
PHY 422/820: Classical Mechanics

Subject/Final Exam, December 2025

Formula Sheet

• Coordinate Systems

x = ρ cosφ = r sin θ cosφ , y = ρ sinφ = r sin θ sinφ , z = r cos θ

~r = x~ex + y~ey + z~ez = ρ~eρ + z~ez = r~er

~̇r = ẋ~ex + ẏ~ey + ż~ez

= ρ̇~eρ + ρ~̇eρ + ż~ez = ρ̇~eρ + ρφ̇~eφ + ż~ez

= ṙ~er + r~̇er = ṙ~er + rθ̇~eθ + r sin θ φ̇ ~eφ

~̇eα = ~ω × ~eα

dV = ρ dρ dφ dz = r2 sin θ dr dθ dφ = r2 dr dΩ

~∇ = ~ex
∂

∂x
+ ~ey

∂

∂y
+ ~ez

∂

∂z
= ~eρ

∂

∂ρ
+ ~eφ

1

ρ

∂

∂φ
+ ~ez

∂

∂z
= ~er

∂

∂r
+ ~eθ

1

r

∂

∂θ
+ ~eφ

1

r sin θ

∂

∂φ

~∇f(r) = f ′(r)
~r

r
, r = |~r| =

√
x2 + y2 + z2

• D’Alembert’s Principle

N∑
i=1

(
~F

(a)
i −mi~̈ri

)
· δ~ri = 0

• Lagrangian Dynamics

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0

S =

∫ t2

t1

dtL(q, q̇, t) , δS = 0

L̃(q, q̇, t, λ) = L(q, q̇, t) +

nc∑
α=1

λαfα(q, t)

(Dissipative)
d

dt

∂L

∂q̇i
− ∂L

∂qi
= QDi = −∂D

∂q̇i
, QDi =

N∑
i

~FDi ·
∂~ri
∂qi

• Jacobi Integral

h(q, q̇) =
n∑
i

(
q̇i
∂L

∂q̇i

)
− L

1



• Noether’s Theorem

q′i(t
′) = qi(t) + εηi(t) , t′ = t+ ετ(t) , L′ = L+ ε

dF

dt

J =
∑
i

∂L

∂q̇i
(q̇iτ − ηi)− Lτ + F = const.

• Central Forces

Veff(r) =
l2

2mr2
+ V (r) , ~A =

~p×~l
mκ

− ~r

r

φ− φ0 = ±
∫ r(φ)

r(φ0))
dr′

l

r′2
√

2m (E − Veff(r′))

r(φ) =
α

1 + ε cos(φ− φ0)
, α =

l2

mκ
, ε = | ~A|

• Rotations

~r′ = ~r cosφ+ ~n(~n · ~r)(1− cosφ) + (~n× ~r) sinφ

Rx(α) =

1 0 0
0 cosα − sinα
0 sinα cosα

 , Ry(α) =

 cosα 0 sinα
0 1 0

− sinα 0 cosα

 , Rz(α) =

cosα − sinα 0
sinα cosα 0

0 0 1



A = BCD =

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

cosφ − sinφ 0
sinφ cosφ 0

0 0 1



=

 cosφ cosψ − sinφ cos θ sinψ sinφ cosψ + cosφ cos θ sinψ sin θ sinψ
− cosφ sinψ − sinφ cos θ cosψ − sinφ sinψ + cosφ cos θ cosψ sin θ cosψ

sinφ sin θ − cosφ sin θ cos θ


• Rigid Body Motion

~R =
1

M

∫
M
dm~r =

1

M

∫
V
dV ~rρ(~r)

Iij =

∫
V
dV ρ(~r)

(
~r2δij − rirj

)
Iij = Icm

ij +M
(
~R2δij −RiRj

)
Trot =

1

2
ωT I ω , L = Iω

ω =

ωx′ωy′

ωz′

 =

φ̇ sin θ sinψ + θ̇ cosψ

φ̇ sin θ cosψ − θ̇ sinψ

φ̇ cos θ + ψ̇


(
d

dt

)
Σ

=

(
d

dt

)
Σ′

+ ~ω×

2



Aω̇x′ + (C −B)ωy′ωz′ = Nx′

Bω̇y′ + (A− C)ωz′ωx′ = Ny′

Cω̇z′ + (B −A)ωx′ωy′ = Nz′

• Small Oscillations

L =
1

2
η̇T T η̇ − 1

2
ηT V η ,

(
V − ω2T

)
ρ = 0 , det

(
V − ω2T

)
= 0

A =
(
ρ (1) · · · ρ (n)

)
, η = Aζ , ζ = ATT η , ATTA = 1(
~a,~b
)

= aT T b =
∑
kl

akTklbl

• Hamiltonian Dynamics

pj =
∂L

∂q̇j
, H(q, p, t) =

∑
k

pkq̇k(q, p, t)− L̃(q, p, t)

q̇j =
∂H

∂pj
, ṗj = −∂H

∂qj{
f, g
}

=
∑
k

(
∂f

∂qk

∂g

∂pk
− ∂g

∂qk

∂f

∂pk

)
,

df

dt
=
{
f,H

}
+
∂f

∂t{
fg, h

}
=
{
f, h
}
g + f

{
g, h
}
,
{
f,
{
g, h
}}

+
{
g,
{
h, f

}}
+
{
h,
{
f, g
}}

= 0{
qj , qk

}
=
{
pj , pk

}
= 0 ,

{
qj , pk

}
= δjk

q̇i =
{
qi, H

}
, ṗi =

{
pi, H

}
pi = ∂Fα/∂qi , Pi = −∂Fα/∂Qi , qi = −∂Fα/∂pi , Qi = ∂Fα/∂Pi

K = H +
∂Fα
∂t

• Taylor Expansions

1

(1 + x)n
= 1− nx+

1

2
n(n+ 1)x2 − 1

6
n(n+ 1)(n+ 2)x3 +O(x4)

√
1− x = 1− x

2
+O(x2) , x� 1

sinx = x− 1

6
x3 +O(x5) , cosx = 1− 1

2
x2 +O(x4)

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+O(x5)

ex = 1 + x+
1

2
x2 +

1

6
x3 +

1

24
x4 +O(x5) , sinhx =

1

2

(
ex − e−x

)
, coshx =

1

2

(
ex + e−x

)
• Linear Algebra

det

a11 a12 a13

a21 a22 a23

a31 a32 a33

 = a11 det

(
a22 a23

a32 a33

)
− a12 det

(
a21 a23

a31 a33

)
+ a13 det

(
a21 a22

a31 a32

)
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det

(
a11 a12

a21 a22

)
= a11a22 − a12a21

detA = detAT , detA−1 =
1

detA
, det

a1

. . .

an

 = a1 · . . . · an

~a×~b↔

aybz − azbyazbx − axbz
axby − aybx


• Trigonometric Identities

sin(x± y) = sinx cos y ± sin y cosx cos(x± y) = cosx cos y ∓ sinx sin y

sin(2x) = 2 sinx cosx cos(2x) = cos2 x− sin2 x∫ 2π

0
dx sinx =

∫ 2π

0
dx cosx = 0

∫ 2π

0
dx sin2 x =

∫ 2π

0
dx cos2 x = π

d

dx
arctan(x) =

1

1 + x2

• Miscellaneous

ax2 + bx+ c = 0 ⇒ x± =
−b±

√
b2 − 4ac

2a
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