this case, the steady
state for our model can be written as a function of the Hamiltonian in Eq. (3.4), and thus respects
TRS. A system of finite size would fall under this category as well because the system will always
be gapped for N < oo, irrespective of the order of limits taken w.r.t. A and I'. The argument
about weakly-dissipative states commuting with H in gapped systems, however, fails in a gapless
system corresponding to the first order of limits, where we sent A — 2J before taking the weakly-
dissipative limit. Indeed, we find that in this case the TRS is macroscopically broken even in the

limit of vanishing dissipation.
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One can also determine the behavior of the effective temperature at the weakly-dissipative
critical point. However, since the operator S, is gapped, the definition of the low-frequency
effective temperature doesn’t seem appropriate. In fact, one finds that the effective temperatures
involving this operator take different values (and even diverge) depending on the order of limits.

Therefore, we will avoid discussing the effective temperature in this limit

6.5 Effective Field Theory

In this section, we develop a simple, generic field-theory analysis that elucidates the origin of the
effective temperatures and their signs as well as FDR* and TRS*. We first need to construct an
action that maps the spin operators S, and S, to the fields x(¢) and y(z), respectively. This is
achieved by starting from the generating functional W in Eq. (6.15) and constructing a quadratic
action in terms of x and y fields that exactly reproduces the correlations of the corresponding
operators. This is simply done via a Hubbard-Stratonovich transformation on exp(iW|[a./q4, Bc/ql1)

as

= / DX /gs Vel e Siliciavelalti [, i o) (6.34)

where we have absorbed an unimportant normalization factor into the measure, and we have
defined the source field vector j = (g, By, @, B:)T and the Hubbard-Stratonovich field vector

Vv = (Xc» Ye» Xg5 ¥q)T - The resulting action is given by

1 0 DA
Sef = 3 /w vi(w) (DR DK)w v(w), (6.35)
where we have written the kernel in terms of 2 X 2 block matrices:

_ LT _ 9
DR(w):[DA]T(—w):(%(_ZI{”Al_w) 4(F_A2"“)), DK(w):ig ((1) (1)) (6.36)

The kernel in Eq. (6.35) is simply the inverse of the Greens function, i.e. the kernel in Eq.

(6.15). By inspecting the form of DX, we can identify the soft mode. At the critical point

(I' > I'. = 44/A(2J — A)), this matrix takes the form

R, o[ 20-A  AQRI-A)
DRw=0)=| AT—D o\ : (6.37)
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Figure 6.5.1 Schematic representation of the massless and massive fields ¢ and ¢ in terms of the x
and y fields that represent S, and Sy. (a) The gapped/gapless fields are shown at a generic critical
point. The classical and quantum fields are rotated with respect to the x-y axes, but in opposite
directions, a fact that leads to the opposite signs of the effective temperatures. (b) At the
weakly-dissipative critical point, A = 2J, ' — 0, the gapless and gapped fields align with the x
and y axes, respectively, similar to thermal equilibrium.

A convenient decomposition of DX (w = 0) is given by DX (w = 0) = UAU where

1 A -ir 0 0
— 4= c —
U= V2JA (%Fc A ) A (0 —21) ’ (©:39)

valid for 0 < A < 2J; the regime A > 2J needs to be dealt with separately. The matrix U
is orthogonal, i.e., UU” = I. Notice that this decomposition can be viewed as a singular-value
decomposition, DX (w = 0) = UAVT, where V = U with both U and V being orthogonal matrices.
In this sense, the left and right singular vectors (corresponding to quantum and classical field
respectively) are rotated with respect to the original vectors in Eq. (6.35) in opposite directions;
see Fig. 6.5.1(a). As we shall see, this is the reason behind the new FDR* and TRS*.

This decomposition allows us to introduce new fields ¢ and ¢ which are given by the original
fields x and y upon rotation by U,

O _ Xel| 1 Axc_leFCyc
({c) _U(yc) B V2JA (%chc'i'Ayc ’ (6-3%2)

¢q) T (xq) 1 ( Axg + 1T g )
=U = — . (6.39b)
(gﬂl Yq V2JA _ZI;FC Xg +Ayq

We note that the diagonal elements of A define the masses of the fields ¢ and ¢ on the phase
boundary. Therefore, we can identify ¢ as the soft mode and ¢ as the gapped field. In addition, the

Keldysh element of the kernel remains unchanged, UTDXU = DX.
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6.5.1 FDR* and TRS*

The field-theory representation makes the origin of the results shown in Section 6.4 clear. The
correlation and response functions can now be expressed in terms of ¢ and . At the phase
boundary, the low-frequency effective temperature is captured purely by the soft mode ¢ because
{ is gapped and does not affect the low-frequency behavior of the model. In other words, the
dominant contribution to the effective temperature follows from the correlation and response
functions involving ¢, while those involving  as well as the cross-correlations produce noncritical

corrections which can be neglected. We have, up to these corrections,

T = Ty, (6.40a)
U

Toy ~ —2Ty = —Ty, (6.40b)
Uz

Tyx = T, (6.40c)
U

Rw252%=—%’ (6.40d)
21

where
T, = lim 2 (pc(W)pe(-w))
P 7050 2 (0c ()9 (-w)) — (B (@) be(-w))’

can be viewed as the effective temperature of the soft mode. This interesting result is purely a

(6.40e)

consequence of the non-Hermitian structure of Eq. (6.37).
Technically, one can see that the same pattern of effective temperatures emerges whenever the

inverse retarded Green’s function Dy = Dfr(a) = 0) obeys the relation

™Dor¢=D!, with 7%= ((1) _01) , (6.41)
which simply states that the off-diagonal part of the matrix Dy is antisymmetric. Note that Dy is
real, but non-Hermitian.

The fact that the kernel Dy satisfies the above property can be argued solely on the grounds that
the Hamiltonian itself is time-reversal symmetric. To show this, let us assume the contrary, namely

that the off-diagonal part of the matrix Do has a symmetric component. This would give rise to

a coupling ~ x.y, + x,y. where the fields’ time dependence is implicit. Rewriting the classical

102



and quantum fields in terms of the fields on the upper and lower branches of the Keldysh contour
(see Ch. 2.3), such coupling becomes ~ x®y®@ — x(Dy() = Thig term takes the structure of a
Hamiltonian contribution to the action (H W _ g (l)); however, the Hamiltonian does not couple
x and y since it is time-reversal invariant. We should then conclude that the off-diagonal part of
Dy is antisymmetric and cannot originate from the Hamiltonian dynamics. In equilibrium, the
off-diagonal terms are simply zero (at w = 0); however, in a driven-dissipative system, dissipation
naturally gives rise to nonzero (though antisymmetric) off-diagonal matrix elements.

The role of the Z, symmetry in this analysis is to guarantee that there is only one soft mode
described by a single real field, in contrast with other symmetries (such as U(1) symmetry) which
would require more (or complex) fields to describe the critical behavior. In addition, an explicit Z;
symmetry forbids a linear term in the action whose existence could alter our results.

We remark that a generalized version of the FDR,
G (w) = GR(w)F(w) - F(w)G* (w),

is also utilized in the literature [13, 14] to determine the distribution function matrix F(w). While
in thermal equilibrium F(w) = coth(w/2T )1 is proportional to the identity, the distribution function
is allowed to become a nontrivial matrix in driven-dissipative systems, as shown in the context
of the open Dicke model (possessing the same symmetries as those considered here). For the
cavity mode, it was shown that this matrix finds two eigenvalues, +1(w), whose low-frequency
behaviour is given by A(w) ~ 2Teg/w [14]. The positive eigenvalue was then identified as the
effective temperature. In contrast, our analysis clarifies the interpretation of the negative effective
temperature in the form of the FDR* in Eq. (6.5) and its origin due to time-reversal symmetry
breaking.

Next, we derive the TRS* relations for the correlation and response functions in Eq. (6.8),
namely Cy,(f) = Cy.(t) while X, (¢) = =X () up to noncritical corrections. As with the effective
temperatures, the key is to keep only the critical contributions from ¢./,. Recall that /./, are

gapped, hence leading to noncritical corrections at or near the phase transition. The symmetry of
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the correlation function follows in a simple fashion as

ny(t) = 2(xc(1)yc(0)) = 2U11U12{dc (1) (0)) = 2(yc()x:(0)) = ny(t)- (6.42)
For the response function, we have
Xxy(t) = <xc(t)yq(0)> = U11U21<¢C(I)¢q(0)> >

Xy (1) = (ye(1)xq(0)) = UnnUn1(c(1)¢4(0)) .

