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Multiphoton antiresonance
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We show that nonlinear response of a quantum oscillator displays antiresonant dips as the field frequency
passes adiabatically through multiphoton resonance. This coherent quantum effect has no analog in two-level
systems. Its emergence is a consequence of special symmetry of a weakly nonlinear oscillator. We discuss the
possibility to observe the antiresonance and the associated multiphoton Rabi oscillations in Josephson
junctions.

DOI: 10.1103/PhysRevB.71.140508 PACS nun®er74.50+r, 05.45~a, 05.60.Gg, 33.80.Wz

Many resonant nonlinear phenomena are described by titee change of the wave functiom(t) when time is
model of a nonlinear oscillator in a resonant field. Examplesncremented by the modulation periody, (t+7e)
range from laser-induced dissociation of molectitesre-  =exp(—ie7=/#%)y(t)]. Tunneling of a driven oscillator is a
cently studied hysteresis in resonantly driven Josephsogarefully studiedl example of dynamical tunnelirfgAs we
junctiong3 and nanomechanical resonatbrEhe generality —show, the WKB analysis gives an important insight into the
of the oscillator as a model system and the current interest iBrigin of the antiresonance, which goes beyond the perturba-
quantum computing and coherent phenomena lead to a quegon theory in the driving field.
tion: Does a resonantly driven nonlinear oscillator display The Hamiltonian of a driven nonlinear oscillator with
coherent quantum effects that would qualitatively differ frommassM =1 has the form
those in two-level systems? In the present paper we provide
an example of such an effect.

A specific feature of a nonlinear oscillator is that its en-
ergy levelsk, are nearly equidistant. Therefore, a periodic . R .
fo?g{a of freqaencqu car): bg nearly resonant for marl?y tran- We assume that_ the d_rlvmg field is nearly resonant, i.e., the
sitions at a time, i.e.fior can be close to the interlevel fédUeNcy detuningo is small,

1 1 1
H(t) = Epz + Equz + qu“ - gAcog wet). (1)

distanceE,,, ~E, for manyn. This makes an oscillator con- |60| < wg, S0 = wF — wy. 2
venient for studying multiphoton Rabi oscillations. They
arise when the spacing between remote energy leveisd We consider not too large amplitudes of the driving field

m coincides with the energy afi-m photons,E,~E,=(n A, so that the oscillator anharmonicity is small, and in par-
~m)fiw.t The multiphoton transition amplitude is reso- ticular|g®< w; for typical g. We also assume thatand 5w
nantly enhanced, because time— n transition occurs via a Nave the same sign. If there is a cubic teaw®/3 in the
sequence of virtual field-induced transitioks-k+1 (with potential energy, its major effect of interest for this paper is
m<k=n-1), all of which are almost resonant. the renormalizatiory— y—(10/9)(a/ o) (Ref. 7).

In this paper we show that multiphoton transitions in the ~ T0 study quantum dynamics, we will write the Hamil-
oscillator are accompanied by an unexpected efwl'nreso_ tonian in terms of the raising and IOWering Operators of the
nanceof the response. When the frequency of the drivingOSCi”ator aT,a, and switch to the rotating frame with a ca-
field adiabatically passes through a resonant value, the vibr&ionical - transformationU(t)=exp(~iwga'at). The trans-
tion amplitude displays a sharp minimum or maximum, de-formed HamiltoniarH,=UT(H)H(t)U(t)-iAUT(t)U (1) is time
pending on the initial conditions. We argue that the antiresoindependent in the rotating wave approximati&®wA),
nance and the multiphoton Rabi oscillations can be observed
in Josephson junctions. . Hy= - Swh + }Vﬁ(ﬁJr )-fa+al), A=ala,

The antiresonance is a consequence of a special degen- 2
eracy of a weakly nonlinear oscillator. In the neglect of mul-
tiphoton mixing, the amplitudes of forced vibrations in the V=3yldw?, f=(8hawy) VA, (3)
resonating states coincide with each other, as seen from the
intersection of the dashed lines in Figbll Mixing of the  In the expression foH, and in what followsfi=1.
resonating states lifts the degeneracy, leading to the ampli- The eigenvalues of the Hamiltoniaf8) e, give the
tude “repu|sion"’ which increases with increasing field. In quasienergies of the driven oscillator. In the limit of weak
turn, it leads to pronounced dip@eaks in the vibration driving their spectrum is particularly simple,
amplitude aswg adia_lbaticglly passes through resonances. £, = —Ndw+Vn(n+1)/2, f—0. 4)

