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Bragg-Cherenkov Scattering and Nonlinear Conductivity of a Two-Dimensional Wigner Crystal
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We show that the conductivity of 2D Wigner crystals displays strong nonlinearity. It arises from
coherent many-electron Cherenkov emission of surface waves in the substrate (e.g., ripplons on helium)
with the wave vectorgy close to the reciprocal lattice vectos of the electron solid. The rate
of such Bragg-Cherenkov scattering sharply increases with the Wigner crystal veloeyv - G
approaches the surface wave frequenefG). The results are compared with recent experiments.
[S0031-9007(97)03468-6]

PACS numbers: 73.20.Dx, 67.90.+z, 73.50.Jt

Recently, several experimental groups [1—-3] observeads a power law of interparticle distance, for large distances
that when electrons above helium surface form a two{6]. This gives rise to smearing of the Bragg peaks, and
dimensional Wigner crystal, they display strongly non-in the case of Bragg-Cherenkov scattering should give rise
linear magnetoconductivity, including switching from a to smearing of the peaks in the frictional force as a func-
high- to a low-conductivity state with increasing driv- tion of the velocity of electron solid. In particulaF(v)
ing field. The nonlinearity arises for extremely weak should haveails on the low-velocity sides of the Bragg-
fields where electron heating is negligibly small [3]. The Cherenkov resonances @t- v = w(G). We show be-
switching was interpreted [2] as being due to the eleclow that these tails play an important role in the nonlinear
tron crystal sliding out of a periodic array of polaron-type conductivity of a Wigner crystal.

“dimples” on the helium surface [4]. However, the strong In evaluating the frictional forc& we will assume that
nonlinearity of the conductivity, which is observed eventhe electron system is moving as a whole with a velocity
well below the switching [3], has remained unexplained.v, but other than that the electrons and surface vibrations
In the present paper we show that such nonlinearity is are close to thermal equilibrium. This approximation is
generic feature of the transport of electron solids. It isreasonable for comparatively small velocities where heat-
due to the mechanism of electrtosseswvhich we call the ing of the electron system is small, and for weak enough
Bragg-Cherenkov scattering. This mechanism describesoupling to the vibrations. The coupling Hamiltonian is
basic experimental observations made in [3], including thef the form

observation that the velocity of a Wigner crystal experi- A

ences saturation with increasing driving field. Hi = > Vapqlbg + b)), pqg =D €™, (1)

The Bragg-Cherenkov scattering herent many- q ) n )
electronemission or absorption of vibrational excitations Whereb, , bq are ripplon (or surface phonon) creation and
(surface phonons or ripplons). Conventional single-2nnihilation operatorsq(is a 2D vector), antbq is the
electron Cherenkov emission arises if the electrorfleéctron density operator. o ,
velocity v exceeds the phase velocity of irradiated waves The average force per electron is given by the time
vpn(g), and the transferred momentuiny is small com- de.rlvatlv?1 of the total eIe_ctron momenturR, _F =
pared to the electron momentum, in which case the energg’_(ﬁns) ([P, H;]), wheren is the electron density and
conservation law is of the forng - v = w(q) [w(q) = © IS the area of the system. To 'Fhe Iowest_ordeHn
qupn(q) is the radiation frequency]. If the electrons form in the spirit of the memory function formalism [7] the
a solid, the Cherenkov waves emitted by different elec&lectric current and the force are expressed in terms of the
trons interfere with each other. As in Bragg scattering€lectron density correlatdipy(1)p-q(0)) for the isolated
this interference is constructive for wave vectors of the€lectron system [8,9]:

irradiated waves equal to the reciprocal lattice vectors of _ 1 n(w(g)) +1 5

the electron solidG. The Bragg-Cherenkov scattering F(v) = —(hnS) Zqﬁ(q cv) + 1 Val

is just the result of this interference. It gives rise to a % a

strong increase in the emission rate when the velocity of X ] dte"[‘l'v""(q)]%pq(t)p_q(0)>o. 2

the electron solid is such that- G/G becomes close to -

the phase velocity,(G). Respectively, the reaction or Here,n(w) = [exp(iw/kT) — 1]~ ! is the Planck number.

frictional force F(v) should also dramatically increase for  For electrons that form a Wigner crystal, the correlator

such velocities. (pq(t)p—q(0))o as a function of the wave vectaey has
For finite temperatures, 2D solids do not have translasharp peaks at the reciprocal lattice vecté¥s For

tional long-range order [5]. The density correlator decayszero temperature anfl — oo, these peaks are given by
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8(q — G). It then follows from Eq. (2) that the zero- lattice vectorsG. For slow surface waves (4) one can

temperature forc&r— is of the form replaceq by G everywhere except the fast oscillating
2 ~ factor exgiq - R,,) in the electron density correlator (6).
Froo=—=— nS Y GlVGI*8[G « v — w(G)], It is straightforward then to integrate over= G for
) G (3) eachG, and then to evaluate the sum owvey (cf. [11]
Vq = Vaexp—A%¢*/4), where there were considered tails of the absorption lines

where A2 is the mean square electron displacement fronfiu€ to coupled plasmon-ripplon resonances [12]). After
the lattice site for zero temperature [see Eq. (8) below]. €valuating the integral over time in (2) we obtain