Again using the fact that U1, = —U,, one can see that X, (¢) = =X, (7).

(6.43)

Finally, we remark that the field y becomes gapped at the weakly dissipative point as one can
see from Eq. (6.39) (see also Fig. 6.5.1(b)), which leads to the noncritical (Si) fluctuations. One
thus recovers the equilibrium behavior, although, care should be taken with the I' — 0 limit due to

the order of limits discussed in Section 6.4.3.

6.5.2 Onsager reciprocity relations

In this section, we derive the modified form of the Onsager reciprocity relations. As a starting
point, consider the saddle-point solution of Eq. (6.35): DX(ig;) - x(¢) = 0 where we have replaced
w — i0; and defined x = (x, y); we have dropped the subscript ¢ for convenience. By rearranging

the time derivatives, we find the equation

(6.44)

@ _ (T2 2A
X0 =-M-x(r),  with M_(4J—2A r/z)'

This equation describes the average dynamics of x(¢) (i.e., (Sx,y)) near the steady state and governs
its decay to zero.

Adopting a slightly more general notation, the dynamics near the steady state can be written as

d
3 == ) Mitlxi, (6.45)

where {x;} denote a set of macroscopic variables, and (-); represents the statistical (and, the
quantum) average at time #; we later specialize to the variable x by setting x; = x and x, = y. Now

defining L;; = 3} M;;{xix;), Onsager reciprocity relations in equilibrium take the form

L,‘j = E,'Eiji s (646)
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where €; denotes the parity of the corresponding field under time-reversal transofrmation. These
relations are a direct consequence of the equilibrium FDR—in the form of Onsager’s regression
hypothesis—together with the TRS. The Onsager reciprocity relations are of great importance for
their fundamental significance as well as practical applications. We shall refer the interested reader
to Ref. [90] for the proof of the reciprocity relations in a classical setting.

In the nonequilibrium context of our model with both FDR and TRS broken, the Onsager
reciprocity relations do not generally hold; however, given the modified form of the FDR* and
TRS* in Egs. (6.7) and (6.8), one may expect a modified form of the Onsager relations perhaps with
a different parity than the one expected in equilibrium. Here, we show that this is indeed the case.
To this end, we first note that the Onsager’s regression hypothesis is modified in a straightforward
fashion as

(xi)s = e,,;7<xi<t)x,-<0>>, (6.47)

assuming that a “magnetic” field A has been applied along the j direction before it is turned off at
time ¢ = 0. The only difference from the standard Onsager regression hypothesis is the prefactor €;
appearing out in front, a factor that simply carries over from Eq. (6.7). Combining with Eq. (6.45),
we have

< 0a0x70)) = = 3 Mg Cxx (1155 0). (648)

Notice that the factors of €; cancel out on both sides. Finally, using the TRS* of the correlation

function, C;;(t) = C;(t) regardless of the corresponding parities, and setting ¢ = 0, we find3
Lij = Lj,' . (649)

Notice the absence of the TRS parity factors €;€;; cf. the equilibrium Onsager reciprocity relation
in Eq. (6.46).
To verify that this relation holds in our nonequilibrium setting, it is important to distinguish

the contribution of the soft mode, responsible for the critical behavior, from the gapped mode.

3Since the modified FDR doesn’t hold at short times, setting f = 0 might seem problematic. However, the error
incurred in the process only amounts to a noncritical correction.
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Therefore, we shall consider the dynamics at a coarse-grained level where the gapped mode is

“integrated out”. To this end, let’s write
M = mpRpt + MRE, (6.50)

where we have used a dyadic notation. Here, ¢*/L and ¢®/" define the right/left eigenvectors of the
matrix M. These vectors are biorthonormall, thatis, ¢L-@¢® = ¢L-¢R = 1 while ¢~ (R = ¢L-¢R = 0.
Furthermore, m and M represent the two eigenvalues of the matrix M: the eigenvalue m vanishes at
the critical point defining the soft mode, while M remains finite (at the order of J) and defines the
gapped mode. The notation for the soft and gapped modes mirror our conventions for the effective
field theory. In fact, the above diagonalization is a similar decomposition to that of the previous
section but in a different basis (notice that M is “rotated” with respect to DX). While we do not
need the explicit form of the eigenvalues and the (right and left) eigenvectors, here we provide them

for completeness:

¢R:(_ A ,1), ¢L—1(_ ZJ_A,l), m =T —4+(2] = A)A,

27 — A ) A

;R:(,/ZJA_AJ), gL:%( 2JA_A,1), M =T +4y(2J = MDA,

Now, the coarse-grained dynamics at sufficiently long times is governed solely by the soft mode,

(6.51)

while the gapped field quickly decays to zero (¢ - x = 0). Therefore, the slow dynamics is given
by

d _
ax =-M-x, (6.52)

where we have defined M = m@R¢’ keeping only the critical component. We are finally in a

position to study the relation between Ly, and L, explicitly defined by

ny = Mxx<xy> +Mxy<yy> ,
(6.53)
Ly = My (xx) + M, {(yx) .

Now notice that the fluctuations (x;x;) ~ ¢lR ¢f (¢?) where (¢?) represents the critical fluctuations

(to be identified with (¢2) in the previous section); this simply means that the dominant contribution
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to fluctuations is given by the overlap of dynamical variables with the critical field. Additionally,

using the biorthogonality {& - ¢* = 0, we have ({1, £F) o (—¢X, ¢). We can then write
Ly—LyoclZE - M-¢f=0 (6.54)
xy = Lyx =0, :

where the last equality follows from ¢* ‘M o ¢ ¢® = 0.4 We thus arrive at the relation Ly, ~ L,y
in harmony with our modified version of the Onsager reciprocity relation. This should be contrasted
with the reciprocity relation in equilibrium: Ly, = —L,, with x (y) even (odd) under time-reversal

transformation.

6.6 Driven-Dissipative Coupled Bosons

In this section, we go beyond the infinite-range model discussed so far and consider a quadratic
model of driven-dissipative bosons. The model being quadratic can be solved exactly using any
number of techniques. For a coherent presentation, we will adopt a simple (Keldysh) field-
theoretical analysis. Our main point is however that the conclusions of this in this chapter apply to a
wider range of models. To be specific, consider a bosonic model on a cubic lattice in d dimensions
with the Hamiltonian

H= —% D (ai+a))(aj+a)) +2A ) alai, (6.55)

(i) i

and subject to the dissipation

Li=VTa;. (6.56)

The coeflicients in the Hamiltonian are chosen for later convenience. Notice that the Hamiltonian
is time-reversal symmetric. This follows from either writing the operator a in terms of two
quadratures that are even and odd under time-reversal (see below), or directly by noting that
TaT~! = a and similarly for a' (site index suppressed) although T is antiunitary (TiT~' = —i)
[99]. The above bosonic Hamiltonian is therefore real and time-reversal symmetric. In addition,

the Liouvillian governing the dynamics is Z, symmetric under the transformation a — —a, similar

4While one might be tempted to conclude that M o m — 0 at the critical point, the product m($?) remains finite
due to the diverging fluctuations and thus L, assumes a nonzero value at the critical point.
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to the driven-dissipative Ising model considered in Eq. (3.5). This symmetry is broken at the
phase transition where (a) becomes nonzero in the ordered phase. As discussed in Sec. ??, the
Z, symmetry provides a minimal setting where the time-reversal symmetry breaking or emergence
can be investigated near criticality.

