Fundamentals
· In statistical physics, we count how many states have a given value of key observables — the “equilibrium” value is the one with the most states, i.e., the most likely value to observe.
· “Second Law of Thermodynamics”: The equilibrium value maximizes the entropy. Since entropy is defined as the logarithm of the number of states, this is a tautology.
· The natural observables for a gas are energy , volume , and particle number . Denote the number of states by , then the entropy is

· By convention, we divide by  for each position-momentum pair that we integrate over (to make the integral dimensionless). We also divide the number of states by  — this is needed to get the right result when particles can be exchanged. Thus formally,

· where  is the Hamiltonian (itself a function of all positions and momenta).
· Entropy of the ideal gas (no potential or interactions):

· Derivatives of the entropy:

· “Zeroth Law of Thermodynamics”: Systems that can exchange energy do so until their temperatures are equal. Systems that can exchange volume do so until their pressures are equal. Systems that can exchange particles do so until their chemical potentials are equal.
Thermodynamics
· Fundamental equation of thermodynamics:

· This is nothing more than our definitions for derivatives of the entropy, rearranged to give the energy as a function of .
· Work is defined as the energy change associated with a change in  at constant , i.e., .
· Heat is defined as the energy change associated with a change in  at constant , i.e., .
· Thus the fundamental equation is equivalently the “First Law of Thermodynamics” (at constant particle number):

· Pay attention to signs: the first term is heat flowing into the system, while the second is work done by the system.
· Each variable and its associated derivative are “conjugate pairs”:  & ,  & ,  & .
· The energy  is naturally a function of . If one wants to think in terms of conjugate variables, other thermodynamic potentials are more natural. For example:
· Enthalpy  is a function of , and .
· Free energy  is a function of , and .
· Gibbs free energy  is a function of , and .
· In general, to determine the new potential when exchanging a variable with its conjugate pair, subtract the product (e.g., ) from the old potential. To determine the new fundamental equation, switch which variable has the differential and include an extra minus sign (e.g., ).
· Maxwell relations follow from the fact that second derivatives can be taken in either order. For example,

· A Carnot cycle consists of four stages: isothermal expansion at temperature , adiabatic expansion (which lowers the temperature), isothermal compression at temperature , adiabatic compression (which raises the temperature).
· Efficiency  of a cycle is defined as the ratio of net work done to incoming heat. For a Carnot cycle,

· When a system is held at fixed , the Gibbs free energy  is minimized in equilibrium (the analogous statement holds for any thermodynamic potential when its natural variables are the ones being held fixed).
· Phenomenologically, we think of different phases of a substance as having different Gibbs free energies, e.g., , , . The equilibrium phase is whichever has the lowest value of  at that temperature and pressure.
Ensembles
· An ensemble is a probability distribution for possible states. Different ensembles are relevant for different physical situations.
· Microcanonical ensemble (fixed  & ):

· This applies to an isolated system, where  and  are conserved.
· Canonical ensemble (fixed  & ):

· This applies to a system that can exchange energy but not particles with a bath at temperature .
· Grand-canonical ensemble (fixed  & ):

· This applies to a system that can exchange energy and particles with a bath at temperature  and chemical potential .
· Observables have very narrow probability distributions under these ensembles, so the most likely value (i.e., equilibrium value) equals the average value — thus we usually calculate the latter.
· One can directly compute the expectation value of an observable using the probability distribution, but one can also calculate it by taking a derivative of the corresponding thermodynamic potential. For example,

· Each thermodynamic potential defined as the logarithm of the corresponding partition function is equivalent to the potential defined from thermodynamics.
· Different ensembles give the same results — e.g., the average energy as a function of temperature in the canonical ensemble is the same energy-temperature relationship as in the microcanonical ensemble — so you can calculate in whichever ensemble is easiest. Just pay attention to the variables — e.g., the canonical ensemble gives quantities as functions of , not .
Quantum oscillators
· For a quantum-mechanical harmonic oscillator with frequency , the average energy at temperature  is

· For coupled oscillators, you can always find “normal modes” in terms of which the oscillators become uncoupled. Thus

· where the sum is over normal modes and  is the frequency of normal mode .
· For phonons and photons, the normal modes are plane waves labeled by wavevector . The associated frequency is denoted .
· Density of states : the number of wavevectors (per unit volume) for which , i.e.,

· Total energy in terms of the density of states:

Quantum gases
· Any number of bosons can occupy an energy level, but no more than one fermion can (the “Pauli exclusion principle”). For non-interacting quantum gases, the energy levels are , where  is the momentum of the state.
· Bose-Einstein distribution: the average number of bosons with momentum  (at temperature  and chemical potential ) is

· Fermi-Dirac distribution: the average number of fermions with momentum  (at temperature  and chemical potential ) is