In the semiclassical picture, resonant multiphoton transi-
tions correspond to tunneling between Floquet states of the We will study multiphoton resonance for the ground state
oscillator with equal quasienergi¢the quasienergy gives  of the oscillatorEy—Eq=Nwg, or equivalentlysy=gy. From
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FIG. 1. (Color onling Anticrossing of the quasienergy levé®
and reduced susceptibiliti®) with varying frequencydw near
five-photon resonance. The lines 1 and 2 refer to the stet@sand
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n=5. The solid and dashed lines refer to the reduced driving force

f/f5=0.75 andf/f5=0.075, respectively, witlis given by Eq.(8);
er=e,—f2/2V. In the limit f —0 the levels cross fobws=3V. For
(Sws—6w)/Qg>1 the adiabatic statgf) and |5) are close to the
corresponding Fock states of the oscillator.

Eq. (4), for smallf and givenN the resonance occurs for
Sw = Swy=V(N+1)/2.

Remarkably, at resonan@d quasienergy level$4) with n
<N are pairwise degeneratey_,=¢,.8 Equivalently, Ey_,

-E,=(N-2n)wg. One can see that the degeneracy is nof

lifted by the lowest-ordef«=f?) field-induced level shiffex-
cept for the leveln=(N+1)/2 for oddN andn=(N/2)+1
for evenN]. As shown below, it persists for dllin the WKB
approximation in the neglect of tunneling.

The response of the oscillator to the field is characterized
by the expectation value of its coordinafeFor an eigenstate

[n) of the Hamiltonian(3), this value is

0n = (2wp) Y2aeF + c.c., a,=(nlajn). (5)

FIG. 2. (Color onling Upper panel: Field-induced splitting of
the quasienergy levels=0 andn=5 for resonant driving frequency,
Sw=06ws=3V. The splitting gives the five-photon Rabi frequency
Qg. The dashed line shows the weak-field perturbation th€bry
Lower panel: Splitting of the reduced amplitudes of forced vibra-
tions in the corresponding Floquet states. The curve labeling coin-
cides with that in Fig. 1.

The minimal splitting of the levelsy and ey is given by
the multiphoton Rabi frequend@g. For weak field it can be
btained from Eq(3) by perturbation theory.To the lowest
order inf/ dwy

Qg = 2f[2f/V|NINZ(N1) 32, (7)
For N>1 this expression becomes
Qg = V() "N4(2m) =34,

fn = [VIN®2 exp(- 3/2)/2. (8)

The Rabi frequency depends bhexponentially, Qo fN.
In the caseN=5 it is shown in Fig. 2. One can see from this

To first order in the field, the reduced amplitude of forcedﬁgure that Eq(7) works well in the whole range of the field

vibrationsa,, is

a,=—féwl([ 5w — V][ dw—-V(n+1)]). (6)

amplitudesf/fy=0.5. For larger fieldX)z depends onf
much weaker than the asymptotic expresgi@n(Ref. 5.
The most interesting feature of Fig. 1 is the antiresonant

For dw=dwy the vibration amplitudes in the resonating splitting of the amplitudes. It occurs at the adiabatic passage

states coincide with each othe,_,=a, for 0=n<N/2, cf.
the dashed lines in Fig.(4).

of dw through resonance, where the system switches be-

tween the ground and excited states. In particular, the ampli-

Multiphoton mixing leads to splitting of the quasienergy tude displays an antiresonant dip if the oscillator is mostly in
levels and the vibration amplitudes. It can be calculated byhe ground state fofdw—dwy)/V<1 or in the stateN for
diagonalizing the Hamiltonia(8) and is shown in Fig. 1 as a (dw—-dwy)/V>1. The magnitude and sharpness of the dip

function of frequency detuningw. One of the involved reso-

nating states is the ground state of the oscillate® in the
limit f—0.

are determined by)g/V and depend very strongly on the

field andN. With decreasind)g/V the dip (and peak start

looking like cusps located at resonant frequency. The ampli-
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tude splitting as a function of the field is shown in Fig. 2.

The dip in the oscillator response has no analog in two-
level systems. There, for nearly resonant driving, the coher-
ent response in the two adiabatic states differs only in sign. It
displays a peak when the radiation frequency adiabatically
passes through the transition frequency.