The Keldysh action for this model can be constructed in a straightforward fashion using a
coherent-state representation mapping operators to c-valued fields as a; — aj(t) and az — a;(1).
A path integral formalism can be straightforwardly constructed in terms of these bosonic fields on
a closed contour using the techniques developed in Sec. 2.3. The mapping to the path integral

produces the Keldysh action [89]
Sk =Sy +Sp, (657)

where Sy p represent the coherent and dissipative terms, respectively. The coherent term in the

action is given by

Su= ), o / [Za;‘(riﬁ,aig ~ Hlaip, a}, ]|, (6.58)
o=+, I

with oo = + representing the forward (upper) and backward (lower) branches of the contour. We use
the plus and minus signs here for the Keldysh contour branches for notational compactness. The
last term represents the (normal-ordered) Hamiltonian in the coherent-state representation. The
relative sign of the forward and backward branches has its origin in the commutator [H, p]. The

dissipative term in the action takes the form
. * 1 % *
Sp = —ZFZ [ai+ai_ -5 (af,air + ai_ai-) ] . (6.59)
— Jt
1

Upon a Keldysh rotation a.;;, = (a; +a_)/ V2 (site index i being implicit), the Keldysh action is
then written in terms of classical and quantum fields. Here, it is more convenient to cast the bosonic
field in terms of its real and imaginary parts (the two quadratures) as aj(t) = (®j(¢) — ill;(¢))/2
where the factor of 1/2 is chosen for later convenience. The corresponding operators can be viewed
as position and the conjugate momentum. These Hermitian operators obey the same symmetry

relations as Sy and S, in the DDIM, where @ is even under TRS while II is odd. The anti-unitary
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nature of the time-reversal transformation makes the bosonic fields real and invariant under TRS.

The Lagrangian Lg defined via the Keldysh action Sx = f dt Lk then takes the form [89]

1 1 r )

Lg = Z E(I)iqatnic - EHiq(?,CDiC - A((Dic(Diq + HiCHiq) + Z(q)iqnic - CI)iCHiq + lCI)iq + lHiq)
1
J
+ Z 5.7 (Pic®ig + PigPic) (6.60)
()

in terms of classical and quantum fields ®;.;, and Ilj./,. In momentum space, the Keldysh action
takes almost an identical form to Eq. (6.35) with the substitution v — (®., I, @, Hq) where the
frequency and momentum (w, K) are implicit and J — Jg = ﬁ(cos ki+---+coskg). This implies
that this model too exhibits a phase transition at the same set of parameters. While a nonlinear

term is needed to regulate things on the ordered side, we shall only consider the critical behavior.

6.6.1 Green’s functions

Since Eq. (6.60) is identical to Eq. (6.35) upon the above substitutions, we can immediately write
the correlation and response functions of ® and I1. They are simply given by Eq. (6.17) once J is
substituted by Jx. Using the definitions of the bosonic variables in terms of the real fields, we can

easily determine the form of the bosonic Green’s functions:

Gfaw‘ Gga G§a+ Gga
GK — , GR — s (66 1)
K K R R
Gcffzff GaTa Gaﬁcfr Ga’fa
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where
GE (0.1 = [GK, (- )]
—iT (302 + 4(32J% + 12A% + 8Aw + 3w? — 8Jk(4A + w))) (6.62a)

b

8(w - w)(@—-w)(@—-w)(w-w))

Gfa(w’k) == [GfTaT (w’ k)]*

AT (1282 + T2 = 16iJi(T = 8iA) + 4(4A + w?)) (6.62b)
T Bw-wn@-m)(w-o)(@-w))
R —4Jk +4A + 2w + il
GF (w.k) =[G (-w, k)| = oo o—o) (6.62¢)
G (w,k) = [GR (. k)] = —2(Uk = 4) (6.62d)

(w—-w))(w-w)’

and GR(w,k) = [G*(w,k)]", GX(w,k) = —[GX(w,k)]". In a slight abuse of notation, we have
defined the modes wy/y = —i(I' ¥ I'-(Jk))/2 (introduced earlier in Section 5.1) and defined the
function I'.(J) = 4\/A(T—A) .

For comparison with the FDR in the time-domain, we quote the long-wavelength (k — 0) limit

of the correlation and response functions at criticality:

GX (1,k) = Gfm(—t,k) ~ %e-f“‘z"' , (6.632)

Gaa(t,k) = =[G (L R] ~ 15 [ ’(JA+ 2 4(2JFC_ A)] e~ MM, (6.63b)
GR (1.k) = [GF._(1.K)]" ~ ©®) (S(J C 8 Zi) e~AK (6.63¢)
GR(1.k) = [GR_.(1.K)]" ~ (1) — 8 e (6.63d)

where we have defined A = —JI'./4d(2J —A) and I, =T.(J ). The expressions above are obtained
by first setting I" = T, and then taking the limit k — 0 while keeping k* = const. These expressions
are valid all along the phase boundary except at the weakly-dissipative critical point since we have

assumed k? < 2J — A in our derivation.

6.6.2 FDR* for non-Hermitian operators

The Green’s functions of ® and II of the short-range model considered here are identical to those

of the DDIM once we substitute / — Jk. Therefore, the low-frequency effective temperatures of
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this model in the long-wavelength limit k — 0 are identical to those of the DDIM in Eq. (6.27). In
other words, at criticality and at long wavelengths and frequencies this short-ranged model obeys
the FDR*. The latter can be extended to the bosonic operators ag and af{ too. Taking the linear

combination of the FDR* for the two quadratures, we find

1 1
X s =~ @(l)(?tc Tt Xflka—k = _®(t)alc i

aax 2Teff a'ay 2Teff axa (664)

These relations can be explicitly verified by plugging in Eq. (6.63) with the effective temperature
identified as Teg = J. Interestingly, the set of operators on the two sides of these FDR-like equations
are different, namely the first operator (appearing at the earlier time) transforms into its adjoint
between the two sides of these equations.

The above equation suggests a more general form of the FDR* also applicable to non-Hermitian

operators,

Xo,01(1) = 5=—0(1)3:Co,0; , (6.65)

2T

where the O;’s are not necessarily Hermitian. The transpose T arises due to the combined action
of taking the adjoint as well as conjugation due to the time-reversal transformation. This equation
reduces to the FDR* for Hermitian operator in Eq. (6.5), while reproducing Eq. (6.64) for non-

Hermitian (but real) bosonic operators.

6.6.3 Weakly-dissipative limit

Finally, we investigate the bosonic Green’s functions at the weakly-dissipative point; this parallels
our discussion of the weakly-dissipative DDIM in Section 6.4.3. Again we must be careful in
taking the order of limits. We shall first Fourier transform Eq. (6.62) to the time domain, send
A — 2J, and then take the long-wavelength limit k — 0 in which case we have Ji ~ J(1 — k?/2d)

and T, (Jx) ~ i4V2J|k|/d. Finally, we take the weakly-dissipative limit " — 0 and report only the
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critical contribution at long wavelengths:

2d? 2V2J
G (1, K) ~ —i—cos ( V2 |k|) (6.66a)

k2
2V2d .(2\/_J
K|

(t k) ~ -0(t) K|z (6.66b)

for &, B € {a,a’}. Note that the dynamical exponent (z) is now different as the scaling variable
is |k|t compared to k?¢ in Eq. (6.63), i.e., we find ballistic (z = 1) rather than diffusive dynamics
(z = 2). Fluctuations diverge in the same fashion, G{fﬁ ~1/ K2, regardless of the dissipation, while
the dynamical behavior undergoes a crossover; for a similar behavior of the DDIM, see Ref. [94].
As we kept k finite while taking I' — 0, the system remains gapped. Therefore, the density matrix
commutes with the Hamiltonian, in parallel with our discussion in Section 6.4.3. The TRS is
then restored and the correlation and response functions satisfy the equilibrium FDR as one can
directly see from Eq. (6.66). If we instead take k — 0 before sending I"' — 0, we find that the
cross-correlation ng(t =0,k =0) ~ 1/I" diverges even at the weakly-dissipative critical point,

while this quantity remains zero in equilibrium as it is odd under the time-reversal transformation.
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CHAPTER 7

INFORMATION AND ENTANGLEMENT

Quantum entanglement is a defining signature of quantum mechanics, characterized by a nontrivial
superposition of multi-particle states, and has been a subject of intense research for the past decades
[100]. Additionally, it has been shown to be useful as a resource for quantum computation [101-
103] and metrology [104, 105]. However, quantum entanglement is delicate as it will be spoiled by
any interaction with the environment, i.e. dissipation. The common solution is to further isolate
the system and to cool it down to lower temperatures in the hope of minimizing dissipation and
thermal fluctuations. An alternative avenue is, turning a foe to a friend, to use dissipation to our
advantage in order to create states that have rich entanglement behavior [106—110]. We follow the
second path and apply this framework to the DDIM.