· The density of states is again useful, now giving the number of momenta for which :

· The total particle density and energy density are given by

· using the plus sign for fermions and the minus sign for bosons. These formulas are for the grand-canonical ensemble — to study the canonical ensemble, solve the left equation for  as a function of  and .
· For bosons, we must have . In the normal phase, we can simply find a negative solution to the equation

· In the BEC phase, however,  is greater even than the  value of the right-hand integral:

· Here the integral on the right only gives the number of particles outside the condensate, and all remaining particles (the “condensate”) occupy the  level.
· For fermions, the energy is non-trivial even at  due to the Pauli exclusion principle: fermions fill up the lowest available levels one by one. The Fermi energy  is defined as the highest occupied level (equivalently the chemical potential at ), and we have

· Pay attention to internal degrees of freedom. For example, when the fermions are spin-1/2 (two spin states per momentum), we have

· Sommerfeld expansion: at low but non-zero ,

Phase transitions
· Types of phase transitions:
· First-order (“discontinuous”) transitions are where an observable is discontinuous.
· Second-order (“continuous”) transitions are where an observable is continuous but non-differentiable.
· For infinite-range models such as the Curie-Weiss model, we can reduce the problem to minimizing a certain “action” :
· The equilibrium magnetization is given by the location of the minimum action.
· The free energy is given by the value of the minimum action.
· For example, the action for the Curie-Weiss model (and many others) behaves at small  as

· We determine the phase diagram of the model by minimizing this function over . A continuous transition occurs when lowering  at  (the minimum goes from  to ), and a discontinuous transition occurs when varying the field at  (the minimum jumps from a negative value to a positive value as  crosses zero).
· Near a (second-order) phase transition, most observables tend to behave as a power-law of . The corresponding exponents are referred to as “critical exponents”.
· Mean-field theories allow us to obtain approximate results for generic models:
· Version 1 (infinite-range models): Just construct an infinite-range model with the same “type” of interactions, and solve that instead.
· Version 2 (effective fields): Focus on a single degree of freedom (say ), and in the Hamiltonian, replace the neighboring degrees of freedom by their averages ( with ). This gives an “effective field”  acting on  — calculate  in that field, set it equal to , and solve the resulting equation for .
· Version 3 (variational principle): The variational principle says that

· where the average is with respect to any probability distribution . Choose a subset of distributions for which the right-hand side can be evaluated, and minimize the right-hand side over that subset.
· The main physics that mean-field theories miss is correlations between degrees of freedom. One can use statistical field theories to calculate the correlation length , which also behaves as a power-law near a second-order phase transition.
· Critical dimensions:
· The “lower critical dimension” is the dimension below fluctuations prevent the ordered phase from existing.
· The “upper critical dimension” is the dimension above which mean-field theories yield the correct critical exponents.
· Renormalization-group (RG) calculations are attempts to describe the “universal” behavior of second-order phase transitions. They relate an effective interaction strength  at large length scales to the interaction strength  at shorter length scales, e.g.,

· Stable fixed points of this map are identified with phases of the system, and unstable fixed points indicate phase transitions.
Kinetics
· Random walk: a particle’s trajectory consists of a series of random displacements, i.e.,

· where each  is a random variable. The walk can be in any dimension and  can have any probability distribution, e.g.,  with  a random 3D unit vector, or  with equal probability in 1D.
· Often (but not always), each  has mean zero and different  are independent. Then

· If a new kick occurs after time , then  and so .
· The diffusion constant  is defined as the ratio .
· Diffusion equation:

· The Fourier transform of  obeys the equation

· with solution . This gives a way to solve the diffusion equation: Fourier-transform the initial distribution, evolve in time by including the exponential factor, then inverse-Fourier transform.
· Another way to solve the diffusion equation is via its Green’s function — if , then

· We model the particles in a gas as undergoing random walks: each moves a distance  in a random direction before scattering off a different particle, at which point it moves in a new random direction.
· The mean free path  and mean free time  scale as

· where  is the density of particles,  is the diameter (interaction range),  is the mass, and  is the temperature.
· Various conserved quantities undergo diffusion and have an associated diffusion constant:
· Particles — diffusion constant is simply the “diffusion constant” .
· Energy — diffusion constant is the “thermal conductivity” .
· Momentum — diffusion constant is the “viscosity” .
· In terms of scaling,

· The Boltzmann equation gives the evolution of the one-particle distribution function  (number of particles at position  with momentum  at time ):

· The “collision integral”  is given by, using the approximation of “molecular chaos” (two-particle distribution factors),

· where  is the two-particle scattering rate (to be calculated from mechanics).
· Boltzmann’s H-theorem: the entropy of  always increases under the Boltzmann equation.
