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The attobarn Era
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20-fold increase in data sets
at the LHC experiments in
the next decades

Reaching few-percent uncertainties in
cross sections for processes with 3 (or
more) objects in the final state
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Few % Frontier at the LHC

I pllT in Drell-Yan, an
impressive example of
precise differential
measurements by
ATLAS (8 TeV)

I By normalizing to
inclusive Z cross
section, improvement
in uncertainties

I Total uncertainties
below 1% for
pllT < 200 GeV
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[arXiv:1512.02192 [hep-ex]]

A quick jump: NNLO QCD a basic requirement for a variety of
multi-particle/multi-jet processes in years to come!
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NNLO QCD for Multi-Scale Processes

I Great advances over the last several years on NNLO QCD
studies for 2→ 2 processes, with up to four scales
[Anastasiou, Angeles-Martinez, Asteriadis, Behring, Berger, Billis, Binoth, Bonciani, Boughezal,
Brucherseifer, Buonocore, Cacciari, Campbell, Caola, Cascioli, Catani, Chen, Cieri, Cruz-Martinez, Currie,
Czakon, de Florian, Del Duca, Delto, Devoto, Dreyer, Duhr, Ebert, Ellis, Ferrera, Fiedler, Focke, Frellesvig,
Gao, Gauld, Gaunt, Gehrmann, Gehrmann-De Ridder, Giele, Glover, Grazzini, Hanga, Heinrich, Heymes,
Huss, Höfer, Jaquier, Jones, Kallweit, Kardos, Karlberg, Kerner, Li, Lindert, Liu, Magnea, Maierhöfer,
Maina, Majer, Mazzitelli, Melnikov, Michel, Mitov, Morgan, Neumann, Niehues, Pelliccioli, Petriello, Pires,
Poncelet, Pozzorini, Rathlev, Rietkerk, Röntsch, Salam, Sapeta, Sargsyan, Schulze, Signorile-Signorile,
Somogyi, Stahlhofen, Szőr, Tackmann, Tancredi, Torre, Torrielli, Tramontano, Trócsányi, Tulipánt,
Uccirati, van Hameren, von Manteuffel, Walker, Walsh, Wang, Weihs, Wells, Wever, Wiesemann, Williams,
Yuan, Zanderighi, Zhang, Zhu, · · · ]

I Now 2→ 3 NNLO QCD starting to appear!
[Chawdhry, Czakon, Mitov, Poncelet, arXiv:1911.00479] γγγ production
[Kallweit, Sotnikov, Wiesemann, arXiv:2010.04681] γγγ production
[Chawdhry, Czakon, Mitov, Poncelet, arXiv:2105.06940] γγj production
[Czakon, Mitov, Poncelet, arXiv:2106.05331] jjj production

Major milestone for pQCD!
I About 15 years ago, 2→ 3 was the frontier for NLO QCD

calculations, and moving beyond relied mainly on efficient
numerical algorithms (now available through many powerful tools, e.g. BlackHat, GoSam,

HELAC-1Loop/CutTools, Madgraph, NJet, NLOX, OpenLoops, Recola, · · · )
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Key Building Blocks for NNLO QCD Corrections

I Strategy to handle and
cancel IR divergences

I Two-loop matrix
elements
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Key Building Blocks for NNLO QCD Corrections

I Strategy to handle and cancel IR divergences

I Two-loop matrix elementj

I Many recent advances and complete calculations (e.g. tt̄, jj,
V V ′, V j, HH, 3γ, jjj, etc)

I Several well-developed approaches
I Antenna subtraction
I ColorfulNNLO
I Nested soft-collinear subtractions
I N-Jettiness slicing
I Projection to born
I qT slicing
I Sector improved residue subtraction scheme formalism
I · · ·

I Different degrees of automation, important for progress in
handling 2→ 3 processes
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Key Building Blocks for NNLO QCD Corrections

I Strategy to handle and cancel IR divergences

I Two-loop matrix elements

I Great steps towards understanding mechanisms to compute
multi-scale master Feynman integrals, including insights into
functional forms and numerical procedures, over the last few
years

I Also new efficient tools developed for multi-loop integral
reduction

I Integrand reduction techniques have shown a lot of power to
tackle complicated amplitudes. Here we focus on the
numerical unitarity method
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How many actual scales in the considered

processes?!
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LHC Measurements of W + n Jets Production

CMS [arXiv:1406.7533 [hep-ex]]
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I Multiple W + n-jet
studies carried out by
CMS and ATLAS

I The more objects in the
final state (leptons and
jets) the more
structure that can be
explored

I Plenty of physical
scales, posing a major
challenge for theory
studies
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Three-jet production at hadron colliders
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Theoretical Studies in QCD of Jet Production