In this chapter, we investigate the entanglement features of the DDIM using analytical and
numerical techniques. Despite the presence of spontaneous emission, we show that the nonequi-
librium steady state of this model hosts interesting entanglement features, especially near the Z;
symmetry breaking Ising phase transition. Specifically, we calculate three separate quantities
relevant to quantum information, namely the logarithmic negativity Exs, and the quantum Fisher
information F, and the spin squeezing parameter £. The logarithmic negativity is an entanglement
monotone [111] that is easily computable for many-body mixed states, and the quantum Fisher
information, a quantity typically used in metrology to quantify a bound on measurement precision,
can also characterize entanglement in a many-body spin state [112-116]. The spin squeezing
parameter & measures how squeezed the state is with respect to the spin operators and is connected
to the concurrence [117-119], meaning it is also an entanglement witness. We also calculate the
von Neumann entropy and mutual information, which capture both classical and quantum correla-
tions in a mixed state and provide a useful point of comparison for true entanglement measuring
quantities.

To obtain exact expressions of the entanglement measures, we utilize covariance matrix tech-
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niques [110, 120—-125] to take advantage of the Gaussian nature of fluctuations in the nonequilibrium
steady state. These methods allow us access to the aforementioned quantities in the thermody-
namic limit. We find that the von Neumann entropy is finite in the normal phase except at the phase
boundary where it diverges logarithmically with the system size. It then transitions to volume law
behaviour in the ordered phase. This transition to volume law is distinct from the area-to-volume
law transition in measurement-induced phase transitions [126, 127], and is due to the infinite-range
interactions in the system. The logarithmic negativity is finite everywhere in the phase diagram and
peaks at the phase boundary where it takes the value Ex = 1/2. For the quantum Fisher informa-
tion densities f, = F(S,)/N of the collective spin operators S,, with @ € {x, y, z} and F(S,) the
corresponding quantum Fisher information, we find that they are all bounded from above by f, < 2
everywhere in the normal phase. This bound is uniquely saturated at the critical point, where the
direction of the spin operator that yields the optimal density fop is dictated by the direction of the
gapless mode that characterizes the critical properties of the phase transition [128]. In addition,
a density greater than unity indicates that the state is at least 2-particle entangled. The mode
orthogonal to the gapless mode, i.e. the gapped mode, corresponds to the direction that is most
squeezed, and this mode achieves a squeezing value of exactly & = 1/2 at the phase boundary, with
¢ the squeezing parameter. In line with the other entanglement quantities, the squeezing parameter

reaches its minimum at the phase boundary.

7.1 Covariance Matrix Method

The DDIM cannot be solely characterized by the mean-field solution in Eq. (3.7), as there
are quantum and statistical fluctuations on top of the expectation values of observables that are
neglected by a mean-field analysis. However, we can completely characterize fluctuations via
two-point correlations. We have shown in Ch. 3 that the Liouvillian in Eq. (3.5) may be mapped
exactly to a classical action, consisting of a pair of real Hubbard-Stratonovich fields m.,m, [94],
whose exact form is given by Eq. (3.16). This action may be expanded in powers of the fields,

and is shown to be exactly quadratic with higher order corrections of O(1/N); see Eq. (3.30).
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Furthermore, the fields m. and m, are directly related to fluctuations of Sy, as discussed in Sec.
3.3.1. Fluctuations of the operators S, and S, can be determined by introducing source fields to the
path integral, and this too can be shown to be quadratic in the thermodynamic limit, see Appendix
7.A. We can therefore take the DDIM to be exactly quadratic in the thermodynamic limit. This
result directly implies that the steady state of the model is a Gaussian state, as it is completely
characterized by two-point correlation functions.

A Gaussian state can be fully parameterized by a displacement vector d plus a covariance matrix

dl' = Tr(prl-) s (71)
gij = Tr(p{Ar,-, Arj}) , (72)

where p is the steady state density matrix, r = (xy, X2, ..., P1, P2, ...)T is the vector of position and
momentum operators, and Ar = r — d. The curly brackets denote the anti-commutator. We will
calculate each entanglement measure using the covariance matrix and its symplectic eigenvalues

[120-125]. The symplectic eigenvalues are defined as the eigenvalues of iQo-, where

0 I
Q- (_1 0) , (1.3)

with 7 the identity matrix, encodes the canonical commutation relations of the position and momenta
operators

[l"i, I’j] = iQij . (74)

The eigenvalues always come in pairs +v; and are bounded from below by 1. In the following
subsections, we discuss how the covariance matrix formalism applies to the driven-dissipative

Ising model in the normal and ordered phases.

7.1.1 Normal Phase

A key observation is that in the normal phase, the total spin is polarized in the negative z-direction

with negligible fluctuations. This means that we can readily make the approximation [S,, S,] =
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2iS, — [Sy,Sy] = —2iN, and then rescale the spin operators, x = S./V2N,p = —Sy/\/ﬁ,
such that we retrieve the canonical commutation relations [x, p] = i. This identification gives a
single pair of position and conjugate momentum operators, meaning we simply have a single mode
covariance matrix with r = (x, p).

The correlation functions for the steady state of Eq. (??) in the normal phase have been computed
in a previous work [128]. They were derived using an exact mapping to a Keldysh path integral.
However, we omit the technical details as they are outside the scope of this paper; we only require

the correlation functions here. The exact analytical expressions for the correlation functions of x

and p are
16JA
0-11:1+F2—F§’ (7.5)
4JT
0'12=0'21=—F2_Fg, (7.6)
3 16J(2J — A)
09 = 1+TT§ (7.7)

Desired quantities can be calculated using the covariance matrix representation of the density
matrix. On the other hand, the logarithmic negativity and mutual information require that that we
split the system in two and have correlation functions between the two halves. In this case, our

covariance matrix, now denoted as 48 for two subsystems A and B, becomes a 4 X 4 matrix as

A _ [X K
ot = (K pl> (7.8)
with the block matrices
8JA (1 1
8J(27 - A) (1 1
2JT (1 1

For a derivation of these quantities, see Appendix A. We emphasize that these exact expressions

are only valid in the normal phase.
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7.1.2 Ordered Phase

The covariance matrix techniques discussed in the previous subsection apply only to systems that
can be described by bosonic modes. In the normal phase, the DDIM satisfies this condition as the
total spin is fully polarized in the z-direction, and excitations of the spin can be seen as excitations
of a bosonic mode (akin to a Holstein-Primakoft transformation) [14, 28]. However, this picture
no longer applies in the ordered phase. While we can always rotate our spin variables such that
the spin is pointing along the z-direction, there is a technical problem: generically, there will be
non-negligible fluctuations along all spin directions, implying that the Holstein-Primakoff picture is
no longer valid. In contrast, in the normal phase (S %) /N ~ 0, allowing us to make the replacement
S, ~ —N in the commutation relation that defines the quadratures of the bosonic mode. In light of
this discussion, we utilize quantum trajectory simulations, introduced in Sec. 4.2, to numerically

calculate the desired entanglement measures in the ordered phase.

7.2 Entropy and Information Measures

The von Neumann entropy,

Sw(p) = -Tr(plogp), (7.12)

the quantum equivalent of the Shannon entropy, is a useful measure of correlations in a quantum
system. However, it is not generally a good indicator of “quantum correlation", i.e. entanglement, in
the system. It can predict nontrivial behaviour, especially at criticality, and is useful for comparison
with other quantities. In this section, we analytically calculate the von Neumann entropy Syn both
in the normal and ordered phases, and use exact numerical solutions to supplement our findings at
the critical point as well as the ordered phase. We then supplement these results by calculating the
mutual information.

The von Neumann entropy in the normal phase can be calculated purely in terms of the
symplectic eigenvalues of the covariance matrix, as the mean-field contribution to the entropy is

zero because the mean-field state is pure in the normal phase. In general, it has been previously
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shown that Syn for a Gaussian state can be expressed as [122]

v+1 y+1 y—1 y—1
SVN(P):TIOg( > )— 2 10g( > ) (7.13)

where v is the symplectic eigenvalue of o. Equipped with the covariance matrix, given by Eq.