The force (3) describes friction due to the Bragg- nS G:'v -
Cherenkov scattering, where surface waves with the F= T he ZG w(G) IVal"(G)
Bragg wave vectorsG are coherently emitted by all "G 1~ a(G)
electrons. ClearlyFr—y goes to infinity for resonant % ‘ _ Y9m @)
values of the velocitw defined by the conditio - v = G- v -0 ’
o(G). We note that in the case of coupling to 3D L(G) = 2sin7a(G)/2]T[1 — a(G)],

vibrations one should perform integration in (3) over their o
transverse wave vector, and thefunctions will go over Wherea(G) is given by Eq. (5), and we have sef >
into the step functions. The occurrence of the related stdfy? (G). G - v| [the coefficient« in (6) drops out of the

functions in the absorption coefficient of a Wigner crystal€XPression (7) for slow surface waves (4)].
at rest was shown in [10]. Equation (7) describes the tails of Bragg-Cherenkov

In (3) we have neglected the contribution from com-resonances in the frictional force. These tails are formed

bined Bragg-Cherenkov processes where phonons of ti @ result of multiphonon umklapp scattering processes
Wigner crystal are emitted along with surface excitationsWhere several thermal phonons of the Wigner crystal
This contribution gives rise to smooth sidebands on thé'e created and annihilated, with the total change of the

high-v sides of the peaks (3). It is small for “soft” sur- Phonon energy equal w(G) — G - v| < kT and the
face excitations, such that total momentum transfer equal @.

The frictional force (7) increases as a power law of the
cin'? > w(G), ¢ > dw(G)/dG, 4) reciprocal detunindG + v — «(G)|™!, with a fractional
wherec, is the transverse sound velocity of the Wignertemperature-dependent exponént «(G). This means
crystal. For typical experimental parameters for electronshat, in contrast to the situation f& = 0, there arises
on heliume;n'/?/w(G) = 102, for actualG = A~ a strong frictional force evebeforethe crystal reaches

In the case of finite temperatures the Bragg peakehe critical velocityv,n(G) = w(G)/G (for v parallel to
in the static density correlator of the electron solid areG). We note that in a nonlinear regime, where the
smeared{ pqp—qdo * > lq — G|727*@ [6], where the  dependent terms in the denominators in (7) are substantial,

temperature-dependent term in the exponent the frictional force is not parallel to the velocity, except
kTG2 in the case where the crystal moves along a symmetry
a(G) = Fy— (5) axis. In the general case, the crystal moves at an angle
t

) } . with respect to the driving force (which is equal +&F in
To describe the related smearing of theshape spikes  giationary conditions). Equation (7) makes it possible to
(3) in the frictional force one should analyze the behaviokng the velocity for a given driving force. Clearly, this
of the time-dependenelectron density correl?tor which roaplem may have several solutions, and the velocity as a
is given, for a long timer ~ |G - v — @(G)|™", by the  fnction of the driving force may display hysteresis.
asymptotic expression For small velocitiedG - v| < w(G), Eq. (2) provides

. a solution of the problem of the conductivity =
{pq(1)p—q(0))o = ”Sg:exd’q "R, — ¢’W(R,, 1], e*nv/F of a Wigner crystal weakly coupled to surface

kT _ vibrations. This solution applies for temperatures small
W(R,1) ~ mln[wm(ﬂ + ke, *R%)'?] (6) compared to the Debye temperatut& < Q. For
| such temperatures, the characteristic wave numbers of the
+ — A2 surface vibrations involved in scattering are limited by
the conditiong = A™!, and a(¢) < 1 for suchg (the
Here, the vectorR, specify the lattice sites, and,, =  conditionsa(A™!) < 1 and kT < Q) are equivalent).

min(Q, kT /k) where Q) is the Debye frequency of the Comparison of the theory with the experimental results on

Wigner crystal; the coefficientc is ~1. In (6) we the conductivity of an unpinned Wigner crystal [13] will

dropped temperature-dependent term#ifR, ¢) that are  be discussed elsewhere.

not logarithmically large for larg®? + c?1>. We note that Egs. (6) and (7) apply also in the presence
The major contribution to the integral ovgrin Eq. (2) of a magnetic field normal to the electron layer. Magnetic

comes from the values off close to the reciprocal field affects only the amplitude of zero-point vibratiohs
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in (3) and the characteristic frequen€y in (6), which  was averaged over orientations wfwith respect to the
in the strong field becomes the limiting frequency of thecrystal axes. This was done having in mind the Corbino

lower phonon branch of the Wigner crystal [14]: geometry used in the experiment [3]. In this geometry,
w,% f the electric field is applied in the radial direction, and
A~ it causes rotation of the electron crystal in the magnetic