Quantitatively reliable predictions for multi-jet production processes
at hadron colliders require the inclusion of NLO QCD corrections

I [Ellis, Kunszt, Soper, 92, ...]: Single inclusive and 2-jet @ NLO QCD
I [Giele, Glover, Kosower, hep-ph/9302225, ...]: Single inclusive and 2-jet @ NLO

QCD

I [Nagy, [hep-ph/0110315], [hep-ph/0307268]]: 3-jet @ NLO QCD; NLOJet++.
See also [Kilgore, Giele, hep-ph/0009193]

I [Bern, Dixon, FFC, et al., arXiv:1112.3940]: 4-jet @ NLO QCD; BlackHat
I [Badger, Biedermann, Uwer, Yundin, arXiv:1309.6585]: 5-jet @ NLO QCD; NJet

I [Dittmaier, Huss, Speckner, arXiv:1210.0438], [Frederix, Frixione, Hirschi,
Pagani, Shao, Zaro, arXiv:1612.06548] and [Reyer, Shönherr, Schumann,
arXiv:1902.01763]: 2- and 3-jet @ NLO EW

I [Currie, Glover, Pires, arXiv:1611.01460]: Single inclusive @ NNLO QCD
I [Currie, Gehrmann-De Ridder, Gehrmann, Glover, Huss, Pires,

arXiv:1705.10271]: 2-jet @ NNLO QCD
I [Czakon, van Hameren, Mitov, Poncelet, arXiv:1907.12911]: Single inclusive @

NNLO QCD, with full color

And...
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Three-Jet Production at NNLO QCD

[Czakon, Mitov, Poncelet, arXiv:2106.05331]

0.8

0.9

1.0

1.1

1.2

3-jet, Scale: µ0 = ĤT , LHC 13 TeVi = 1
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I Very recently completed!

I A proof of principle for
generic 2 → 3 calculations

I Exciting precise QCD
phenomenology ahead, for
example enabling αs

measurement at high
energies!

I Uses our double-virtual
matrix elements, which
are computed in the
leading-color
approximation

I Expected size of
subleading-color
corrections under 1%
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Graviton-graviton Scattering: A ‘Toy ’ Example

[Abreu, FFC, Ita, Jaquier, Page, Ruf, Sotnikov, arXiv:2002.12374]

I Not related to collider phenomenology but, treated as an
EFT, it can showcase the strengths of the multi-loop
numerical unitarity method

I Of interest for classical gravitational applications, as already
shown in the computation of classical deflection angles in
Einstein gravity [Bern, Ita, Parra-Martinez, Ruf, arXiv:2002.02459]

I Showing the robustness of our computational framework
Caravel, testing non-planar, colorless calculations with
different particle content (as compared to the SM)
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Target Amplitudes

L = LEH + LGB + LR3 + . . .
[Weinberg], [’t Hooft, Veltman],
[Goroff, Sagnotti], [Donogue], ...

Only three helicity configurations necessary:
+ + ++, −+ ++, −−++
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Main Challenges
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Two-Loop Numerical Unitarity

Decompose A in terms of master integrals:

A(L) =
∑
Γ∈∆

∑
i∈MΓ

cΓ,i IΓ,i

All 4-point 2-loop integrals known [Anastasiou, Smirnov, Tausk, Tejeda-Yeomans, Veretin]

Drop the integral symbol, introducing the integrand ansatz:

A(L)(`l) =
∑
Γ∈∆

∑
k∈QΓ

cΓ,k
mΓ,k(`l)∏
j∈PΓ

ρj(`l)

Functions QΓ = {mΓ,k(`l)|k ∈ QΓ} parametrize every possible
integrand (up to a given power of loop momenta).

E.g.:

I Tensor Basis: construct Q from monomials of loop momenta
(parameters). Easy to build for general integrands, tough to relate
to master integrals. Easy to extract function-space dimension

I Master-Surface Basis: a clever choice of parametrization makes
mapping to master integrals straightforward [Ita, arXiv:1510.05626].
Break QΓ = MΓ ∪ SΓ, where SΓ integrate to zero and MΓ

correspond to master integrands
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The Four-Graviton Hierarchy

All propagator structures (Γ ∈ ∆) necessary for graviton-graviton
scattering at two loops
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Master/Surface Decompositions [Ita ’15; Abreu, FFC, Ita, Page, Zeng ’17]

Consider the integration by parts (IBP) relation on Γ

0 =

∫ ∏
i

dD`i
∂

∂`νj

[
uνj∏

k∈PΓ
ρk

]
making it unitarity compatible (controlling the propagator
structure) [Gluza, Kadja, Kosower ’10; Schabinger ’11]

uνj
∂

∂`νj
ρk = fkρk

Write ansatz for uνj expanded in external and loop momenta, and
find solution to the polynomial equations using the CAS Singular