(7.5), we find
16J2

v=41+ .
r2-rz

(7.14)

This eigenvalue satisfies v > 1 in the normal phase I' > I'.. In addition, setting J = 0 we find
v = 1, which means the state is pure [122]. Indeed, if there is no interaction then the steady
state is a pure state with all spins pointing down. Plugging this into Eq. (7.13), we find the von
Neumann entropy everywhere in the normal phase. From the form of the symplectic eigenvalue,
we can see that the von Neumann entropy diverges at I' = I, signifying the onset of criticality.
This is expected as fluctuations also diverge at the critical point [98]. This phase transition was
shown to be in the same university class as the finite-temperature transverse-field Ising model [98],
where the transtion is dominated by classical thermal fluctuations. Thus, we expect Syn to diverge
as it captures classical correlations as well. In addition, near the critical point, the von Neumann
entropy diverges as Sy ~ —% logy, where y = I' — I'.. Taking advantage of the finite-size scaling
analysis previously performed in [94, 98], we have the scaling behavior y ~ 1/VN at the critical

point, which tells us that

1
SvN ~ 1 logN . (7.15)

The coeflicient of the logarithm is 1/4, distinct from the zero-temperature equilibrium value of
1/6 [129] and the volume law at finite-temperature. The mutual information, however, is the same
(~ %log N) as that of the Ising model at finite temperature [130]. This simply follows from the
split-system covariance matrix in Eq. (7.8).

To complement the von Neumann entropy, we can also calculate the purity of the state u =

Tr(p?). In terms of the covariance matrix, the purity is given by

(7.16)



Conveniently, the symplectic eigenvalue of a single-mode covariance matrix is directly related to

2

the determinant of the matrix, Det o = v, meaning that

1
f=-. (7.17)
4

From this expression, it is clear that the purity contribution from the part of the density matrix
describing Gaussian fluctuations is zero at the critical point where the classical fluctuations diverge.
However, the mean-field part of the density matrix remains pure.

We cannot perform the same procedure in the ordered phase, as discussed in Sec. 7.1.2.
However, a simple analysis shows that the entropy is dominated by the mean-field contribution

which is O(N), i.e. volume law. This is easily seen through

SW(pEE) = N Sy (pmE) (7.18)

which is proportional to N. While the entropy does transition from “area law” (S,y ~ O(1))
in the normal phase to volume law in the ordered phase, this is distinct from the entanglement
phase transitions studied recently which identify this transition at the level of individual quantum
trajectories as opposed to the density matrix [126, 127, 131, 132]. We believe that, the volume
law observed here is due to the infinite-range interactions. Furthermore, the steady state becomes

increasingly mixed in the ordered phase. The mean-field prediction of the purity is u(pmr) =

%(1 +5%) < 1, withs = S/N = \/(Sx>2 +(Sy)? + (S;)?/N. Inserting the steady state solutions of
the mean-field equations from Eq. (3.7), we find

2I2(T2 —T2) + 16AT2 + 512JA% (2] + A)
2048J2A2 '

u(PMF) = (7.19)

In the ordered phase, u(omr) < 1 such that the mean-field solution predicts a mixed steady state.
The purity reaches its minimum, g = 1/2, when I', A — 0.

Another interesting quantity is the mutual information [126, 130, 133],

Isp = SyN.A + SWNB — SyN.AB (7.20)

which captures the total correlations between two subsystems A and B. This quantity has been

used as a signal for phase transitions at finite temperature [126, 130, 133]. We can calculate it
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analytically in the normal phase by using Eq. (7.8), in combination with Eq. (7.13). To obtain the

subsystem entropy, we construct the subsystem covariance matrices from Eq. (7.8),

A B

o =0 :( (7.21)

Xu Kn
Ku Pu)’
where the matrix elements are given by Eq. (7.9). The two matrices are equal due to the permutation
symmetry of the model, and the fact that we have split the system in half.

We can now determine the symplectic eigenvalues of these covariance matrices,

2
vA=yB= 1+ 12J .
r2-12

(7.22)

These eigenvalues, as expected, are rather similar to the symplectic eigenvalue of the total system
covariance matrix v given by Eq. (7.14). Plugging these eigenvalues into Eqgs. (7.13) and (7.20), we
find the mutual information for the driven-dissipative Ising model in the normal phase. Similar to
the von Neumann entropy, the mutual information diverges logarithmically at the phase boundary

as Iup ~ % log y. Therefore, it also grows logarithmically with the system size,
1
IAB ~ Z logN , (723)

with the same coefficient as the von Neumann entropy.

In Fig. 7.2.1, we see that the mutual information does not grow with the system size in the
normal phase, where I' > I'. = 4. As predicted in Eq. (7.23), it grows logarithmically at the phase
boundary (see the inset). The discrepancy in the numerically predicted coefficient ~ 0.36log N
from the theoretically predicted value of %logN is due to finite-size effects, as well as the total
evolution time growing as VN at the critical point [94]. Specifically, it is difficult to numerically
access the late times necessary to guarantee we are in the steady state, in addition to the fact that the
memory cost of storing the density matrix over longer time-scales and larger system sizes grows
to be prohibitive. Taking these details into account, we performed these simulations with a time
step of 6t = .001 over 2000 trajectories, and we averaged over the last 100 time steps, skipping
every 5, of the mutual information dynamics. At the critical point, the total evolution time was

tr = 10T~ 'V to account for the finite-size scaling of the critical dynamics.
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Figure 7.2.1 The mutual information as a function of I" for various system sizes, with J = 1,A = 1.
At the critical point, /4p gorws logarithmically with the system size as shown in the inset. In the
ordered phase, the mutual information surprisingly further grows with system size. This could be
due to the permutation symmetry of the model; see the text for further explanation.

In the ordered phase we rely on numerics to calculate the mutual information, where now
the total evolution time is 7y = 10I"~'log N. Figure 7.2.1 indicates that the mutual information
grows with the system size inside the ordered phase where I' < I'. = 4. This is at odds with the
conventional wisdom that the mutual information peaks at the critical point. We speculate that this
follows from the contribution of different total angular momentum sectors. In general, an Ising
phase transition would contribute an additional constant of log 2 to the mutual information at any
finite system size. However, the permutation of the symmetry of the model leads to a mixture
of different total angular momentum sectors in the density matrix [41, 42], and each sector may

contribute to the ordering, hence the nontrivial behavior of the mutual information.

7.3 Entanglement Measures

In this section, we investigate three prominent measures of quantum entanglement: logarithmic
negativity, quantum Fisher information, and spin squeezing. Each of these quantities characterizes
a particular aspect of the entanglement features of the system. Using numerical simulation, and

theoretical techniques established in [98, 128] and supplemented in Appendices A and B, we
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Figure 7.3.1 (a) Logarithmic negativity as a function of I' with J = 1, A = 1. We see that Ex
peaks near the phase boundary at I'; = 4, close to the predicted value of Ex = 1/2. The
logarithmic negativity appears to increase with system size at small I', as quantum trajectories
require long evolution times (~ 1/I") that are not accessible in this regime. (b) A plot of Ex vs. A
atJ = 1,T" = 1. The peak occurs near A, = 1.97, and is near the predicted value of Ex = 1/2. The
growing negativity at small A could be an artifact of quantum trajectories; see the text.

calculate each of these quantities throughout the phase diagram.

7.3.1 Logarithmic Negativity

To better understand the nature of quantum correlations, or entanglement, in the nonequilibrium

steady state, we may consider the logarithmic negativity [111, 134]
En =1ogTr(|p" 1), (7.24)

where Tp denotes the partial transpose of a subsystem B, and | e |; signifies the trace norm. The
partial transpose only affects the coherences of the density matrix, which could violate its positivity
and lead to negative eigenvalues. The logarithmic negativity then captures the degree to which
positivity is violated due to the entanglement of A and B subsystems. This quantity can also be
used to detect phase transitions and critical phenomena in many-body systems [135, 136] when
they are driven by quantum fluctuations.