=2 2\1/2° 2 2\1/2 °
(0 + @f) m(of + o) (8) field. For different azimuthal angles, the velocityis

w, = Qme*n®?/m)/? (¢, = 02w,n %), pointing in different directions. The current measured
where . is the cyclotron frequency. In classically in [2,3] was related to the azimuthally-averaged radial
strong magnetic fields the nondiagonal component of th&elocity v;.

conductivity exceeds the diagonal one,,| > o, and Strong nonlinearity of the friction force substantially
the velocity of the crystav =~ vy, wherevy = cE/B  complicates the dynamics of a rotating electron crystal. In
is the Hall velocity in the crossed electric and magnetigoarticular, the occurrence of the limiting velocity reminds
fields E and B. In this case the dissipative conductivity the Ehrenfest paradox and, more generally, the problem

Trx of a rotating disc in the theory of relativity. In [3] the ex-
ne? perimental data were analyzed in an assumption that the

Oxe = 5 Vg F(vy). (9) conductivity is spatially uniform, and the theoretical re-

Bvy sults in Fig. 1 refer to a uniformly moving Wigner crystal

Equations (7)—-(9) make it possible to analyze theas well. Detailed analysis of the magnetoconductivity of
strongly nonlinear magnetoconductivity observed in [2,3]a Wigner crystal in the Corbino geometry will be given
for electrons on liquid helium in classically strong mag-elsewhere, including the effects of the shear deformation.
netic fields. For actual wave numbers, the dispersion It is seen from Fig. 1 that, for small driving fields,
law of capillary waves on helium surface, ripplons, isthe Hall velocity vy is proportional tov;. The slope
superlinear,w(q) = ¢*>. Therefore, as the velocity vy /v, for classically strong magnetic fields gives the
of the electron crystal is increasing, the resonant condivalue of the linear conductivity,, = (e’n/mw.)v;/vy,
tion G - v = w(G) is first met for the minimal reciprocal which is in good agreement with the experiment, without
lattice vectorG, = (872n/+/3)"/2. Respectively, if the adjustable parameters. We note that the averaging over
Hall velocity vy is pointing alongG, it should saturate the directions ofv we performed does not affect linear
as a function of the driving field at the valuev(G;)/G,.  conductivity. Generally, the frictional force for smail
Such saturation was indeed observed in [3]. is formed by the scattering processes with the momentum

The results for the Hall velocityy as given by Egs. (7) transferiG < i/A. However, for electrons on helium
and (9) are compared in Fig. 1 with the experimental datahe actual values aff are much smaller because typically
[3]. We have used the expressions for the matrix elementsw (G) < kT [4(b)], and the sum oveG in (7) converges
of the electron-ripplon coupling/q given in [15]. In  very fast and is not sensitive to the actual valuexdiin
Fig. 1 the velocity vy is plotted vs the longitudinal calculations we used the rhs of the expression (8hjor
(along the fieldE) component of the electron velocity,  With the increasing longitudinal velocity,, the Hall
v; = o E/ne. When solving Eq. (7) the forc&(v)  velocity vy saturates at the value,,(G) = »(G1)/G;.

This is a consequence of the averaging over the directions
. of v in the Corbino geometry. The major contribution
to the conductivity at saturation comes from the areas
wherev is nearly parallel to one of the six vectog;.
For saturatedvy, the conductivity is equal tar,, =
(ezn/mwc)v,/vph(Gl), as first obtained empirically in
[3], and isproportional to the current densityev;. We
note that the perturbation theory used to derive Eq. (7)
does not apply deep in the range of saturation where
|G - v — (G)| is small and renormalization of coupled
phonon-ripplon modes [12(b)] becomes substantial. The
analysis of renormalization and decay of the coupled
%.0 0.4 0.8 modes is necessary to describe the eventual switching
of the system [1-3] to a low-conductivity state where
vy > vpn(Gy) [3].
FIG. 1. The Hall velocity of an electron crystal on the helium  |n conclusion, we have suggested a mechanism of
surface vs the longitudinal velocity, = o, E/ne. The bold any electron scattering which is inherent to electron

line is the theory, the circles are the experimental data [3] for . S
n=226% 105 cm2 T = 006K, B=02T. The thin line crystals and is due to coherent emission of surface

shows the ripplon phase velocity for the smallest reciprocavaves with the wave vectors close to the reciprocal
lattice vector of the crystab,,(G;) = 4.95 m/s. lattice vectors of the electron crystal. This mechanism,

6

Hall velocity (m/s)

Longitudinal velocity (m/s)
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