Build a full set of surface terms and fill the rest of the space with
master integrands

Related [Boehm, Georgoudis, Larsen, Schulze, Zhang ’16 - ’19]
[Agarwal, von Manteuffel ’19]
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A 1-loop Example for Surface Terms: Part 1

Consider the 1-loop 1-mass triangle with

ρ1 = (`+ p1)2, ρ2 = `2, ρ3 = (`− p2)2

and we construct uν∂/∂`ν by parametrizing

uν = uext
1 pν1 + uext

2 pν2 + uloop`ν p1

p2

l

l − p2

l + p1

We then get the syzygy equation (polynomial equation):

(
uext

1 pν1 + uext
2 pν2 + uloop`ν

) ∂

∂`ν

ρ1

ρ2

ρ3

−
f1ρ1

f2ρ2

f3ρ3

 =

0
0
0


We can then show that we have an IBP-generating vector, with
constrained propagator structure:

uν
∂

∂`ν
=
[
(ρ3 − ρ2)pν1 + (ρ1 + ρ2)pν2 + (−s+ 2ρ3 − 2ρ2)`ν

] ∂
∂`ν
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A 1-loop Example for Surface Terms: Part 2

Now we have the surface term:

0 =

∫
dD`

∂

∂lν
uν

ρ1ρ2ρ3
=

∫
dDl

1

ρ1ρ2ρ3

[
−(D−4)s−2(D−3)ρ2+2(D−3)ρ3

]
The scalar triangle integrand can be replaced by a surface term,
though commonly it is kept, leading to a corresponding “master”
integral in OPP reduction.

The IBP relation between the triangle and the s = (p1 + p2)2

bubble is:
−(D − 4)sItri − 2(D − 3)Is-bub = 0

Similar manipulations can be carried out at two loops. More
complicated syzygy equations (polynomial relations) need to be
solved → Singular. Surface terms appear as relatively compact
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Surface Terms Factory

Solutions to uνj are power-counting independent. When parametrizing a
given numerator of a Γ ∈ ∆ we need to consider the required
power-counting for the theory at hand.

But we can industrially produce surface terms by considering polynomials

tr(`l), and then considering the vector tr(`l)u
ν
j :

mΓ,(r,s) = uνj
∂tr(`l)

∂`νi
+ tr(`l)

∂uνj
∂`νi
−
∑
k∈PΓ

fsk



A four-graviton amplitude calculation in Einstein gravity structurally the
same as a four-gluon amplitude calculation in QCD!

Though numerically much more demanding...
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Computing Integrand Coefficients

[Bern, Dixon, Dunbar, Kosower] [Britto, Cachazo, Feng]

I In on-shell configurations of `l, the integrand factorizes

∑
states

∏
i∈TΓ

Atree
i (`Γl ) =

∑
Γ′≥Γ
k∈QΓ′

cΓ′,k mΓ′,k(`Γl )∏
j∈(PΓ′/PΓ) ρj(`

Γ
l )

I Need efficient computation of (products of) tree-level
amplitudes
I Off-shell recursions [Berends, Giele ’88], [Draggiotis, Kleiss, Papadopoulos ’02 ... ]

[Cheung, Remmen ’17]

I Ds-dimensional state sum, Ds = 6, . . . , 10

I Never construct analytic integrand, numerics for every
phase-space point: key, integrand would have O(1018) terms!
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[Abreu, FFC, Ita, Jaquier, Page, Zeng, ’17]
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Avoid all numerical-stability issues, and more...
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Extracting Functional Form from Numerics
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Extracting Functional Form from Numerics

See also [Peraro, arXiv:1608.01902] for multi-variate case

[Peraro, FiniteFlow, arXiv:1905.08019]

[Klappert, Klein, Lange, Firefly, arXiv:2004.01463]

This same idea can be employed for the analytic reconstruction of the
kinematic x = t/s dependence of 4-pt amplitudes!
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Gravity Results: 4-Graviton Amplitudes

4-graviton amps complex numerically, but simple analytic structure
(univariate). O(100k) CPU hours to obtain all 3 independent amplitudes!
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A Brief History of 5-Parton Amplitudes

I [Badger, Frellegsvig, Zhang, ’13]: Planar all-plus gluon amplitude with
numerical master integrals

I [Badger, Mogull, Ochirov, O’Connell, ’15]: Full-color all-plus gluon amplitude
with numerical master integrals

I [Gehrmann, Henn, Lo Presti, ’15]: Analytic form of the planar all-plus gluon
amplitude. See also [Dunbar, Perkins, ’16]