Equation (7.24) is useful when one has access to the full density matrix and can compute its

singular values; however, we can also calculate this quantity for Guassian states using the covariance
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matrix formalism. This requires that the system be split into subsystems, meaning we will use Eq.
(7.8) where we have split the system in half. In terms of the symplectic eigenvalues of the covariance

matrix, the logarithmic negativity can be computed as [122, 135]

En=- Z log, (min(#;, 1)) , (7.25)

where ¥;s are the symplectic eigenvalues upon partial transposition of the density matrix, which is
equivalent to sending pp — —pp in the covariance matrix [122, 135]. The violation of positivity
in the density matrix is equivalent to the violation of the bound v > 1. Computing these new

symplectic eigenvalues, we find only one that satisfies v < 1,

(7.26)

V=

\/1 4J(4J — T2+ 16(J — A)?)
I TING YN S

Plugging this into Eq. (7.25), we find that Ex is indeed finite throughout the normal phase.
Taking the limit [ — T, the symplectic eigenvalue approaches # — 1/V2 which leads to
Exn = log, V2 = 1/2. Therefore, the logarithmic negativity does not diverge. This indicates that
while quantum correlations do not govern the phase transition, they are still present; this should
be contrasted with divergent quantum fluctuations of the Hamiltonian system at zero temperature
[135]. Our results show that, despite being a mean-field model, the DDIM nonequilibrium steady
state is an entangled many-body state.

In the ordered phase we rely numerics to calculate the logarithmic negativity. In Fig. 7.3.1, we
first see that the peak in the negativity is slightly shifted from the critical point at I' = 4, due to
finite-size effects. Furthermore, the numerics show that the peak at the phase boundary is close to
the theoretically predicted value in the thermodynamic limit of En = 1/2. Despite the fact that
the steady state becomes increasingly mixed, we still have a finite logarithmic negativity and the
system appears to be entangled at finite system sizes. From Fig. 7.3.1(a) it might appear that the
logarithmic negativity grows with system size when I' < J, however, this is merely an effect of
the quantum trajectories simulation. Small I" necessitates longer evolution times and storage of
a longer density matrix history, which become inaccessible in this regime. Similar to the mutual

information simulations, we evolved 2000 trajectories for a total time of 7 = 10I""'log N in the

123



ordered phase, with time step size ¢ = .001. To calculate the logarithmic negativity, we averaged
over the last 100 time steps of the dynamics while skipping every 5 time steps. Furthermore, the
logarithmic negativity in Fig. 7.3.1(b) grows as we approach the other side of the phase boundary
near A = 0. While a peak near the boundary is expected, the large growth with the system size is
not, and is likely an artifact of quantum trajectories for A <« J. Indeed, the model at A = 0 does not
support correlations spreading in the system [47], while the non-Hermitian Hamiltonian employed
in quantum trajectories becomes a complex-valued transverse-field Ising model and leads to the
propagation of correlations; this is an artifact of quantum trajectories where the jump terms and
the non-Hermitian Hamiltonian are treated on different footings. Convergence may require a very

large number of quantum trajectories that is not accessible in our numerics.

7.3.2 Quantum Fisher Information

The quantum Fisher information F, although typically used in quantum metrology, is a useful
measure of entanglement in spin systems [112—-116]. This quantity bounds the precision one
can attain when performing a phase estimation measurement corresponding to the transformation
U = exp(i80) with the phase 6 and operator O. To saturate this bound the system needs to be
entangled [105, 112-116]. For a spin system, it has been shown that the quantum Fisher information
density of a total spin operator Sy, = % 2 - o (where o; = (07, 0' O'Z)T) pointed along the unit
vector n = (ny,ny,n;), can indicate whether or not a state is k-partical entangled [112-116].

Specifically, a state of N spin—— particles is at least (m + 1)-partite entangled if

§:f>m, (7.27)

for m a divisor of N. This bound provides a direct way to determine the presence of entanglement
from the quantum Fisher information density.
The quantum Fisher information of a density matrix p with respect to the transformation

generator O is defined as

J)

F(p,0) = 22 Q1o 1) P, (7.28)
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Figure 7.3.2 Numerical density plots of the quantum Fisher information density measured with
respect to Sy/2 and S, /2; we have set J = 1. (a) The quantity f; is maximal in the A — 2,I" — 0
limit, where the theoretically predicted value is f, = 2. (b) We see that f, approaches its
theoretically predicted maximum value of f, =2 when A — 0,I" — 0. In both cases, the quantum
Fisher information is vanishing in a corner of the ordered phase as A,I" — 0.
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which is useful for numerical computations where the eigenvalues A; and eigenvectors |i) of
the density matrix are accesible. However, these quantities are difficult to obtain analytically.
Conveniently, for Gaussian states there exists an analytical form of the quantum Fisher information
in terms of the covariance matrix and the displacement vector [125]. For a generator of the

transformation that is a collective spin operator in the x-y plane, we can write the unitary in the

form
U(f) = ™ 2O (7.29)
where y(60) = \/gﬁ(ny,nx); we recall that %Sx = +/N/2x, %Sy = —+/N/2p,and r = (x, p). The

factor of 1/2 in front of the collective operators is introduced so that the spin operators have a

spectrum of unit width. The above unitary transformation merely shifts the displacement vector,
d@) =d+y(6). (7.30)

For a transformation of this type, linear in the canonical operators, F' was shown to be given by
[125]
F=y"(0)0"7(0). (7.31)
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Figure 7.3.3 Numerical density plots of the quantum Fisher information measured with respect to
S, /2 and the optimal quantum Fisher information, with J/ = 1. (a) f; is only finite in the ordered
phase where the collective spin is no longer fully polarized along the z direction, allowing for
nontrivial fluctuations in S,. (b) The optimal Fisher information density finds a maximal value of
Jopt = 2 along the phase boundary. Deviations from this exact value along the phase boundary are
due to finite-size effects and the uncertainties involving quantum trajectories. The optical Fisher
information too is vanishing in the ordered phase near A,I" — 0.

where the dot denotes a derivative with respect to 6. For the transformation operators %S « and %Sy,
we have n, = 0 and ny = 0 respectively. Plugging Eq. (7.5) into Eq. (7.31), we find for these two

limits the quantum Fisher information densities

T2 —16A(J - A)
I=T 16(J - A2’ (7.32)
foole 16J(J — A) 733)

[24+16(J —A)?’
which are valid throughout the normal phase. Interestingly, each of these quantities is bounded
from above by f,, fy < 2. In fact, f; + f, = 2 is an exact relation, even at the phase boundary.
Furthermore, through the bound given by Eq. (7.27), we can conclude that the system is at least
bipartite entangled, hence our mean-field type model hosts a nontrivial many-body entanglement.
The quantum Fisher information density along the z-direction is zero in the thermodynamic limit in
the normal phase, as the collective spin is fully polarized in this direction so there are no fluctuations
along z.

These results suggest that there is an optimal direction n with which to calculate F'. This optimal

126



direction can be determined by solving for the n,, n, that maximizes F, which are found to be

20 -8 (7.34)
\/r2 + 16(] A2’

(7.35)

'\<

\/4(r2 +16(J — A)?2)n:2
These coefficients are properly normalized, and there is also a solution with the unit vector pointing
in the opposite direction. Plugging this into Eq. (7.31), we find the optimal quantum Fisher

information density one can achieve in the normal phase,

4
/ VT2 +16(J — A)2 (7:39)

From the above equation we see that 1 < f* < 2 throughout the normal phase. In fact, it only
saturates the upper bound at the phase transition. These bounds show that the steady state is at
least 2-partite entangled throughout most of the normal phase [112-116]. At criticality the optimal
direction coincides exactly with the “gapless mode" of the system (i.e. the critical mode), which are
given by ny = (VA, =V2J — A)/V2J, as shown in a previous work by some of the authors [128].
The quantum Fisher information density in this case is fs = 2 along the entire phase boundary.
Along the “gapped" direction, n; = (V2J = A, VA)/V2J, we instead have fz = 0. These results are
intuitive as the quantum Fisher information is sensitive to fluctuations, a useful feature for quantum
metrology [104, 105]; it is precisely the gapless mode that exhibits the largest (in fact, divergent)
fluctuations criticality. On the other hand, the gapped mode has negligible fluctuations, which
leads to its zero quantum Fisher information density. An alternative interpretation is that the steady
state density matrix is a squeezed state, where the gapped mode is completely squeezed as we shall
discuss in the next section.