To explain the antiresonance we note that, far= dwy,
the field leads to two major effects. One is mixing of the
wave functions of the resonating Fock statek, [N-n),
into symmetric and antisymmetric combinatiofmsN—n)..
=(|nYox|N-n)y)/v2 with quasienergies,,. The second ef-
fect is nonresonant mixing of the stajesN—n), with adja-
centn, which determines the expectation values of the vibra- FIG. 3. (Color onling The reduced classical quasienergy of the
tion amplitudes in these states. oscillator (10). The plot refers to the reduced figRE2/27.

To first order in f, the vibration amplitudesay.
=,(0,N|al0,N), are determined by mixing of the states
|0,N), with |1,N-1), and|N+1),. For comparatively weak
fields, the level splittings,,—e;->Qr(Sw/f)? largely ex-
ceeds the splittingg,—eq-=Qg. Settingeq.=gq, from per-
turbation theory we obtain

Cy(Cy — C3) — C3(Cy — C,)SIPu
¢y —C3—(Cy — Cy)SIPU

X(t) = (12)

Here, snu is the Jacobi elliptic function; the elliptic modulus
is M=(C;—Cy)(Cz—Cy)/(C1—C3)(Co—Cy), and u=[(c;—-cy)(c;
—c,)Y?6wt/2 is the appropriately scaled time. The coeffi-
cientsc; >c,>c3>c, are the roots of the polynomigd(1
This scaling describes the resonant small-field amplitude+2x)_(x2_g)2'

The internal trajectoryQ(t) is given by Eq.(11) with u

splitting in Fig. 2 extremely wellthe prefactor is determined o . L
bi)/ thegadmb?ture of statd)s{n N—{n> \?vith n>1 and will be —U+K+iK', whereK=K(m) is the complete elliptic inte-
’ * gral, andK’ =K(1-m).

discussed elsewhere An i di f th wiical i lati
The simultaneous degeneracy of quasienergies and vibra- n immediate consequence of the analytical interrefation
etween the external and internal trajectories is that their

tion amplitudes for many pairs of states in a broad field ran X o
P yp 9 eriods 2r/ w(g) are the sam& When the motion is quan-

can be shown analytically in the case where the oscillatoP ) i
tized, w(g) gives the distance between the energy levels.

dynamics is described by the WKB approximation. This ap- .
proximation applies for Therefore if, for somgﬁw and g, two Ieyels that _corregpond
to the external and internal trajectories coincide with each
other, many levels will coincide pairwise as well. Level split-
o ; . ; . : ;
ting (anticrossing with varyingdw) is due to tunneling be-

It is convenient to introduce the reduced coordinate andween the external and internal parts of the surfg@, P).
momentum of the oscillator in the rotating frame In the WKB approximation, the expectation valag of
the vibration amplitude in a quantum stétg is given by the
period-averaged coordinat® on the appropriate classical
trajectory, (Q(gp)). It can be shown, using the analytical
properties of the elliptic functions, that the values(Qig))
turn out to be the same on the internal and external trajecto-
ries with the same. Thereforea, for resonating states are
the same, in the neglect of tunneling.

In order to observe coherent multiphoton quantum effects,
the Rabi frequency)g should exceed the relaxation rate.
Here B=?V/(8w)* is the reduced field intensity. Relaxation of a nonlinear oscillator can often be described by

The functiong(Q, P) is illustrated in Fig. 35w 9(Q,P) is  the quantum kinetic equatidhEvolution of the density ma-
the classical Hamiltonian in the RWA, it gives the quasien-trix p due to decay into excitations of the medium and fluc-
ergy of the oscillatoP;® Q, P are the canonical variables. The tuational modulation of the oscillator energy is given by the
minimum and local maximum _og(Q,P) correspt_)nd to the equation(p)dm:—fp—f“@p, with
stable states of forced vibrations. They coexist fox 8
<4/27. For suchg, in a certain range of) there are two
Hamiltonian trajectories with the sange one on the internal
“dome” and the other on the external part of the surfaceThe parameterk andI', characterize the rates of decay and
9(Q,P). We call them, respectively, internal and external tra-phase diffusion(energy modulatiop respectively, and we

Ao+~ Ap-* f[(so - 81+)_l —(eo— 81—)_1] o (f/V)N_l-

A<l A=V/(26w).