I [Badger, Brønnum-Hansen, Hartanto, Peraro, ’17] and [Abreu, FFC, Ita, Page,
Zeng, ’17]: Numerical evaluation of all planar 5-gluon amplitudes

I [Badger, et al., ’18] and [Abreu, FFC, Ita, Page, Sotnikov, ’18]: Numerical
evaluation of all planar 5-parton amplitudes

I [Boels, Jin, Luo, ’18] and [Chawdhry, Lim, Mitov, ’18]: Analytic form of IBP
tables for massless 5-particle amplitudes

I [Badger, Brønnum-Hansen, Hartanto, Peraro, ’18]: Analytic form of the
single-minus 5-gluon amplitude

I [Abreu, Dormans, FFC, Ita, Page, ’18]: Analytic form of all 5-gluon amplitudes
in the Euclidean region

I [Abreu, Dormans, FFC, Ita, Page, Sotnikov, ’19]: Analytic form of all 5-parton
amplitudes in the Euclidean region

I [Abreu, FFC, Ita, Page, Sotnikov, ’21]: Analytic form of double-virtual
contributions to 3-jet production at the LHC
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The Caravel Framework

A framework to explore multi-loop multi-leg
scattering amplitudes in the SM and beyond

I A modular C++17 library implementing the
multi-loop numerical unitarity method
[Abreu, Dormans, FFC, Ita, Kraus, Page, Pascual, Ruf, Sotnikov, arXiv:2009.11957]

I Numerics in (high-precision) floating-point, rational
and modular arithmetic

I Generic design for calculations in QFT, e.g. in the SM and in
Einstein gravity

I Algebraic tools for semi-analytical calculations in C++
I Publicly available!
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The Caravel’s Framework

∑
states

∏
i∈TΓ

Atree
i (`Γl ) =

∑
Γ′≥Γ
k∈QΓ′

cΓ′,kmΓ′,k(`
Γ
l )∏

j∈(PΓ′/PΓ) ρj(`
Γ
l )

GraphLibrary

A(L) =
∑
Γ∈∆

∑
i∈MΓ

cΓ,i · IΓ,i

A(L) =

k∑
j=−2L

∑
i∈B

ri,j · hi εj + O(εk+1)

Forest OnshellStrategies FunctionSpace

Coefficient Providers

FunctionalReconstruction Integral Providers

Core

Includes general tools for:

I D-dimensional kinematics

I graph isomorphism techniques

I tree-level and multi-loop cut

calculations

I Master-Surface integral

decomposition

I on-shell phase-space

parametrizations

I Feynam integral handling

I Functional reconstruction

tools

I · · ·

Caravel @ GitLab:

https://gitlab.com/
caravel-public/caravel
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Analytic Structure of Massless 5-particle Amplitudes (I)
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Analytic Structure of Massless 5-particle Amplitudes (II)
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Analytic Structure of Massless 5-particle Amplitudes (III)
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Functional Reconstruction

N0
f
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FivePointAmplitudes++ for Phenomenology
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Solid Two-Loop Multi-Scale Progress

By now many 5-point two-loop hard functions for pheno in the literature!

I [Abreu, Page, Pascual, Sotnikov, arXiv:2010.15834] γγγ (LC)

I [Chawdhry, Czakon, Mitov, Poncelet, arXiv:2012.13553] γγγ (LC)

I [Agarwal, Buccioni, von Manteuffel, Tancredi, arXiv:2102.01820] γγj (LC)

I [Badger, Hartanto, Zoia, arXiv:2102.02516] Wbb̄ (LC)

I [Abreu, FFC, Ita, Page, Sotnikov, arXiv:2102.13609] jjj (LC)

I [Chawdhry, Czakon, Mitov, Poncelet, arXiv:2103.04319] γγj (LC)

I [Agarwal, Buccioni, von Manteuffel, Tancredi, arXiv:2105.04585] γγj (FC)

I [Badger, Hartanto, Kryś, Zoia, arXiv:2107.14733] Hbb̄ (LC)
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Outlook

I We presented the leading-color two-loop matrix elements for
three-jet production at the LHC

I A first look at the impact of the NNLO QCD corrections by
[Czakon, Mitov, Poncelet] appeared recently

I Numerical unitarity, which was critical in the automation of
NLO QCD calculations, has approven robust in the calculation
of two-loop scattering amplitudes. But critically, functional
reconstruction techniques have been necessary in dealing with
processes with few scales

I Steady progress points to matching of needs for precision
phenomenology of 2→ 3 processes! Look forward to future
V + 2j, H + 2j, tt̄+H, V V ′j analyses!

Thanks!
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