Interestingly, previous work [113] has shown that a saturation of the bound in Eq. (7.27) implies
that the state is a m-particle GHZ state. In the steady state discussed here, the optimal quantum
Fisher information saturates this bound at the phase boundary with m = 2, implying that the steady
state at criticality is a 2-particle GHZ state. However, we know that this cannot be the case as

a product of 2-particle GHZ states is not permutation symmetric. Instead, it is possible that the
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state is a mixture of all permutations of 2-particle GHZ states such that the steady state respects
the permutation symmetry of the model, but this requires further investigation. Our results are
particularly interesting for metrological or entanglement studies of critical systems in the future,
where the role of gapless and gapped modes can be further elucidated.

To investigate the ordered phase, we once again employ numerics. The quantum trajectory
simulations were evolved for a total time 77 = 10I"~! with time step 67 = .1 and 1000 trajectories.
For each data point, the quantum Fisher information density was averaged over the last ten time steps
of the dynamics. As shown in Fig. 7.3.3(a) we have that f, becomes finite in the ordered phase, as
the spin is no longer fully polarized in the z-direction which introduces fluctuations in S;. However,

all four begin to deplete as I', A — 0 where the state becomes increasingly mixed. This mixture is

easily seen by the fact that u(omr) = 3(1+5?) < 1, with s = S/N = \/(Sx>2 +(Sy)? + (S;)?/N.
From Eq. (7.28), it is clear that the quantum Fisher information density vanishes for completely
mixed states, so it is reasonable to expect that states sufficiently close to being completely mixed

would have small quantum Fisher information density.

7.3.3 Spin Squeezing

Squeezed states are extensively studied in the field of metrology as they are useful for surpassing the
quantum limit in high-precision measurements [117—119]. They are states in which the variance of
one or more quadratures is less than that of states with symmetric quadrature variances. An example
of such symmetric states are the coherent states. Squeezing of spin operators is characterized by

the squeezing parameter
min(AS Szi) 37
=— (1.37)
where AO? = (0?) — (0)? is the variance of operator O, and s, defines an axis perpendicular to the
direction s of the mean total spin. The minimization is performed over all directions perpendicular
tos. We take this definition such that & < 1 for a squeezed state and & = 1 for a coherent spin state.

The squeezing parameter, &, is related to the quantum Fisher information as they both depend on the

fluctuations in the system and can indicate the presence of entanglement [117, 119]. Furthermore,
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Figure 7.3.4 (a) A schematic diagram depicting the direction of the gapless (ny) and gapped (n,)
modes with respect to those defined by S, and . The vectors are shown pointing in both
directions as they can be defined up to an overall sign. (b) The depiction of the gapless mode
along the phase boundary. The corresponding vector ny rotates from vertical to horizontal as the
phase boundary is traversed from left to right.

the squeezing parameter is directly related to the concurrence, and if & < 1 then the state is not
only squeezed, but it also entangled [119].

Using the formalism described in Appendix 7.B, we are able to calculate the correlations for
all of the quadratures throughout the entire phase diagram analytically. We always take s to be
pointing along the z-direction, hence, we can write the perpendicular spin as S, = S-s, =
cos(¢)S, +sin(¢p)S y and minimize Eq. (7.37) with respect to ¢. The tilde indicates that they are in
the rotated frame such that S, = S, with S the mean total spin.

In the normal phase the covariance matrix in Eq. (7.5) already provides us with the necessary

ingredients to write Eq. (7.37) as
& = ming (o1 sin® ¢ + 07 cos® ¢ — 20715 cos ¢ sin @) . (7.38)

We have used the fact that §x,y = =S, in the normal phase, and identified x = S,/ V2N and
p = —Sy/V2N. Recall that the covariance matrix elements are defined as o, = ({x,x}) = (S2/N)
and similarly for 0»,. The cross correlation takes the form o2 = ({x,p}) = —=({Sx, Sy})/2N,
hence, the multiplicative factor of —2 in the last term of Eq. (7.38). At the phase boundary, we
solve for ¢ that minimizes the above expression and find the unit vector s’ = (\/Z, M) / V2J,
which exactly coincides with the direction of the gapped mode n; = (V2J = A, VA)/V2J in the
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Figure 7.3.5 Squeezing parameter & over the phase space in the phase diagram; we have set J = 1.
The steady state is most squeezed along the phase boundary, where the fluctuations of the gapless
mode diverge while the gapped mode is squeezed. In the corner region within the ordered phase,
the steady state is not squeezed as it becomes increasingly mixed.

original frame. Interestingly, we find that all along the phase boundary & = 1/2 exactly.

In the ordered phase, we cannot find analytical expressions for the correlation functions, but
we can numerically evaluate the formal expressions we obtained in Appendix 7.B. With this, we
produce a density plot throughout the phase diagram in Fig. 7.3.5. From this figure, it is clear that
the nonequilibrium steady state is most squeezed at the phase boundary. Furthermore, the steady
state transitions to being not squeezed (£ > 1) deep inside the ordered phase where A,I' < J = 1.
As discussed in Sec. 7.3.2, this is the region where the state becomes increasingly mixed. These
results enforce the conclusions in the previous sections that fluctuations are particularly suppressed

in this region of the ordered phase.

130



APPENDIX

7.A Split system covariance matrix

In this appendix we show how to obtain Eq. (7.8), starting from the exact field theoretical
description of Eq. (3.5) as derived in Sec. 3.4. Using an exact quantum-to-classical mapping, the
non-equilibrium partition function of the steady state Z = lim,_,o, Tr(exp(tL)[po]) can be mapped

to a path integral over a pair of real fields m., mg,
- / Dme, m,]eSmemal (7.39)
The action S is given by
S=-2JN / me(t)my(t) — iN In Tr| T eh Tmera ) | (7.40)
t

where m., the “classical" field, captures the order parameter, and m, the “quantum” field, is related
to quantum fluctuations and noise.

Connected correlation functions can be obtained by introducing source fields 4; coupled to the
desired observables to Eq. (3.5) [4, 13, 98]. After integration of the fields m,, m,, one obtains the
generating functional W[{h;}] = iIn Z which is given in terms of the desired Green’s functions.
We wish to obtain correlation functions for Sy and S, within the same subsystem and between two
different subsystems. Therefore, we define S, 4 = Zf.i/ 2 0" to be the collective spin operator for one
half of the system, while S, p = Z].\i ZN/241 o for the other half. We introduce source fields h®/D =
(a("/l) (”/l) ,8("/1) (”/l)) coupled to the operators S®“/!) = (S(”/l) S)(C”Iél), —S;”:), —S("/l))/\/ﬁ,
where u /I denote if the operator is acting to the left or the right of the density matrix in Eq. (3.5). This
modifies the vectorized Louvillian L (found through the transformation Ae B — A®@BT = A BT

for operators A, B) by
L' =L+ih®™ .8 —jh® .80 (7.41)

Following the mapping to the path integral, this modifies the action in the following way,

N N
S=_2JN / me(t)mq (1) =7 InTr f/"e/zTA('"c/qU))] —iEInTr[‘Te/rTB(mc/q(t)) L (742
t
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where
Ta=T+ih( s —in{ s, (743)

and similarly for Tp. The vectors with subsystem subscripts only contain fields/operators from that
subsytem, and we have also defined the single spin vectors sl(:/ l? = (O'j;(/l;/ b, ngy‘%/l))/ VN.