Q= (V/déw)Y¥a+a'), P=-i(V/déw)**(a-a)

with the commutatofP,Q]=-i\. In these variables, in the
neglect of termsce\, the Hamiltonian(3) becomesH,
=2(8w)>V"g(Q,P)-1/4], where

9(Q,P) = (Q*+ P?-1)%4 - g2Q. (10)

Tp=T(fp-2apa’+pf), Tp=TJA[Apll. (12

jectories.
The external trajectory for giveg(Q,P)=g has the form

Q(t) =B Y4 X3(t)-g], with

have assumed that efjo/kgT)> 1.
The relaxation ratel'y relevant for an N-photon
resonancedw=dwy, is given by the damping rate of the
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population differencep,.—p__ of the symmetric and anti- and Ify../ w]~=~27. Experimentally, the ratio|V|/wp
symmetric adiabatic state$0,N).=(|0)o+|N)))/v2, p,,»  ~0.1 was obtained for a three-level JJ, with/2I' ~10°

= (0,N[p|0,N) , (v,»'=%). From Eq.(12) we obtainTy  (Ref. 12. For such damping, even smallgfi/ w, will allow
=FN+F¢N2/2. The first term is just the decay rate of the observing the antiresonance. From ER).the needed rf cur-
population of theNth Fock state of the oscillator, whereas rent is <Iy=(5/48)l; exp(—3/2)(2Nfw,/ E5)*%(27) "8,

l“qu2 is the diffusion rate of the phase difference of the Fock Along with adiabatic passage it may be interesting also to

states|0) and|N). study multiphoton Rabi oscillations between the Fock states
The ratel'y quickly increases with increasinly. There-  |0), and [N), when a resonant field is turned on. Fé®
fore the coherence conditigh| = Qg>T'y imposes a limita- = Swy, the oscillation frequency is given . In JJ-based

tion on N from above. From our analysis, strong antireso-systems, oscillations of state populations can be detected
nance in the susceptibility is pronounced already Kr from tunneling decay, which is much faster in the excited
=3-5. Wenote that this coherent quantum effect is qualita-Fock states. This approach has been used to detect single-

tively different from the nonmonotonic field dependence Ofphoton Rabi oscillations in strongly nonlinear JJs with a

the stationary amplitude of a driven damped oscillator forg.,-1I number of metastable staf@d3
nonzero temperaturés.

; . I . Th tibility should al ispl Itiph Rabi
The antiresonance in the vibration amplitude can be ob- e susceptibility should also display multiphoton Rabi

. . . oscillations. Their amplitude is close to half the distance be-
served in Josephson junctiofs and JJ-based systems andtween the branches 1 and 2 in Fig. 2irftreaseswith the

can provide a spectroscopic tool for studying their energy;. R .

. . : field for smallf/fy. This is in contrast with the case of two-
spectrum. Resonant dynamics of JJs is well described by t & N - . .
model of a nonlinear oscillata®). The measurement could i‘|evel systems, where the oscillation amplitude decreases with

be similar to the one in which forced vibrations of a JJ andN€ increasing field at resonance. _

their bistability were studiedl. The antiresonance requires !N this paper we have shown that multiphoton response of
that the system be in the quantum regime, (xgp/ksT) a quantum oscillator dlspllays antiresonant dipsaks as a
>1, and the level nonequidistance exceed damp|Ng, function of frequency. This coherent quantum effect is spe-
STy cific for multilevel systems; it does not arise in two-level

The JJ energy spectrum is controlled by the dc bias cursystems and is related to resonant pairwise mixing of several
rentl . Forly=0 we have|V|:ﬁwS/.EJ, whereaw, is the JJ oscillator states at a time. The effect provides a means of
plasma frequency anBl,=il,/2e (I is the critical current coherent nonlinear spectroscopy of excited vibrational states.
Such|V| is often small; e.g.|V|<T for the parameters of The shape and magnitude of the dipsaks of the response
Ref. 3. It can be largely increasedlif. is close tol, i.e., strongly depend on the f'e_ld' We discuss the possibility o
7=(ly—140/1,<1. Then the effective potential of the JJ nearobserve the predicted antiresonant response and the multi-
a local minimum is a cubic parabola, and in E8) photon Rabi oscillations in Josephson junctions.

wo= w2, V=~ 5ﬁw§/48E377. (13) We are grateful to B.L. Altshuler for the discussion. This
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