We can now expand Eq. (7.42) to second order in fluctuations around m.;, = 0,h.;, = 0, where
we have performed the Keldysh rotation on the source fields h./, = (h® + h)//2. This yields
an action of the form

S® = % [ , Vi) P(t -1 (1), (7.44)

where

V= (mc’ Mg, @c,A, Xg,A, Xc,B, Xy,B, ﬁC,A’ ,Bq,A’ ﬁC,B’ ﬁq,B) s

(in an abuse of notation we denote the fluctuations with the original field labels), and the kernel P

is a block matrix:

Pm Af\n,a' pm,a IA}’?\l,ﬁ pm,ﬁ
. Pia/,m ch 9 ﬂPm,ﬁ 9
P=|Pyw O P, 0  £Pugl- (7.45)
. LA N
Pom HPon 0 P 0
Pg 0 37 Pp.m 0 P,
Each of the submatrices has the typical Keldysh structure,
A 0o P4
The list of elements in the time domain are
PR () = =275(1) + ©(F1) (8% sin 2411))) | (7.47)
PE(1) = i87% 2 cos (2Al1]) , (7.48)
P = o (P (0 +275()) (7.49)
1
K, _ K
Po (1) = o5 Pm(). (7.50)
PA/R (1) = 70(1) (2Je—5'f| cos (2A|t|)) , (7.51)
PK (61) = sgn(1) (—izfe—5|‘5’| sin (2A|6t|)) , (7.52)
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and the submatrices obey the following relations,

[Pn]"(—1) = Ppu(), [Po]"(=1) = Po(t), (7.53)
Po(t)=2JP,, P,o(t)=P,.(1), (7.54)
[Ppm]" (=t) = Pop(t). (7.55)

The final step is to integrate out the fields m./, such that we are left with the generating
functional. This integration is easily done in the frequency domain using functional Gaussian

integration rules [13], which leads to a generating functional of the form

1 A A A
Wh] =3 / (b}, Gxx(w)hy, +h} Gy (w)hg, +2h] G\ (w)hg,)
w (7.56)

+2 /w (hT GA2 (@), + 1] GAB(w)hg, + BT GAB(w)hg,) + ..
where we have suppressed the frequency dependence of the fields for compactness, h,, =
(ac,a,ag.4) (similarly for the other fields), and the ... signify the rest of the terms which can

be found by swapping A — B. The Green’s functions have a Keldysh structure,

G, ={ % G 7.57
IJ_G;!} Gé’ (71.57)

where GS. is the retarded response function, and the Keldysh Green’s function G{j(t) = Cj(t) =
({00;(1),60,(0)}) is the connected correlation function for operators O, i.e. the quantity of

interest. In terms of the submatrices given in Eq. (7.45), we have

Grx = Pom(w) P, () Py o(w) = Po(w) (7.58)
Gpp = Ppm(w) P, (@) P p(w) = Po(w) (7.59)
Grp = Pgn(w) P, (0) Py p(w) = 2P o (w) (7.60)
GaB = Py (w) Py () Prya(0) (7.61)
Gl = Ppw(w) P (w) Py p(w) (7.62)
GLY = Pom(w) Py (@) P p(w) . (7.63)

Taking only the Keldysh Green’s function from each of these matrices, and integrating them over

the frequency domain to obtain the correlation function at equal times, we retrieve the expressions
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for the split-system covariance matrix as shown in Eq. (7.8). The identification between these

results and the covariance matrix elements are

Cxx CAB) ( Cxp CAB) ( Cpp CAB)
X = ], K= ¥, P= pp . (7.64)
( C)?pB CXP C;/};? CPP

We have used the fact that these correlation functions are symmetric under swap of x and p.

7.B  Ordered phase calculations

Calculating the covariance matrix in the ordered phase, entire or split system, is mostly identical to
how it was done in Appendix A. The main differences are how the matrix elements in Eq. (7.47)
are calculated, and the introduction of a source for S, as there are now relevant fluctuations in the
z-direction. In addition, we will rotate the total spin operator such that it points along the z-direction
in the new reference frame. This is to ensure that the S,/V2S and §y /28 (in an abuse of notation
we set S = |S]) in the new frame satisfy the canonical commutation relations, as discussed in Sec.
7.1.2. Here we will show how to perform the calculation without splitting the system in half.

We begin by inserting the source field h®/D = (a®/D, g/l 5/} which couples to the spin
vector (/D = (s/1) iSfV"/l), SW/Dy /y/N. This modifies the matrix T in Eq. (7.40),

T =T +ih™ . g¢@ —ih® . g0 (7.65)

where the individual spin vector is /1) = (WD) +g¥W/l) 2@/Dy/A[N. The expansion of the

exact action is now performed around the saddle-point solution, m. = m = V32JA — 16A%2 — T2 /4J,
mg = 0,h./, = 0, where we have performed the Keldysh rotation on the source fields h./, =

(h™ + h")/v2. Defining the matrices T, =0,T, withu € {m,a,B,v},i € {c, q}, we have that

82 log Tr(Teh ™) , . , T
S. :® r—t I T ; mTy~ sS @ -t I TVA mT . ss
5110 ()3 () lsp.= O = 1) (I Ty, Ty |pss)) +O(" = 1) (| Ty € Ty, |pss)) 7.66)

— (I Ty lpss)) KT Ty, |pss))
where we have evaluated the left-hand side at the saddle-point solution. We have used the fact
that T is a vectorized single-spin Liouvillian and has a steady state given by the vectors ((| and

|pss)). These are the left and right eigenvectors of T,, = T|; , respectively and satisfy T, |pss)) = 0
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(and similarly for ((I|). We have also used the fact that Tr(e®"») = 1. The retarded elements
of the expansion correspond to when i = ¢, j = ¢ and the Keldysh elements correspond to when

i = q,j = q. Therefore we have generally
PR, (1) = =2J8(1)6,mOy.m = iNO() ((I| Ty, "™ Ty, |ps)) (7.67)

PR, (1) = —iNO(t) ({I| Ty, e Ty, |pss)) — iNO(=1) ((I| Ty, e Ty, |pss)) - (7.68)

The fact that m is finite makes further expansion of the trace-log in Eq. (??) difficult analytically

[98]. To simplify this expression, we can rewrite the generator as

3
e = ) ({1 + D ™ AR (A (7.69)
k=1

where each of the eigenvalues Ay are either real or come in complex conjugate pairs with Re(4;) < 0.

We then Fourier transform the result, using the definition ¢(t) = zl—ﬂ f dwe ! ¢(w) for any field

¢(t). We find
3
1
R _ .
PR (0) = 208, m6ym + zN; Dﬂ,,(k)/l—k - (7.70)
3 1 1
Pk =iN Y D,,(ky——+D,,(k , 7.71
(@) = i ; (B =i+ Do (K (7.71)
where we have defined the coefficients
Dy (k) = (I Ty, 1A0)) (CAFI Ty, |pss)) (7.72)
Dy (k) = (I Ty 1)) (AL Ty, Lpss)) (7.73)

for compactness. These are the matrix elements of the submatrices in a block matrix similar to that
of Eq. (7.45), except now there are no subsystems and we have new blocks from the y source field.

Following that procedure, we arrive at the Green’s functions in the ordered phase,
éuv = p/w(w)p;;n (w) [pvu]T(_w) - Zp/lv(w) + 6/1,vp/1/1 s (774)

where u, v € {@, 8, y} as we have eliminated the m fields. The correlation functions for Sy, ./ VN

are then all given by

Cpuy = / G (w), (7.75)
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where the Keldysh component is as defined in Eq. (7.57). The labels u, v can now be identified
with x, y, z instead of @, 3, v respectively. As mentioned before, it is difficult to obtain an analytical

expression for the correlation functions. However, one can numerically evaluate the coefficients

K

D/,,,,ljw and then integrate G,

over its w dependence to obtain a numerical value for the
correlation functions.

To obtain a representation in terms of canonical variables as we did in the normal phase, we
rotate the spin observables such that S, the rotated spin operator, points along n = S/|S|. This is

done using the transformation matrix [34]

cosfcos¢ cosfsing —siné
R(6,¢) =| —sing cos ¢ 0 , (7.76)
sinfcos¢ sinfsing cosd
which defines the new spin variables

S =R(6,9)S. (7.77)

The angles 6, ¢ that achieve the desired rotation are given by

0 =cos! (E) , ¢ = cot™! (5) , (7.78)
s Y

where X, Y, Z are the mean-field solutions defined in Eq. (3.7), and s = VX2 + Y2+ Z2. This
rotation gives the new spin operators in terms of the old ones, which means we also know what the

correlation functions of the new variables are in terms of the old ones.
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